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Graphical Representatim‘l!‘,
of Functions

INTRODUCTION

This unit introduces students to the fundamental ideas of graphical representation of functions,
enabling them to visualize and interpret mathematical relationships effectively. Students begin
by learning how to draw graphs using factor form and how to predict equations from given
graphs, particularly for quadratic functions. The unit further develops understanding by
classifying functions into algebraic and transcendental types, followed by a detailed study of
important transcendental functions such as trigonometric, inverse trigonometric, hyperbolic,
logarithmic, and exponential functions. Emphasis is placed on understanding logarithms, their
laws, and their applications in real-life contexts like growth, decay, and sound intensity. Students
also explore exponential functions and their applications, including compound interest, and learn
to solve related equations and inequalities. The graphs of all said functions will be discussed. In
particular, graphical behaviors of exponential and logarithmic functions will be studied in details.
In addition, the unit covers graph of inverse functions, and graphical transformations including
shifts and scaling. Overall, this unit equips students with both analytical and graphical skills
necessary for higher-level mathematics and practical problem solving.

1.1 Graph of Quadratic Function Using Factors

We have already sketched the graph of the quadratic function y = ax* + bx + ¢ (a # 0)
in Grade-XI. We know that its graph is a parabola, which has a vertex and opens either
upward or downward depending on the value of a.

Now, we will learn how to sketch its graph when it is expressed in factorized form as
a product of linear factors. This approach will also help you in higher classes to sketch
the graphs of higher-degree polynomials that can be factorized into linear factors.

Method to Sketch the Graph
Suppose, after factorizing y = £ (x) = ax® + bx + ¢, we obtain y = a(x — h)(x — k), where
h < k. To sketch the graph, follow the given
steps:

Case-1: If h <k

Step-1: The graph will cut the x-axis at x = A
and x = k.

h+k

Step-2: Find value of y at x =

h+k h+k
5/ (TD

Figure 1.1
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. [ h+k h+k .
The point [%, f [%D represents the vertex of the parabola (see Figure 1.1).
Step-3: Determine the behaviour of y as x — +o0. Challenge!
e Ifa>0,theny— +oo. Ify=a(x—h )@~ h)(x—h,), then
o Ifa<0,theny— —o0. what will be the behaviour of y as

This statement means the graph behaves the same |x— wand x — +w
way on both ends (left and right).
Step-4: Find the y-intercept:

J

Put x = 0 in the function y = a(x — h)(x— k), the graph will | \/@=a&=1.a>0

cut the y-axis at y = ahk.
Case-II: If 4 = k, then the function becomes y = a(x — h)*.
To sketch the graph, follow these steps:

Step-1: The graph touches the x-axis at x = /4, therefore

A
v

(h, 0) is the vertex (see Figure 1.2). (h, 0)
Step-2: Then follow Steps 3 and 4 of Case-I to complete Figure 1.2
the sketch of the graph.

Note: Following Steps 1, 3, and 4, and
by taking some points between the two | Pu)=ax"+ ax” '+ + a 22+ a
x-intercepts, we can draw the graph of a X +a,is a polynomial of degree n, whe
polynomial of higher degree that can be | nisa non-negative integer and a, # 0.

factorized into linear factors.
Example 1 Sketch the graph of y = 2(x — 1)(x—3).

Solution: To find the x-intercepts, set each factor equal to :
Zero:
x—1=0and x—3 =0
x=1 and x=3 69

Hence, the graph meets the x-axis at the points (1, 0) and

(3,0). )
1+3 . 4

To find y component of the vertex, put x = EN =2 into \

the equation: 2

y=22-1D)2-3)=-2
So, the vertex of the graph is (2, —2). Lo 6.0  x
Since a=2>0, s0 y — +o0 as x — —00 Or x — +o0, — ’2 ’4 :
The graph cuts the y-axisat x = 0 and y =2(-1)(-3)=6 1 \/ﬁ
So, the y-intercept is (0, 6).

Using the intercepts and the vertex, we can sketch the
graph of the parabola as shown in Figure 1.3. Figure 1.3

[ (2) )
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Example 2 Sketch the graph of y = —4x? — 8x — 4.
Solution: First, we factorize y = —4x*> — 8x — 4.
y=—4(x*+2x+1)
y=—4(x + 1)*To find the x-intercepts, set x + 1
equal to zero:
x+1=0 = x=-1
Hence, the graph meets the x-axis at the point (-1, 0).
Since the function is of the form a(x — /)%, that is, y = —4(x + 1)%,
so (—1, 0) is its vertex.
Since,a=—-4<0,s0y —> —mwasx — —o0 orx — + o
The graph cuts the y-axis at x = 0:
y=—40+1)>=—4
So, the y-intercept is (0, —4).
The sketch of the graph is shown in Figure 1.4.
1.2 Predicting a Quadratic Function from its Graph
A quadratic function f(x) = ax> + bx + ¢ can be determined from its graph by using the
factor form if the x-intercepts and one additional point on the curve are known.
If the graph crosses the x-axis at x = h and x = k, then the function can be written as:
J )= alx—h)x k)
Here, a is a constant that determines the shape and direction of the parabola. To find
a, substitute the coordinates of a third known point into the equation.
Example 3 Find the function whose graph is shown in Figure 1.5.
Selution: From figure it is clear that x-intercepts of the graph are # =—1 and k= 1.
Therefore, the function can be written as: N
y=ax-C1))x—-D=akx~+Dx-1) ..(1)
To find the value of a, substitute the point (0, 4) into equation (1):
4=a(0+1)0—-1)
4=-a = a=-4
Substituting the value of a into the equation (1):

Figure 1.4

(0, 4)

y=—4x+Dx—-1) (1,0) x
=—4(x> 1) i
y= —4x’+ 4 Figure 1.5

Example 4 Find an equation of the graph whose x-intercepts are x = 1 and x =2 and
passes through the point(3, 4).

Selution: Since the x-intercepts are x = 1 and x = 2, the function can be written in
factorized form as:

y =akx—-1)(x-2) .. (D

[ (3) )
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To find a, use the point (3, 4):
4=a3-1)3—-2)=2a = a-=
Substituting the value of a into the equation (1):

y=2x-1)(x—2)
y=2(x"-3x+2)=2x"—6x+4

¥ EXERCISE 1.1 _J

1. Sketch the graph of the following functions using the method of factorization.

Sy
2

(i) y=3x+DHx-1) (i) f()=-"20(x—1)(x-2)
(i) y=2x - DH(2x+1) (iv) y=2x*+x-3
(V) f)=x*+2x+1 (vi) y=3(x—1)?

2. Find the functions whose graphs are shown in the following figures.

(1) (i1) A\"Y

4
3
2

1

0

3. Find an equation of the graph whose x-intercepts are x =—1 and x =—2 and which
passes through the point (3, 2).

4. Find an equation of the graph which touches x-axis at x = —1 and cuts y-axis at
y==2,

5. Find an equation of the function whose graph cuts x-axis at x =—1 and x = 1, and
whose vertex is at (0, —2).

1.3 Algebraic and Transcendental Functions

Algebraic and transcendental functions are two fundamental classes of functions
studied in mathematics. Together, they play a vital role in modeling and understanding
a wide range of real-world phenomena. In this section, we focus on the fundamental
transcendental functions, namely exponential and logarithmic functions.

(i) Algebraic Functions

A function y = f(x) is algebraic if it satisfies a polynomial equation of the form

Px)y"+P, (" 4+ Pyt Py(x) =0
where each P, (x) is a polynomial in x for i =0, 1, 2, ---, » and atleast one P, (x) is not

identically zero fori=1, 2,3, ..., n.

In simple words, a function y = f(x) is algebraic if it is obtained from x using a finite
number of algebraic operations such as addition, subtraction, multiplication, division,
and »" roots.

[ (4) )
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fx)=2x* - 3x, g(x) = :

2 3
al +31 , X#3, h(x)=(x+1)? and k(x) = vx+1 are examples of

algebraic functions.

(i) Transcendental Functions

A function is called a transcendental function if it is not algebraic.

y=¢e,y=2y=Inx,y=sinx,y=sin"'x, y=sinx+Inx,y= ex2 are examples of
transcendental functions.

1.3.1 Fundamental Transcendental Functions

Fundamental transcendental functions are the commonly used standard transcendental
functions like y=a" (a>0,a#1),y=Inx,y=sinx,y= sin”' x, which form the base
for more complex transcendental functions.

1.3.2 Non-Fundamental Transcendental Functions

Functions formed by combining transcendental functions with algebraic functions, or
by applying transformations and composition, are non-fundamental transcendental
functions.

y=sinx+lInx,y= &~ ,V=xsinx, y=In 2x are examples of functions which are not
fundamental transcendental functions. On the other hand, y=10>"is a standard

transcental function, because, it can be written as y =100".
Example 5 Given the following functions:

J() = ~Nx+1,g(x) =€, h(x) = —
x —=2x+
Classify each function as algebraic or transcendental.
Solution: The following are algebraic functions:

7 = Nxrl, k) = =

x —2x+1

+1
ol T q(x) =1In 2x, r(x) = sin x

The following are transcendental functions:
g(x)=¢€", g(x) =In 2x, r(x) = sin x
Example 6 Given the following functions:

f(x) =cos 2x + 1, g(x) = 3%, A(x) = tan"'x?, g(x) = In x + €', r(x) = tan x
Classify each function as fundamental or non-fundamental transcendental functions.
Solution: The following are fundamental transcendental functions:

2(x)=3% r(x)=tanx
The following are non-fundamental transcendental functions:
f(x)=cos 2x + 1, h(x) = tan '(x?), g(x) = In x + &'

1.4 Exponential Functions

The function defined by f(x) = a" for all x e R, where @ > 0 and a # 1 is called an
exponential function. The number a is called the base of the exponential function.
The function f(x) = " is called the natural exponential function, where e is a number

[ (s) )
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defined by e = Z::

1 . . .
0 and its approximate value is e = 2.71828.
n!

The exponential functions f(x) = e" and g(x) = 2" represent exponential growth, while
X
the function f(x) = [%) represents exponential decay.

1.4.1 Graph of Exponential Function

Before sketching the graph of an exponential function, we study its essential properties
that determine its overall shape and behaviour. These include the domain and range,
intercepts, injectivity, monotonicity, and asymptotic behaviour. Understanding these
features help us to predict the graph without plotting many points. After this analysis,
we use a few representative values to draw a smooth and accurate sketch of the
function.

1.4.2 Properties of the Exponential Function

Consider the exponential function:
yv=a“(@a>0,a#1) ...(1)
(i) Domain, Continuity, Positivity and Range of Exponential Function

Domain: The exponential function is defined for all real values of x. We can substitute
any real number (positive, negative, or zero) in place of x, and the expression a* is
always meaningful. Hence, the domain of the exponential function is ]—co, oof.
Continuity: Continuity at a point ¢ € -0, oo is shown using the equation:

lima* =a°
XxX—>C

This shows that the exponential function is continuous on the whole domain |-, oof.
Thus, graph of exponential function has no jump or hole.
Positivity: If x = n, a positive integer, then @’"=a - a - ... - a (n times).

1

n

a

Since, a > 0, product of positive numbers is positive. Thus, a” > 0 also, ™ =

Since, a" > 0, its reciprocal is also positive. So, a " > 0.
Moreover, a’ =1 > 0.

If x is rational, then x = g, where p is an integer and ¢ is a natural number. Thus:

P
X q q
a*=g? =Nad®

From integer case, a” > 0. Since, the ¢ root of a positive number is also positive, we
P

have a’ >0.
Thus, a* > 0 for all rational numbers x. For irrational values of x, we accept that a* is
also positive. However, a rigorous proof of this fact is beyond the scope of this level.

[ (s) )
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Hence, y = a* > 0 for all real numbers x. It follows that the graph of exponential

function always lies above the x-axis.

Range: By observing the following facts:

1. lim ¢ =0 and lim a*=0" ifa>1.
X—>00 X —>—00

2. lim ¢ =0 and lim ¢"=0" if0<a<1.
X =00 X —> @

3.  y=da"is continuous on |—oo, of.
4.  y=a">0 for all real numbers x.
We conclude that, the range of the exponential function (1) is 0, oof.
(ii) Intercepts of Exponential Function
y-intercept: To find y-intercept, put x = 0 in equation (1):

y=a’=1

So, the exponential function y = @* cuts the y-axis at the point (0, 1).
x-intercept: To find x-intercept, put y = 0 in equation (1):

a*=0

But, a* > 0 for all real x. It follows that there is no x-intercept.

function f is called:

from left to right along the x-axis.
(ii)  Strictly decreasing if /(x ) > f(x,). In this case, the graph of the function falls as x moves

from left to right along the x-axis.
For Example: Consider the function y = x2.
This function is strictly decreasing on ] —oo, 0] and strictly increasing on]0, oo[.

Strictly Increasing and Strictly Decreasing Functions:
Lety = f(x) be a real-valued function and let x, x, € D, be any two points such that x| <.x,. The

@) Strictly increasing if f(x,) <f(x,). In this case, the graph of the function rises as x moves

(iii) Exponential Function is Strictly Increasing or Strictly Decreasing

Let f(x) =a", wherea>0and a # 1.

Case-1: Ifa>1

Letx, <x, = x,—x;>0.Then
a?=a" -a®¥™

Since x, —x, >0 and a > 1, we have

a” " >1.So:

Xy—X

a>=a" -a = g2 sq"

Hence, ,<x, = a'<g™®

Therefore, y = a”* is strictly increasing

when a > 1.

Case-2: If0<a<1
Letx, <x, = x,=x,>0. Then
a®%=gh-g ™
Since 0 <a <1 and x,—x,> 0, we have
a” " <1. So:

X

a‘\‘: — a«'ﬁ § a—‘:‘ — a,\‘z < (Jx'
Hence, x, <x, = a" >a"

Therefore, y = @* is strictly decreasing
when 0 <a <1.

[

(7)
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Injectivity of Exponential Functions

Let f(x) =a*, where a> 0 and a # 1.

Further let, f(x,) = f(x,) for some x,, x, € ] — 0, oo[.

So: a" =a”

Case-1: If x; < x,, then from the function of

f(x) = a"either

a’ <a® (whena>1)or a" >a” (when0<a<1).

Which is impossible.

Case-2: If x; > x,, then from the function of

Mathematics-12

( ™
Definition of Injectivity (One-to-
One Function)

Recall that, a function y = f(x) is
called injective (one-to-one) if
different inputs always give different
outputs. Formally, a function is one-
to-one if:
whenever for x,, x, € Dom f'such that

f(x) =f(x,), we have x, = x,.

A function is injective if every
horizontal line meets its graph at most
once; equivalently, its graph is strictly

increasing or strictly decreasing.
- _/

f(x) =a" either a" >a" (when a > 1) or a” <a” (when 0 < a < 1). Which is again

impossible.

Hence, we must have x, =x, and consequently, /(x) = a" is injective. It follows that any

horizontal line meets the graph of f(x) = a* at most once.

(v)

Horizontal Asymptote of Exponential Function

Note that ifa > 1, then ¢ — 0" asx — —and if 0 <a <1, then a* — 0" as x — oo, It
follows that the horizontal line y = 0 represents the horizontal asymptote for the

exponential function.
Example 7 Graph of f(x) =¢*
Solution: Let /(x) =¢".

¢ Domain of the function is R = (-0, ).

e Range of f(x) =¢* is (0, ).
e The graph cuts y-axis at (0, 1).

e =0 is the horizontal asymptote.
e / is continuous and strictly increasing, because e > 1.
Some approximate functional values are given in the

following tables.

| &

rNote: (Horizontal Asymptote)

A horizontal asymptote is a horizontal line y =
¢ which a function approaches as x becomes very
large (or very small), but the graph does not
necessarily touch or cross it.

Formally the vertical line y = ¢ is called
horizontal asymptote for the function y = f(x) if
f(x) > casx > —worx — oo,

~

J

x fx)=¢€ x f)=¢
1 e=2.718 -1 0.367
2 7.389 -2 10.135
3 20.085 -3 1 0.0497
10 | 22026.465 —10 | 0.0000454
100 | 2.688 x 10% 100 | 3.720 x 107
— 4+ | — +o ——o | —0

With all above key points, the graph of /(x) = €' is shown

in Figure 1.6.

(2,7.39)

Figure 1.6

[

(8)
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Note that the graph of all exponential functions f(x) =a', a € R and a> 1 is almost
similar to the graph in Figure 1.6.

X
Example 8: Graphs of f(x) = [%j = ZL‘

Solution: The graph of the exponential function f(x) = (%j has following important
properties:

X
*  Domain of the functionis R =(~ o0, ). *  Range of f(x) = (%J is (0, o).

*  The graph cuts y-axis at (0, 1). e y=0is the horizontal asymptote.

. . . . 1
*  fis continuous and strictly decreasing because a = 5 <1.

Some approximate functional values are given in the following tables.

1 * (1 * AY
X F)= [5] x  |fx)= [Ej
0.5 1 |2

2 025 2 |4

3 ]0.125 3 |8

10 [0.0009766 —10 |1024 | x
100 |[7.89 x 103'] | =100 [1.267 x 10 i

— +o0 |— 0 — —00 |[— ™ Figure 1.7

X
With all the above key points, the graph of f(x) = [%) is shown in Figure 1.7.

Note that the graph of all exponential functions f(x)=a",a e Rand 0 < a<1is
almost similar to the graph in Figure 1.7.

L5 Introduction to Hyperbolic and Inverse Hyperbolic
Functions

Hyperbolic functions are a class of transcendental functions closely related to
exponential functions. They are defined using combinations of e and e, and their
graphs resemble trigonometric functions, although they arise from hyperbolas rather
than circles. The basic hyperbolic functions include sinh x, cosh x and tanh x which
have important applications in mathematics, physics and engineering.

Inverse hyperbolic functions are the inverse functions of hyperbolic functions, defined

[ (2) )
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on suitable restricted domains. They are useful in solving equations involving
hyperbolic functions and appear in various applications such as integration, differential
equations, and modeling real-world phenomena.

1.5.1 Hyperbolic Functions

The hyperboli c functions are defined as follows:

Function Definition Domain Range
sinh x sinh x = . —2e ' R = (—, 00) R = (—, )
cosh x coshx= £ -;e ' R = (o0, ) [1,0)
sinh x et —e "
tanh x = tanh x = — . R =(—o0, o) -1,1)
cosh x e +e”
cosh Tre™”
cothx = — al cothx = e'+ei_ R\{0} (o0, —1) L (1, )
sinh x et —e "
| 2
sech x = sechx= —— R = (—o0, ) (0, 1]
cosh x e’ +e
csch x ! csch x 2 R\{0} 0 0
X = - = = —Qo0 (W] Q0
sinh x e —e” oo ) (0, )

Hyperbolic functions are so named because the parametric equations x = cosh ¢ and
y = sinh ¢, satisfies the equation of the hyperbola x* — = 1.
Example 9 Prove that cosh® x — sinh? x = 1.

X —X X —X

5 + .
Solution: We know cosh x = ere and sinh x =

X —X 2 X _ —X 2
Therefore, cosh? x —sinh> x = (e J;e j —[ e ¢ j

e te 42 B e re -2
4 4

2x

e +e—2.\' +2_e2.\' _e—Z.\' +2 B 4 B
4 4

Il

1
Hence, cosh? x — sinh? x = 1

1.5.2 Graphs of Hyperbolic Functions

(i) Graph of sinh x

. e' —e
We know that sinh x =

( SO ]
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X /\Y
el efl) :
This can be written as sinh x = 5 € - 5 10| (3,10.03)
8
Since, domain of ¢* and (—] is R, therefore, the domain g
e
) , - 2,3.63)
of sinh x 1s R= (— o0, ). 5
x (1,1.18) x
Asx— o0, e —wand | — | — 0. Iy ) S 1 2 3°
e 1,118 ¥ ,
. (1Y 2 f563) 4
. “le 6
Hence, sinhx=——++% — o
-8
1y 3110.03
Asx — —o, ¢ — 0 and (—] — 0. ( ) Y
€ v
(1Y Figure 1.8
e’ — J—
. e
Hence, sinhx=——~+* — —®

Therefore, the range of sinh x is R = (— o0, ).

0 -0
e —e

Atx=0,sinh 0=

=0, so the graph of sinh x passes through the point (0, 0).

% —o0«— | -3 -2 -1 0 | 2 3 — 0
y=sinhx | —0o« |-10.03 | 3.63 | -1.18 | 0 | 1.18 | 3.63 | 10.03 | —» =
The graph of sinh x is shown in Figure 1.8.

(ii) Graph of cosh x

X

e +e

—x

We know that cosh x =

This can be written as cosh x = € -

Since domain of ¢* and (lj is R, therefore, the domain of cosh x is R = (—o0, ).
e

e

[ (1)

Asx — oo, ¢ — oo and (1) — 0.




Unit-1 Graphical Representation of Functions Mathematics-12

X
e+ 1 =
e
10

Hence, coshx = T — 0

Asx — —om, ¢ — 0 and [lj — 0.
e

e+ —
€

Hence, coshx = Y — ©

0 -0
Atx =0, cosh 0= ¢ -;e =1, so the graph of

cosh x passes through the point (0, ) and y =1 is
minimum value of the graph. _
Therefore, the range of coshx is [1, 00). Tosketch | —* 3 -2 -1 o[ 1 2 3 4
the graph, we take a table of values: Figure 1.9

% —0«— | 3 —2 —] 0 1 2 3 — o0
y=coshx |+oo« | 10.07 | 3.76 1.54 |1 | 1.54|3.76 | 1007 | —»
The graph of cosh x is shown in Figure 1.9.
1.5.3 Inverse Hyperbolic Functions
The formulae, domains and ranges of all inverse hyperbolic functions are given in the
following table.

Function Formula Domain Range
sinh™ x ln(x + \}xz +1 ) (*OO, OO) (7(:05 OO)
cosh™ x In(x + \)xz —1 ) [1, ) [0, o)

| I+x
tanhﬁl X — ln PO (717 1) (7 o0, CO)
2 1=x%
1 x+1
(.’,()‘[h_1 X - ln - (* oo, 71) U (15 OO) (7009 0) o (07 OO)
2 x=1
1+v1-x°
sech™! x m[ix] (0, 1] (0, oof
X
1 1
csch™! x In [— + ) + 1] (o0, 0) U (0, o) (o0, 0) U (0, o)
X

[ (12) )
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(i) Inverse Hyperbolic sine Functions
From the graph of y = sinh x (see Figure 1.8), it is clear from the horizontal line test
that the function is bijective. Hence, its inverse function exists, and we define it as
follows:

x =sinh™! y if and only if y = sinh x

Example 10 Prove that sinh™ x = In (x N l).

Solution: Let y =sinh ' x, where x,y € |—00,00[ .

x =sinhy
& —e” 1
X = = x=&-—
2 e
eZ,\’ _1 ' o
= 2x= . = 2xet=e?-1 £
e ] ]
= (e’ )P 2xe’—1=0 If y=f(x) is abijective function, then
Using quadratic formula: x=/"'(y) is its inverse.

e

. in\/;lx‘+4 - m

Note that, x — ,/xz +1<0 Vxe]—-mw of.Since e’> 0, we take the positive sign:

e’ =x+x" +1 =  y=In(x+x" +1)
Hence, sinh™x =In(x+ Vx> +1)

(ii) Inverse Hyperbolic cosine Function
From the graph of y = cosh x (see Figure 1.9), it is clear from the horizontal line test
that the function is not one-to-one on the domain (—o0, o). However, if we restrict the
domain to [0, o0), the range set is not disturbed. It follows that y = cosh x becomes one-
to-one for the restricted domain [0, o) and thus bijective. Therefore, on the domain
[0, o0), the inverse hyperbolic cosine function exists and we define it as follows:

x = cosh™! yif and only if y = cosh x

Example 11 Prove that cosh ! x = In(x + Vx> —1) for all x € [1, o).
Solution: For y € [0, «) = Restricted Dom of cosh x and x € [1, o) = Range of cosh x.

Let y =cosh™' x
x =coshy
e’ +e” | :
X = = Ix=e’+ — Remember!
2 e Dom f= Range /!
e’ +1 Range /= Dom /!
= 2x = — = Ixe? = e + 1
i
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Using quadratic formula:

o) = 2x++4x* -4

2
e’ =x+ +x’—1,wherex>1, y>0 and e’ > 0.

y =In(x+ vx*—1)

It can easily be observed that O<x—+/x’—1<1 for all x > 1. Thus,

y= 1n(x— N 1) <0. But, y >0, which is possible only if the positive sign is taken.

Hence,

n

6.

y =In(x+ Vx* 1)
= cosh'x =In(x + vx°—1)
¥ EXERCISE 1.2 _J

Which of the following functions are algebraic?

f(x)=secx, g(x) = = h(x) = Nx2 +2x, k(x)= g 26"’, ) = (x— 1)°

x+1
Which of the following functions are transcendental?

e +e "

fx)= é,g(x)=cotx, h(x) = e* + Vx? +2x, k(x) = ,Hx) = (x — l)_%

Which of the following functions are fundamental transcendental functions?

X —X

e —e

f(x) =€+ cos x, g(x) = sin x, h(x) = &, k(x)= , H(x) = 15*

Which of the following functions are non-fundamental transcendental functions?
f@) =e*, g(x)=cosx, h(x)=2% k(x)=cosx? r(x)=2~
Discuss domain, range, and graph of the function f(x) = 3*.
Discuss domain, range, and graph of the function f(x) = (EJ .

Prove the following hyperbolic identities:

(i) 1—tanh?x = sech®x (i) csch® x = coth? x —1

(iii) sinh 2x =2 sinh x cosh x (iv) cosh 2x = cosh® x + sinh® x

Prove the following inverse hyperbolic formulae.

(i) tanh'x= 11n[1+—xj,x¢1 (ii) coth™! x = lm[”—x}x;ﬁl
2 1-x 2 1-x

(14) )
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1++1—x7

(iii) sech'x= m(
X

},x;&o (iv) csch1x=ln[l+ Lerlj,)c;:EO
x Vx
1.6 Logarithmic Function
A logarithmic function is defined by y =log, x, a >0, a # 1, x > 0. It assigns to each
positive real number x a unique real number y, such that a* = x.
Logarithmic Function as Inverse of Exponential Function
We know that the exponential function
y=a,(a>0,a#1)
is a one-to-one function with domain ]—o0, oo[ and range ]0, oo[. Thus, it is invertible.
Interchanging x and y, we obtain:
x=a’ = y=log,x
Hence, the logarithmic function is the inverse of the exponential function with domain
10, co[ and range |- oo, oof.
A logarithm with base 10 is called a common logarithm and a logarithm with base e is
called a natural logarithm and we write:
log,,b=1log b,log,b=1nb
Basic Logarithmic Identities
Fora>0,a# 1, x>0, we have: log, 1=0, log,a=1
log(a)=x, log,x=x
Laws of Logarithms and Change of Base Formula
Fora>0,a#1,x>0,y>0,¢€ R, we have studied the following laws of logarithms
and change of base formula:
1. Product Law: log,(xy) = log, x +log, y

2. Quotient Law: loga(£] =log,x—log,y
y

3. Power Law: log,(x") =t log, x

1
4. Change of Base Formula: log, x = ]ch_bx for every b >0, b # 1. In particular:
og, a
log, x = Lt or log,x= log
Ina loga

1.6.1 Graphical Behaviour of Logarithmic Functions
In this section, we study the graphical behaviour of logarithmic functions in a
structured manner. For a logarithmic function y = log, x with domain ]0, oo and range

[ (15) )
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|-, of, we analyze its vertical asymptotic behaviour, and its overall shape for
different values of the base a. We also examine important graphical features such as
intercepts, continuity, injectivity and whether the function is increasing or decreasing.
These properties together help us to understand how the logarithmic function behaves
as a curve and provide the necessary foundation for sketching and interpreting its graph
accurately.
(i) Injectivity of Logarithmic Functions
Let f(x) = log, x, where a > 0 and a # 1, x € ]0, oo[. Let 5, ¢ € ]0, oo be arbitrary
numbers such that, f(s) =f(?)

= log,s=log,t = a

log,s _

g% = g=t

Hence, the logarithmic function is one to one.

(ii)  Vertical Asymptote of Logarithmic Functions

Let f(x) = log,x, where >0, a# 1 and x> 0. Then x=a". We consider the following

cases: [ Vertical Asymptote of a Function )
Case-1:a>1 Case-2:0<a<1 A vertical asymptote is a vertical
Note that: x — 0" Note that: x — 0" line x = ¢ such that the function f(x)

increases or decreases without
bound as x — ¢. In limit form, x = ¢
= log, x — —oo. = log, x — 0. is a vertical asymptote of the
function y = f(x) if:

>d-0 =3 y->w0|=2ad-0 = y-ow0

Hence, \ll)lgg f(x)=-. | Hence "ll)n(% f(x) = 0. e o i
In both cases, we have: lino1+ f(x) = oo, e e )
X—>

Hence, the line x = 0 is the vertical asymptote of f(x) = log, x. Since, y= log, x is
defined for all positive values of x, there is no other asymptote except x = 0.
(iii) Logarithmic Functions are Strictly Increasing or Strictly Decreasing
Consider the logarithmic function:

yx) =fx)=log,x (a>0,a#1,x>0)
Let x,, x, € ]0, o[ such that x, <x,. Then, y, = f(x,) = log, x, and y, = f(x,) = log, x,.
So that: x, =@’ and x, =a”

Since, x, <x,, we have a"' <a'*. We consider the following cases:

Case-1: Case-2:
Ifa>1,then @ <a” =y, <y, If0<a<l1,then a" <a” =y >y,.
It follows that: It follows that:
x <x, = flx) <flx) X <x, = f(x)>f(x,)
Hence, y = log, x is strictly increasing | Hence, y = log, x is strictly decreasing
when a > 1. when0<a<1.

[ (15) )
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(iv) Intercepts and Continuity of Logarithmic Functions
For the logarithmic function: y =log, x (a>0,a# 1,x>0)
Intercepts:
(i) The x-intercept is obtained by substituting y = 0:
log, x=0 = x=d"=1
Hence, the graph of y = log, x intersects x-axis at the point (1, 0).
(if) Since, the function y = log, x is undefined at x = 0, it has no y-intercept.
Continuity:
The function y = log,, x is continuous for all x > 0. This can be seen from the fact that:

lim log, x =log, c for all ¢ > 0.
X—c

Hence, the function has no breaks or jumps in its domain.

1.6.2 Graph of Logarithmic Function

The graph of the logarithmic function y = log, x is constructed using the properties
discussed in the above subsections. In particular, the domain x > 0, the vertical
asymptote x = 0 , the intercept (1, 0) , the continuity, the injectivity and the monotonic
behaviour depending on the value of a together determine the shape and position of
the curve. Using these features, the graph can be drawn accurately for different values
of the base a.

Figure 1.10 shows the graphs of logarithmic functions with bases greater than 1, whereas
Figure 1.11 represents the graphs of logarithmic functions with bases between 0 and 1.

y=logix [ X
0 2 4 6 8 10 12 14 16 18 20 22’

=8 =15 Yy logo_gx Y= logo.sx
v

Figure 1.10 Figure 1.11

[ (17) )
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1.7 Modulus Function and Its Graph

The modulus function or absolute value function is denoted and defined by:

f(x)=|x|={x’ = = |
-x x<0 i
For example, if x =2 > 0 then |x| = |2] = 2 4
and if x=-2 <0 then |x| = |-2| = —(-2) =2. 3
Similarly, x = 0 then |x| = |0] = 0. Thus, the 22) 2 22
d ; .
modulus of a number is always non-negative. ) (0.0) X
The graph of the modulus function is -4 -3 2 -1 1 2 3 4 5°7
V-shaped. It consists of two straight lines Figure 1.12

meeting at the origin. For x > 0, the graph is the line y = x, while for x <0, the graph is
the line y = —x. Thus, the graph of modulus function can be sketched using the points (0,
0), (2, 2) and (-2, 2) as shown in Figure 1.12.

1.8 Interpreting the Relation Between a One-to-One

Function and Its Inverse through Graph
A function has an inverse only if it is bijective, that is, both one-to-one and onto.
However, if the co-domain of a function is taken equal to its range, then every value in
the co-domain is already attained by the function. Therefore, the function automatically
becomes onto, and only the one-to-one condition is required for the existence of its
inverse.
The graph of a function and its inverse are related through a geometric symmetry about
the line y = x. This line is used because any point (x, y) on a function represents an
input-output pair, and for its inverse, the roles of input and output are interchanged.
The line y = x is exactly the set of all points where input and output values are equal,
making it the natural axis of reflection for this interchange.
1.8.1 Method of Constructing the Graph of an Inverse Function
The graph of an inverse function is obtained geometrically as follows:

(1) Draw the graph of the given one-to-one function.

(i1) Consider the line y = x on the same coordinate plane.

(ii1))  Reflect the graph of the function about the line y = x.

(iv)  The resulting reflected curve represents the graph of the inverse function.
The reflection ensures that each point on the original graph is mapped to a
corresponding point on the inverse graph by maintaining equal perpendicular distance
from the line y = x, preserving the geometric symmetry between the two graphs.

[ (18) )
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Example 12/ (Logarithmic Graph from Exponential Graph)
Show graphically that the function y = In x is the inverse of the function y = €.
Solution:
Consider the exponential function y = e*
Note that the function y = ¢* is one to one on
], [ and its range is ]0, «o[. Hence, it is
invertible and its inverse is defined on ]0, co[.
We draw the graph of y = e*along with the line
v =2x (see Figure 1.13). To obtain the graph of
the inverse function, points on the curve y = "
are reflected about the line y = x. The curve
passing through these reflected points is then
drawn (see Figure 1.13). The resulting curve
represents the function:

y=Inx
which is clearly defined on the interval |0, oof.
Hence, the function y = In x is the inverse of y = e”.

1.9 Transformation of Graphs of Functions

Graphs of functions can be transformed in various ways to obtain new graphs from
basic functions. These transformations include reflection, rotation, stretching,
compression and shifting, and are applied to represent changes in functions in
algebraic, graphical and real-life contexts. One of the most important applications of
these transformations is in computer graphics, where they are used to model,
manipulate and animate images and shapes. However, in this section, we shall focus
only on three fundamental transformations: horizontal shift, vertical shift and scaling,
which are most commonly used in the graphical analysis of functions.

(i) Shifting of Graphs

Shifting of graphs refers to the movement of a graph from its original position without
changing its shape or size. In shifting, the graph is translated either horizontally or
vertically.

In mathematical modeling, shifting is used to represent changes in a function due to
variations in input or output values. It allows the same basic function to describe
different situations by adjusting its position on the coordinate plane.

Horizontal Shift

A graph of the function y = f(x) is shifted horizontally when the input variable x is

changed to x — A. The resulting graph is represented by the function:
y=f(x—h)
. If & > 0: shift / units to the right *  If 42 <0:shift |4 units to the left

[ (19) )
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Vertical Shift
A graph of the function y = f(x) is shifted vertically when the output variable y is
changed to y — k. The resulting graph is represented by the function:

y=7)+k
. If k> 0: shift k units upward
. If k < 0: shift |k| units downward Challenge!
For better understanding of horizontal and vertical | praw the graph of the function
shifts, we consider the function: y=(x—272-2
y=x and observe how it can be obtained

This equation represents a parabola with vertex at ( from the graph ofy =x*

(0, 0), as shown in Figure 1.14.

Next, we consider the function y = (x — 2)?

This also represents a parabola with vertex at (2, 0). Its graph can be seen in Figure 1.15.
Note that the graph in Figure 1.15 can be obtained directly from the graph in Figure
1.14 by shifting it 2 units horizontally to the right.

Now, consider another function y = x* —2

This equation also represents a parabola with vertex at (0, —2). Its graph is shown in
Figure 1.16.

Note that this graph can be obtained directly from the graph in Figure 1.14 by shifting
it 2 units downward.

AY NY AY
5 &
— 2 L 2
4l V=X . y=(x+2 4 S=F=2
3 3 3
2 2
2
1 1
. 5 1 x| e 24
3240 1 2 37 a3 s 52| | 32N /23 457
-1 4 =1
-2 P =
-3 =3
v v v
Figure 1.14 Figure 1.15 Figure 1.16

General Formula for Vertical and Horizontal Shift
If both horizontal and vertical shifts are applied together to the function y = f(x), then
the general form of the transformed function is given by:

yv=f(x—h)+k
(i)  Scaling of Graphs
Scaling of graphs refers to the stretching or compression of a graph without changing
its general shape. In scaling, the graph is enlarged or reduced either in the vertical
direction or in the horizontal direction.
Scaling helps in understanding how a function changes when its input or output values
are multiplied by a positive constant factor.

[ (20) )




Unit-1 Graphical Representation of Functions Mathematics-12

Vertical Scaling
If a function y = f(x) is multiplied by a positive constant a, then the new function:
y=af(x), a>0
represents a vertical scaling of the graph of y = f(x).
e Ifa>1, then the graph is stretched vertically by factor a.

e If0<a<1,then the graph is compressed vertically by factor 1 >1.
a

e Only the y-values of the graph change, while x-values remain unchanged.
Horizontal Scaling
If a function y = f(x) is transformed to: 10] ¥
y=flax), a>0
then, it represents a horizontal scaling of
the graph of y = f(x).
e Ifa> 1, then the graph is
compressed horizontally by a
factor a

1 5
=@-p
y 50(x )

8

6

4
L
2 4 6 8 10121416>
Figure 1.17

2108 =6 4 =

e If0<a<1,then the graph is stretched horizontally by a factor 1 > 1.
a

e Only the x-values of the graph change, while y-values remain unchanged
Important Note:
If a <0, scaling is not purely stretching or compression. It results in:

o reflection along the x-axis in y = af(x) =

« reflection along the y-axis in y = f(ax) J
Therefore, in this section we consider only @ > 0 to focuson | s
scaling alone. 40
For better understanding of scaling, we consider the | ,
following functions:

y= L @27 and y=(Qx 2y | r=ex=2)
50 X
1 : — . of 1 2 3 4 57
The graph of y = — (x — 2)*is shown in Figure 1.17 which -
50 Figure 1.18

can be obtained from the graph of y = (x —2)* (Figure 1.15) using a vertical compression
by factor of 50. Similarly, the graph of y = (3x — 2)* can be obtained from the graph of
¥y = (x—2)? by a horizontal compress, that is, by a factor of 3 (see Figure 1.18).
General Formula for Scaling of Graphs
If a function y = f(x) is transformed to

v=af(bx), a>0,b>0
then it represents both vertical and horizontal scaling of the graph of y = f(x).

[ (21) )
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If a > 1, the graph is stretched vertically by factor a. If 0 <a < 1, the graph is compressed

. | . . .
vertically by factor —. On the other hand, if > 1 , the graph is compressed horizontally
a

by factor b and if 0 < b < 1, the graph is stretched horizontally by factor %

Example 13 Let /(x) = In( x* + 1). Find the function obtained after:

(i) avertical stretch by factor 2 (ii) then a shift 1 unit to the left.
Solution: We have: /(x) = In( x* + 1).
(i) Formula for the vertical scaling is y = af(x)
Since, there is a vertical stretch by factor 2, we have a = 2. Thus, the resulting function
becomes:

y=2In(x*+1)

(ii) Now we have, g(x) =2 In(x* + 1).

Formula for the horizontal translation is y = g(x — ).

Since, there is a shift of 1 unit to the left, we have # =—1. Thus, the resulting

function becomes:

y=gx—(1) =gx+1)
=2In[(x+1)*+ 1] =2 In(x* + 2x + 1+1)

Hence, the transformed function is y =2 In(x* + 2x + 2)

Example 14 Let f (x)=il. Find the function obtained after applying all the

X+
following transformations with the given order:
(1) vertical stretch by 2 (i1) horizontal stretch by 3
(i11))  shift 2 units to the right (iv) shift 1 unit downward
Solution: Given function: f(x)= L.
x+1
(i) Vertical stretch by 2. (i) Horizontal stretch by 3.
The resulting function is y = a f(x) where The resulting function is y = g(bx),
a=2. Thus, we get: where b = l So, we have:
Y 5%
X 3 2%
_ 2x J/:g[gjzx :x+3
x+1 —4]
We set, g(x)= £ 2x
’ - : Let s(x)= ——
x+1 ( ) 43




Unit-1

(iii) Shift 2 units to the right

The resulting function is y =(x — &), where
h=2.So, we get:

_ 2(x=2) 2x-4

=s(x—-2)= =
Y = TN el
Tk i) = 22
x+1

Graphical Representation of Functions

Mathematics-12

(iv) Shift 1 unit downward
The resulting function is y = #(x) + k£,
where k= — 1. Thus, we have:

2x—4
x+1

_x—5
x+1

1

y=t(x)-1=

. X
Hence, transformed functionis y = il
x+

¥ EXERCISE 1.3 _J

1. Letf(x)=log,(x—2)

(i) Show that f(x) is a one-to-one function using the horizontal line test.

(ii) Find the inverse function /~' (x) algebraically.

(iii) State the domain and range of /(x) and /~' (x).

(iv) Verify graphically that the graphs of f(x) and /' (x) are symmetric about the

line y = x.
2. Letf(x)=sin'x

(i) State the domain and range of /(x) and /=" (x).
(i1) Sketch the graph of f(x) and show that it is one-to-one using the horizontal

line test.

(iii) Draw the graph of f~' (x) and verify that it is the reflection of f(x) in the line

P=X

3. A one-to-one function is defined by f(x) = (x — 1),

x € [0, 3]

Using the concept of reflection in the line y = x, sketch the graph of the inverse

function /=" (x).
4.  Given the function f(x) = Jx

Find the equation of the function after:

(1) wvertical stretch by factor 2

(i1) horizontal shift 3 units to the right

(ii1) applying both transformations (i) and (ii).

. . 1 : .
5. Given the function f(x)=—, x#0 . Find the equation of the transformed
X

function after applying the following transformations in order.
Horizontal shift 2 units to the left, horizontal compression by factor 2, vertical
stretching by factor 3, and vertical shift 1 unit upward.

6. Given the function f(x) = In x, find the equation of the transformed function
obtained after shifting the graph 1 unit to the right, vertically compressing it by a
factor of 2, and then shifting it 3 units upward.

(23)
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10.

2x _31 , X #=3. Find the equation of the transformed

Given the function f(x)=

function after applying in order, the horizontal shift 2 units to the left, horizontal
compression by factor 3, vertical compression by factor 2, and vertical shift 1 unit
downward.

Given the function f(x)=3" and its transformed function g(x) = 3*~2 + 1, draw

the graphs of both functions on the same coordinate plane and compare their
shapes.

Given the function f(x) = In x . Find the equation of the transformed function after
applying in order, the vertical stretch by factor 4, shift 6 units to right, horizontal
compress by factor 3, and shift 1 unit upward. Draw the graphs of both the original
and transformed functions on the same coordinate plane.

Draw the graph of f(x) = |x| after applying in order, shift of 7 units to right,
horizontal compress by factor 2, vertical shift 6 units downward, and vertical
compress by factor 2.

1.10 Solving Problems Involving Exponential and Logarithmic

Equations and Inequalities

In this section, we solve exponential and logarithmic equations and inequalities in
which the variable appears in the exponent or inside a logarithmic expression.
Before solving, the domain must be considered wherever the expression is not defined

for all real values of the variable. The methods of solving equations and inequalities
are illustrated in the following examples.

Examples of Exponential and Logarithmic Equations
Example 15 Solve the equation: 4* ' = 8.
Solution: The given equation is: 4! = 8.

Domain: Since the expression 4* ' is defined for every real number

Domain = J—oo, oo.

Since 4 = 2% and 8 = 23, the above equation can be written as:

(22)){71 — 23 or 22.\‘*2 - 23

Since the exponential function is one to one, we must have:

2x-2=3 = x=

N |

Solution Set: {%}

[

(24) )
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Example 16 Example 16 Solve the equation:
Find the solution of 22* — 3% 3 =,

- ) log x +log(x—3) =1
Solution: The given equation can be

written as: Solusion:

22x = 35x+3 (D) The given equation is:
Domain: Since the expressions 2** and log x + log(x —3) =1 (D)
3%**3 are defined for every real number.

Domain: Note that the expressions log x

S 5 D in= |- ) J
0, Domain = J-o0, oo and log(x — 3) are defined only when:

Applying natural logarithms on both
sides of equation (1): x>0andx-3>0 = x>3
6 2% =1n 3%%*32

Applyi 1 fl ithms:
o }él;lgnpzoife(gxaf;) lnogarl s Applying product law of logarithms on the

— 2xIn2=5¢In3+31n3 L.H.S of the given equation (1):

= (2Ih2-5m3)x=3In3 log[x(x—3)] =1

Applying EOWGF lsaw of log3arithms: Writing in exponential form:
(In2°-In3’)x=1In3 o —3) = 10} = 1§

= (l_n o= ln.243)x =n27 . Factorizing: x*—3x—10=0
Applying quotient law of logarithms:

4 (x—5)x+2)=0
xIn|— | =In27
243 = x=5or x=-2

Hence, Domain = ]3, oo[.

Since 5 € ]3, oo whereas, —2 ¢]3, o, the

= x=ln 27/1n(ij = log , (27) : ,
243 i solution set is {5}.

243

Solution Set: {log 4 (27)}

243

Example 17 Solve the equation: log (x* — 3x +2) = 2.

Solution: Domain: ¢ Base condition: x>0, x # 1

*  Argument condition: x> —3x +2>0
The given equation is: log (x* —3x +2) = 2.
Convert to exponential form: x> = x* —3x + 2

= 3x-2=0 = 3x-2=0 => x=

W |

Check domain: o Base condition: x = % >0andx # 1.

*  Argument condition:

2-3x+3=2 —3(3]+2=f—2+2=i >0
3 3 9 9

[ (25) )
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2 . ; . :
Henee, x = 3 is a solution of the given equation.

Solution set: {%}

Examples of Exponential and Logarithmic Inequations
Example 19 Solve the inequality: 2“1 > 5%,
Solution:
Domain: Note that, the expression 2** ! and 5* are defined for every real number.
The given inequality can be written as: 2-2* > 5"
Since, 2* > 0 for every real number, we have:

2> i S 2> (EJ

27 2

Since, the logarithmic function with base 10 is strictly increasing, we have:

X

5 5Y
2>— < log2>log| -
2 s g[z)
Applying power law of logarithms: log 2 > x log [gj
: 5 5
Since, o >0 = log = >0, we have:

log2
x<—2%__log,(2) = 0.7565

5
l - 2
Og(zj

Henge, 21> 5 = x<lop.(2)

2

Solution Set: ]-o0, log, (2)[.
2
Example 20 Solve the inequality: log (2x — 1) > log(5 — 3x)
Solution:
Domain: Note that log (2x— 1) and log (5 — 3x) are defined when:

2x—1>0 = x>% and 5-3x>0 = x<§
| 5

So, we have: —<x<—
2 3

The given inequality is: log(2x — 1) > log(5 — 3x)

[ (26
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Since, the logarithmic function with base 10 is strictly increasing, we must have:
log2x—1)>log(5-3x) < 2x—1>5-3x

Solve inequality: 2x +3x>5+1 < 5x>6 < x> g
- . . 6 5
Compatibility with domain: = <x< 3
o O 2
It follows that: log(2x — 1) > log(5 — 3x) iff = LX< 7
Solution Set: [9, E{
53
Example 21 Solve the inequality: log, (x* —3x +2) > log, (2x— 1)
9 9

Solution:

Domain: For the expression log, (x> — 3x + 2) to be defined, we have:
9

¥=3x+2>0 = (x-1x-2)>0 = eitherx<1 andx<2 (which gives x <
1) or x> 1 and x > 2 (which gives x > 2). Hence x <1 or x > 2.

For the expression log, (2x — 1) to be defined, we have:
9

2x—1>0:x>%

Combined domain: } %,1 [u] 2,0

The given inequality is: log, (x> —3x +2) > log, (2x— 1)

9 9
Since, 0 < % < 1, the logarithmic function with base % is strictly decreasing. Thus,

we have:

log,(x*-3x+2)>log,(2x—1) < x*-3x+2<2x-1
9 9

& X-3x+2-2+1<50 & X¥-5x+3<0
Solving the quadratic equation x* — 5x + 3 = 0:
L_5EV25-12 54413

2

2
[ (27) )




5 =413 5413
7

2

5-J13 5+\/§J'

Since, x> — 5x + 3 < 0, either x < and x>

5—13 o 54413

dx<
2 2

(which is impossible) or

X2 <x<

2 2

{Which gives

Compatibility with the domain: }%, l[u] 2, 0] .

5-J13 5413

<x<
2 2

xe[s_‘/ﬁ 1{\)}2 5+‘/ﬁ}
g2 - B

Ifx e }%, | [v] 2,00[ and then, we have:

Hence, log, (x* —3x +2)> log,(2x — 1) iff xe

9 9

5-13 {u}2 5+‘/§}
2 2

5—\/51 25+\/E
Z’U’Z )

Solution Set: {

¥ EXERCISE 1.4 _J

1.  Solve the following equations:

(i) log(3x—2)=log(x*—5x+6) (i) In(x*—1)=1InBx—2)
(iii) log(x) + log(x*—5x+7)=1log (3) (iv) 3®*D-2.9"+9=0
(v) xlog, 4=log, (16’ -3) (vi) 2°+2%=5

2. Solve the following inequalities (if its solution exists).
(i) 2°+2'*<3 (i1) 2" >log,(16)
(ii1) log,(x — 1) >1log, (5 —x) (iv) log, (x* —4x+3)> log,(2x - 1)

3 3

(v) log,(x—2)+log,(x—3)=3 (vi) log(xj + log(x — 3) > log(2x) + log(x — 1)
1.11 Applications of Exponential and Logarithmic Functions
in Real-Life Situations

Although there are many real-life situations involving exponential and logarithmic
functions, in this section we focus on selected applications such as growth and decay
processes, the measurement of sound intensity in decibels, and compound interest.

[ (28) )
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Exponential models are used to describe quantities that change over time, while
logarithmic functions help in determining unknown quantities in such models. The
formula for growth and decay will be used as a given model and will be derived later
in the chapter on differential equations, while the formulas for sound intensity and
compound interest will be taken as standard results and will not be derived here.
(i) Growth and Decay
Many natural and physical processes such as population growth and radioactive decay
change in such a way that the rate of change is proportional to the current amount.
These processes are known as exponential growth or decay.
The general mathematical model is:

N=No &
Where Ny is the initial amount, N is the amount at time ¢, and & is a constant which is
positive for growth and negative for decay.
In growth, the quantity increases with time, while in decay it decreases with time.
Logarithms are used to determine unknown quantities such as time or rate in these models.

Example 22 (Growth)
A population is given by: N = 200e
Find the time ¢ when the population
becomes 400, where ¢ is measured in
hours.
Solution: We are given that:
N =200%04

Substituting N = 400:

400 = 20004

0.04¢

2= e0.04I

Take natural logarithm on both sides:
In2 =0.04¢
In2

t= —— =17.33 hours
0.04

Hence the populations become 400 in
17.33 hours approximately.

(i) Sound Intensity (Decibels)

Example 23 (Decay)
A radioactive substance decays according
to: N =500e"
After 20 hours, the amount becomes 300.
Find the value of k, where ¢ is in hours.
Solution: We have:

N = 500"

Substituting =20 and N =300:
300 = 500e2%
3_ 220k
5
In (E =20k
5

20
Hence, k=—0.0256

k= Lln[%) ~—0.0256

The intensity of sound is the amount of sound energy passing through a unit area per
unit time. Since sound intensity varies over a very wide range, it is measured on a
logarithmic scale called the decibel (dB) scale.

[ (29) )
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The sound level L is given by:
L =10 log £
]D

where [ is the intensity of sound and ] is the threshold of hearing, which is the

minimum sound intensity that a normal human ear can detect. Its standard value is
given by:

I,= 107" W/m?
where, W/m? (watts per square meter) is the unit of sound intensity. It represents the
amount of sound power (energy per second) passing through a unit area.
Because of the logarithmic scale, even a small increase in decibels represents a large
change in actual sound intensity, which makes logarithmic laws very useful in
comparing sound levels in real-life situations.

Example 24 (Finding sound level) Example 25 A sound has level L = 60dB
A sound has intensity / = 107* and |and/,=10"'"°. Find the intensity /.
reference intensity /, = 10 '2. Find the 7
soutd Tavel. Solution: We have: L =10 log [1—}
0
Solution: We have: Z =10 log (i] Substituting L = 60dB and /,= 10~ %
1, 7
Substituting, /=10"* and /= 10" 60 =10 log (101—2)
L=101lo E 1
g 102 6 =log []0]2]
=10 log(10%) Convert to exponential form:
=10x8 2 I
=80 dB 10°= 102
I=10°%10" =10 W/m?

Example 26 The sound levels at two points are L, = 90 dB and L, = 60 dB. Find the

. . .1
ratio of their intensities —-, where L=10" 2 W/m?.
Pl

Solution: Given: L, =90 dB, L,= 60 dB

Formula: L=10 log(}i]

0

For the given values of L, and L,, we get:

[ (30) )




i 1
90=101log| = | or 9=log| -

IU IO
60 =10 log L or 6=log L

IO IO

Converting in exponential form:
1]

=10° and 2 =10°
IO 0
Dividing the above equations:
1, 10 I
L =— and L = 10° = 1000
I, 10 1,

Which is the required ratio of intensities of the sound levels.

(iii) Compound Interest

Compound interest is a method of calculating interest in which the interest earned in
each period is added to the principal (initial amount), so that interest is earned on both
the principal and the accumulated interest. This results in exponential growth of money
over time and is widely used in banking and financial systems to model investment
growth. Compound interest is generally classified into two types: discrete
compounding and continuous compounding.

Discrete Compound Interest

Discrete compound interest is a method of calculating interest in which the interest is
added to the principal at fixed time intervals such as yearly, half-yearly, quarterly, or
monthly. In this method, interest is not added continuously, but only at specific
intervals, and the future amount is calculated using a fixed compounding frequency.
This type of compounding leads to exponential growth of money over time and is
commonly used in banking systems.

The discrete compound interest is given by the formula:

nt
A=P(I+EJ
n

P = Principal (initial amount)

where, A = Final amount

r = Interest rate per unit time (in decimal form)
n = Number of times interest is compounded per unit time
t = Time (measured in the same unit as the compounding period)

[ (31) )




Graphical Representation of Functions

Unit-1
Continuous Compound Interest
Continuous compound interest is a method of calculating interest in which the interest
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is assumed to be added to the principal continuously at every instant of time. In this
case, the compounding occurs without any fixed intervals, and the amount increases
smoothly over time. This type of compounding represents the limiting case of discrete
compounding when the number of compounding periods becomes infinitely large.
The formula for continuous compounding is:

A= P’

where,

A = Final amount after time ¢ (principal + interest)

P = Principal (initial amount invested or borrowed)

r = Rate of interest per unit time (in decimal form)

t = Time (measured in the same unit as the rate is based on, such as years or months)

Example 27: A sum of Rs. 1000 is
invested at a rate of 5% per year
compounded continuously for 3 years.
Find the final amount.

Solution: Given: P = 1000,

r =5%=0.05

t =3
Formula for the continuous compound
interest:

A= Pe"
Substituting the values:
A =1000e"% "3

A =1000e"1
A=1000x1.1618
=1161.8
Hence, the final amount after 3 years is
A=Rs. 1161.8.

Example 28: A sum of Rs. 5000 is
invested at a rate of 8% per annum,
compounded quarterly. Find the amount
after 3 years.

P =5000

r =0.08 (8% per annum)

Solution: We have:
Quarterly compounding n = 4

t =3 years

Formula for the discrete compound

interest:
A= P(l + ij
n

Substituting the values:

A=5000 [l - %)M
4
A =(5000)(1.02)"?
~6341.2
Hence, the amount after 3 years is
A=Rs. 6341.2.

(32)
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10.

11.

12.

¥ EXERCISE 1.5 _J

A population is given by N = 300e"%*, where ¢ is measured in hours. Find the time
when the population becomes 600.

A culture grows according to N = 150e¥, where time ¢ is measured in hours. After
10 hours, the population becomes 250. Find the growth constant .

A radioactive substance decays as N = 800¢~"%, where ¢ is in hours. Find the time
when the amount reduces to 200.

A substance decays according to N = 600¢", where time ¢ is measured in hours.
After 8 hours, the amount becomes 400. Find the decay constant k.

A sound has intensity / = 10~° W/m?* and reference intensity /, = 10> W/m®.
Find the sound level in decibels.

A sound has level L = 80 dB and 7, = 10> W/m?. Find the intensity /.

A quantity changes according to N = 500¢". If N = 250 when ¢ = 5, find:

(1) the value of constant k.

(ii) the quantity N when 7= 10.

Two sounds have intensities /; and /, such that L, = 85 dB and L, = 65 dB.

Find the ratio ;—', where [, =10 '? W/m?.

A sum of Rs. 4000 is invested at 6% per annum, compounded annually for
3 years. Find the final amount.

A sum of Rs. 5000 becomes 6324.48 when invested at 8% per annum,
compounded annually. Find the time 7.

A sum of Rs. 3000 is invested at 5% per annum, compounded continuously for
4 years. Find the final amount.

An amount of Rs. 2000 becomes 3320.12 under continuous compounding at 6%
per annum. Find the time 7.

(33) )
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Further Differentiation

INTRODUCTION

Differentiation, a fundamental concept in calculus introduced by Newton and Leibniz,
allows us to study how quantities change and evolve. In our previous class, we studied
the definition of differentiation along with sum, difference, product, and quotient rules,
and applied them to find derivatives of polynomials and rational functions. Building
on that foundation, we will now explore how to find the derivatives of trigonometric,
inverse trigonometric, exponential, and logarithmic functions. We will apply
differentiation to identify increasing and decreasing functions and to find equations of
tangents and normals to curves at specific points. Higher-order derivatives of algebraic,
implicit, parametric, and transcendental functions will also be studied. We will use
linear approximations and differentials to estimate function values, changes, and
calculate relative and percentage errors in real-life contexts like volumes of geometric
shapes. The unit also delves into finding local and global extrema using critical points

2.1 Review of Differentiation Basics
Definition: The derivative of the function y = f(x) is denoted by ? or f '(x) and is
X
defined as:
dy

f’(x) = lim flath)=fly) if exists or — = lim 6—yif exists.

>0 h dx 00

The derivative gives the instantaneous rate of change of the function at a point.

n—l

e Power Rule: i(x”) =nx"" where neRR.

dx
d
e Constant Rule: d—(c) =0, forany ceR.
b

In the following rules u =u(x),v=v(x) are differentiable functions and cis any

arbitrary constant.

e (Constant Multiple Rule: 4 (cu)= c@ =cu'.
dx dx

b J

[ (34) )
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e \
e Sum and Difference Rule: %(u ty)= @+ﬂ =gyl !

dx  dx
e Product Rule: This rule helps to differentiate the product of two functions.
d I 1
—(wv)=u'v+uv
abc( )
e Quotient Rule: This rule is used to differentiate the division of two functions.

i(z)_ u'v—uy
dx\ v v

where v(x) # 0 for all x in the domain.

2.2 Derivatives of Trigonometric Functions

Derivative of the Sine Function

While finding derivatives of trigonometric functions, we assume that the angle is
measured in radians. To calculate the derivative of f(x)=sinx.

Here, f(x+h)=sin(x+h), and
0 = lim LG hz—f(x)

h—0

(By the definition of derivative)

sin(x+A)—sinx
sin(r )

(By substituting the values)

h—0 h
x+h+x). (x+h—x
2cos T sin T N B
=lim '.'sinp—s'mq=2cosusinu
h—0 h 2
2 (7+hjsin[ﬁj
. 2
=lim
h—0 h

=limcos [ 2x:;- i )-lim SinGa; 2) applying limit #— 0

h—0 =0 h/2
. sind . . .
=cosx(1)=cosx - lim 7 =1, € ismeasured in radians
4—0
d .
Thus —(sinx) =cos x
dx
The derivative of the sine function is the cosine function Prove by definition

d , . d .
- (sinx) =cosx — (cos x)= —sin X.

[ (35)
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Derivative of the Other Trigonometric Functions

After finding derivatives of sinx and cosx by definition, the derivatives of the
remaining trigonometric functions can be found using product rule and quotient rule of
differentiation.

Example 1 Find f'(x) if f(x)=tanx (By using definition)

. sin x
Solution: f(x)=tanx=
COS x
Differentiating w.r.t. ‘x’, we have
. . ! [
, (sin x)' cos x —sin x (cos x)’ u uv—uv
J(x) = ; O Bl e
cos” x v v
COS X COS X —sin x(—sin x) . N ' .
= _ * (sinx) =cosx, (cosx) =—sinx
cos” x
92 -
_cos’ x+sin’ x
cos” x
1 .
= =sec’ x - sin’ x+cos’ x =1
2
COoS™ X

Thus, L (tan x) = sec” x.
dx

The Derivatives of Six Trigonometric Functions

(i) i(sin X)=cosx (i) di(cos x)=—sinx
x
(iii) % (tan x )= sec” x (iv) % (cotx)=—csc” x
v) i(sec X)=secxtan x (vi) i(csc X)=cscxcotx
dx dx

Example 2 Find ? if y=x’cscx
24

Solution: y=x"cscx

Differentiating w.r.t. ‘x’

d 2
d_y =(x") cscx+x’(cscx) =2xcscx+x’(—cscx.cotx) =xcscx(2—xcotx)
d

2.3 The Chain Rule

2.3.1 Composition of Functions
Letg: X — Y,and f: Y — Z, then their composition fog: X — Y is defined as:

Sog(x)=f(g(x)

[ (36)
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For example, consider two real valued functions g(x)=x>—x and f(x)=sinx, then
f°g(x)=f(g(x)) =f(x2 —x)=sin(x2 —x)

Theorem 1: (The Chain Rule)

If /'(u) 1s differentiable at the point u = g(x)and g(x) is differentiable at x, then the

composite function f o g(x) =f(g(x)) is differentiable at x, an f o g'(x)=f"(g(x))-g'(x)

In Leibniz’s notation, if Critical Thinking

y=f(wand u=g (x) ,then [ Suppose f(x)=x" and g(x) =|x|. Then the composition
dy _dy du (f g)(x)=x" is differentiable at x = 0, although g(x) is not
dx du dx differentiable at x = 0. Does this contradict the Chain Rule?

Example 3 Differentiate y =sin(x” —x) w.r.t x.

Solution: Let v = x* —x ..(D)

Substituting # = x* —x into y =sin(x* —x), we have y =sinu.

Now, we have y =sinu and u=x"—x

Differentiate with respect to u. Differentiate with respect to x.
@ =cosu du =2x-1
du dx
By Chain Rule & = LA =cosu(2x—1)
du dx
dy _ 2 B . .
e cos(x” —x)(2x—1) (By using equation 1)
X

2.3.2 Derivative of a Function Given in the Form of Parametric
Equations
Let a function be represented by parametric equations
x=f(@) and y=g()
From x = f(¢), we have

t=f"(x) (Provided fis bijective)
Now, by Chain Rule applying to y=g(f) and 7= f"'(x), we get:
dy dy di
dx  di dx
&
& _ dr a1
ax dx Tde dr
dt dt

[ (37) )
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Example 4 Find ? if y=acostand x=asint.
29

Solution: Differentiate y=a cos? and x=a sinf w.r.t ‘¢’

ﬂ:—asint and ﬁzacost
dt dt

dy

: dv gt asint
Apply the Chain Rule —=-==————=—tant
i dx dx  acost

dt
2.3.3 Implicit Differentiation
When an implicit relation cannot be easily solved for y (or when multiple explicit

functions are involved), we can still compute d_y using implicit differentiation. The
X

steps are as follows:
1. Differentiate both sides of F (x, y) =0 with respect tox, treatingyas an
implicit function of x.
2. Apply the Chain Rule to terms containing y.
dy

3. Solve the resulting equation for o
X

Example 5 Find i]_d);: ifx + 3% +sin(x?) =0

Selution:; Differentiate x + y” +sin(xy”) =0 with respect to x to obtain:

%(x)+%(y2)+%(sin(xyz))=0 2y%+yz cos(w2)+2W%cos(W2):—1
dy 2 _d 2y dy AV 2 2
1+2ya+cos(xy )d—x(xy )=0 Zyd—x{1+xcos(xy )}——1—y cos(xy )

2 2
2yﬂ+cos(xyz){yz+x[2yQJ}=—l ﬂz_ 1+ cos ()
dx dix de 2p{l+xcos(x)}

2.4 Derivatives of Inverse Trigonometric Functions
Here, we will prove that:

od .. 1 o d 1

1) —(sin" x)= , forx e(-1,1 1) —(tan™ x)= , forxeR

(1) dx( ) N 1, 1) | (i) dx( ) oo

@ Lot w1 | it =—l, farzeR
dx N ' dx 1+x*°

[ (38) )
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(v) di(secl x)=——=——, forxe(—o,-1)uU(l,©)

(vi) L) (ese %)= for x € (—o0,—1) U(1,0)

|
dx | x| x* -1 ’
. T
Proof (1): Let y=sin" (x), where xe[-1,1]and y € {—5,5} .
siny=x ...(1)
Differentiate equation (1) w.r.t. x, we have

cosy% =1
v

Q_ 1 | - 1
dx cosy \/coszy \/1—sin2y

Mathematics-12

l—x

di(sil’l_l x) = 1 => for x e (—1,1) ( Siny = x)
X

Proof (2): Let y =cot™ (x), where y €(0,7) and xecR.

coty=x ... (2)
We differentiate equation (1) w.r.t. x,
2 dy ( ' 2 )
—csc” y—=1 coty) =—csc”
¥y (coty) ¥
dy 1
—_—=— cscy=0, forye(0,7
dx csc’ y ( = & ( ))
1
=— (v l+cot’ y=csc’ y)
1+cot® y
i(cot‘I xX)=— for xeR ("cotyzx)
dx 1+ x° '

Proof (3): Let y=sec™ x, where x € (—0,—1]U[l,00) and y [0, 7{]—{%}

s p=1x (D, x>
We differentiate equation (1) w.r.t. x:

dJ’_ .. v
secytanyd——l 2 (secy) =secytany
x

dy 1
dx secytany

where, sec y =0 andtan y #0

[ (32)
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tany#0 = y#0 and y#7x = x=#-1,1 and from equation (1).

dy 1
— = (2 =
T (2)  (osecy=x)

Jtan® y, ye(O, %J Jsecly—1, y E[O, %J

tany = =
—y/tan’ y, ye(%, 72’] —y/sec’ y—1, ye[%, ﬂ'j
P —1 xe(l,m) Challenge!
tan y = ' ’
—JxP=1. xe (—o0,—1) Prove formulae (2), (3) and (5).

t { /xz_l xE(l’_l) secy=ux, andxe(l,oo)when ye[o,%],
any =
_\/xz -1, xe(—o,]) Whi]exe(—w,—])whenye(%,ﬂj

Substitute the value of tan y in equation (2)
1

—, X&{l,®)
Q_ xvx® =1 ifx>0
dx 1 e (oo1) i<

—xvx? -1 ,
Hence i(secfl x) =; where x € (—o0,—1) U(1,0) (|x| ={
dx | x|vx* -1
Example 6 Find % if y=xcos™ (fJ—\/az —x°.
X a

W § 5 1l X .
Solution: Differentiate y = xcos ™' (—] —+a’ —x* w.r.t. x to obtain:

a

@:COS*l (ij_’_x _;.i(fj _l(az _xZ)—l/Z_i(az _xz)
dx a 1—(x/a)* dx\a 2 dx

(—2x)

x ifx=0
—x if x<0

a i a 2’ [22 — 32

% -eos [ﬂ . \/azx— o \/azx—x2 o Gj
[ @ ]
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¥ EXERCISE 2.1 _J

1. Derive the formula for the derivative of the following functions w.r.t. x:
(a) sec x (b) csc x (c) cot x
In 2 - 6, differentiate with respect to the variable involved.

sin ¢

1
2. y=xCOSX 3. y=xsecx+— 4. y=
l1—cost

X
5. y=(1+csct)sins 6. y=secx+4Jx—10

In7-9, find ? by making suitable substitutions and applying the Chain Rule.
I

1 .
7. y= 1+—x 8.  y=(sinx+cosx)*?
—X
In 9 - 12, differentiate w.r.t the variable involved.
9. y=sec(tanx) 10. y=+/sinx +cosvx
11. y=tan® x+cot(x’) 12. y =sin’(cos2v)
13. Find % for the following parametric equations:
2%
(i) x=sin’7 and y =cos 2t (il) x=+/l+sect, and y =+/tant
2
14. If x=asect and y = btant,show ‘[hatﬂ = b2 2,
dc ay
15. Use implicit differentiation to find % if:
e
(i) ax’+by’ +2gx+2f+c=0 (i) x+tan(xy)=0
16. Differentiate w.r.t. the variables involved.
2 .
@ shr [ij ) pac (x7 - 1] Point to Note
a x5 —l ? x +1

1 > 1forx e (—oo,—l)u(l,oo),and

(iii) cot™ (vix)++eot " x : 2

. 1 < —1 has no solution.
(iv) (tanz) +

tan 7
2.5 Derivative of Exponential Functions
A function defined by

f(x)=a", wherea>0anda=1

is called an exponential function.
Ifa=e~=2.71828 then f(x) = e", is called natural exponential function.

[ (41)




Unit-2 = Further Differentiation Mathematics-12

Now, we shall find the derivative of f(x) = a”, using the definition.

Let f(x) = a* (D)

From equation (1) we have f(x + h) =a*"" ...(2)

oy i J (X HR) = f(x)
f(x)—%glg h

After substituting the expression for f(x) and f(x + /) from
equations (1) and (2), we get:

(definition of derivative)

PR o Challenge!
a=a . a(a' -]
=lim——— =lim——— d s
h—0 h h—0 h * Prove that ;(e )=e
X1 - x * Do you know Ine=1?
=q !ll‘r{)l =a"Ina
d X X
Hence, we have proved that d—(a )=a" Inal.
I
: dy 2 £ sin® x s ¥
Example 7 Find o if (i) y=e (i) a
X
Solution: (i) Differentiate y = ¢ w.r.t. x and apply the Chain Rule, to obtain:
Q = esinz.\‘ i(Sinz x) ,'_i{eu\l i eu @
dx dx de' dx
ﬂ sin” x

T e .
=¢"" "2sinx—(sinx) =2sinxe™ “cosx
dx dx

=2sinxcosxe

o)
SIn- x

(i) Differentiate y = a” w.r.t. x and apply the Chain Rule, to obtain:

@ =a" In a'i (x*y [ (a” \)' =d"'In a'@j
dx dx dx
=a" Ina(3x’)
= 3Jc2af‘3 Ina

2.6 Derivative of Logarithmic Functions
If @’ =x, where @ > 0 and a # 1, then y is called the /ogarithm of x to the base q,
written as:
y=log,x , x>0 , yeR
If a = e, where e = 2.71828, then the function
y=log, x =Inx (whenever ¢’ =x)
is called the natural logarithm of x.

[ (42) )
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Now, we will find the derivative of f(x)=log, x, using the definition.

Let f(x)=log, x o (1)
From equation (1) we have: f(x+h)=1log, (x+h) .. (2
We know = }Hr(} i+ hl?: — /() (definition of derivative)

After substituting the expression for /(x) and f(x + 4) from equations (1) and (2), we get:
1 -1
_ iy 08, (s + ) —log, x =1imllogu (x+h)

h—0 h h—0

=1im1.%1oga[1+ﬁj =1imllog“(1+ﬁ]”

h—=0 x X h—=0 x x
= l.loga e
X
I 1 - ] 1
=—. o log, b=
x log,a [ log, aj
1
= e 10 X = ln X
xlna ( =e )
d 1
Hence, we have proved that —(log, x) = .
dx xlna
R Example 9
R Y i y=— f,y
dx log, x Find - if y=In(cos(e")).
v

X

Solution: Differentiate y = Selution: Differentiate y = In(cos (&)

log, x with respect to x’, and apply the Chain
with respect to ‘x’, and apply the Rule to obtain:
Quotient Rule to obtain: dy 1 d ,
X\ % ' = : _(COS e.‘)
dy _(a")'log, x—a (log, x) dx  cos(e") dx
dx (log, x)’

] 2 X i X
1 " cos(e") R dx @)

a'lnalog, x—a*
xlna

= sin(e”) Challenge!
lo : =" x €
(log, x) cos(e”) Prove that
_ a' (x(ln a) log, x —l) = —¢" tan(e") i(m X) = =
xIna(log, x)° dx X

[ (43) )




Unit-2 = Further Differentiation Mathematics-12

¥ EXERCISE2.2 4

1.  Find f'(x)if:
(i) f(x)=(x" +4x)e'” (i) f(x)=sin(2")
(i) f()=e" ) f()= 5
2.  Find ar if:
dx

2

() y=h(e—e™) ) y=log, o (i) y=in(x— 1)
1+x°
Inx Vx? =12x+1)

| o _Inx o N lEx+D
(iv) y=In(l—cos’x) (v) - ) y e 1)

2.7 Equations of Tangent and Normal Lines to a Curve
Tangent Line: Suppose that x; is a point in

the domain of the function f(x). The tangent Need to Know!

line to the curve y = f(x) at the point | Vertical Tangent
If m is o0 or —oo at x = x,, then x = x; is

(xo’f(xo ))ls the line with equation tangent to the curve y = f(x) is called

Y=Y, = m(x— xo) vertical tangent
; dy . ; g
where m= f'(x,) = - , provided f'(x,)exists.
X= XO

Normal Line: A line through point (x,, /(x,))
) Slope of tangent line to a curve at a
of the curve y=f (x) and perpendicular to point is also known as slope of the

curve at the point.

tangent line is called normal line to the curve
v=r(x).

; : ;g 1
ftm=f '(xo) is non zero, then equation of the normal line is y—y, =——(x—x,)and
m

if m=f"(x,)=0, then x =x, is the equation of the normal line.

Example 10 Find the equations of the tangent and normal to the curve y =secx at
the point where x = %

Solution: Here, y =sec x (1)
Differentiating (1) with respect to x:

dy

— =secxtanx

dx
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%

Vs T A
=sec| — |tan| — :\/5 (Slope of tangent line)
drl,_s (4) (J S

. /s
Pt —— ]_, = — | = 2
ut x 4111() y sec(dj N

m

The equation of tangent at(%,ﬁ] =(x,,),) with slope m= V2 is:
(e
B = a2

4
4y—4\/§=4\/5x—7r~/§
IN2x—4y+a2—7\2 =0

The equation of normal to given curve at [%,\/5 J = (x,,¥,) 18:

o)

X+ 4\/5)/—8—75 =0
2.8 Higher-Order Derivatives

The derivative f'of a function fis itself a function and hence may have a derivative

Y=Y =mx—x,)

of its own. If f"'is differentiable, then its derivative is denoted by /" and is called the

second derivative of f. As long as the new function remains differentiable, we can
continue the process of differentiating to obtain the third, fourth, fifth, and even higher

derivatives of /. These successive derivatives are called higher-order derivatives.
The following are the commonly used notations for higher-order derivatives:

1%t derivative |2" derivative| 3" derivative n'" derivative
V' b »" »
dy d’y d’y d"y
dx @ dx’ "
J'() S () S"(x) FAREY

yl y?, y3 yn

Dy Dy D’y D'y
& af ’f a'y
dx dx’ e "

(45)
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Example 11 Find the higher-order
derivatives of the function

1, 3,1,
X)=—% =% ¥—x =3
f(x) 1 5

Solution:

Differentiate f(x) = iﬁ -5+ lx2 =3
to find its higher-order derivatives.

. 1 3 2 1

'(x)=—4x"-3x"+—-2x-0
f(x) 2 5

f'(x) = 3x*—6x+1

£"(x) = 6x—6
9 =6

/9@ =0

() =0(@=5)
Example 13 Find all higher-order
derivatives of the function y =e™.
Solution: We differentiate y = to find its

higher-order derivatives.

d ,
_y - ea”\ . i (ax)
dx dx

—_ eﬂ.\' . a = aell\'

Differentiate with respect to ‘x’, to obtain:
d’y

" 3w
— a(au.\a) — a_em
ax’
d’y
d - = aZ(em‘a) = a.‘yem‘
I
4
d y _ 4 ax
e
X
d” .
d 4 = anea.\ (n Z 1)
X
— any

Mathematics-12

Example 12 If x=¢” and y=¢"",
g
show that x~ };—Zy:O.
Solution: Given: x=¢" ... (1)
and y=¢&" ...(2)

Differentiate equations (1) and (2) with
respect to ‘t’, to get:

dx =ae” and & = 2ae’
dt dt
Using equations (1) and (2), we have:
ﬂ=ax and @=2ay
dt dt
Apply the Chain Rule to obtain:
dy
& _at 2
dx  dx  ax
dt
dy _2y
- — sl

Differentiate with respect to ‘x’, to
obtain:

dy
—x—y.l
d~y _ 2 dx ! y
2 2
dx x
Using equation (3), we get:
22y
-
x2
Y
=22
xl
d’y
p =2
dx’ 4
5 d°
= X —dxi;—Zy =0

(45)
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2x—3
Example 14: Find y,if y =In Challenge!
St Peam v =l 2x— Find y,, in example 16.
x+1
Before differentiating we apply properties of logarithm:
1 2x—3
=—In
r=2 [ x+1 )
__[m(zx 3)—In(x+1)]
2 b (By differentiating w.r.t. x)
B ol 23 x4+l Y s

2(2x-3)" ~(x+1)")

12(2x— 3) +6(x+ 1)4) (By differentiating w.r.t. x)

o
ESS

y, = %( 2(2x-3)" +(x+ 1)*2) (By differentiating w.r.t. x)
Y, = %(4 (2x— 3)73 —2(x+ 1)73 ) (By differentiating w.r.t. x)
_1
2

-
-2 6 |6 3
TR 23y (x41) | (2x-3) (xr1)
¥ EXERCISE 2.3 _J

p ; ; . gl ®
1. Find the equation of the tangent line to the curve y =sin I(EJJrcosx at the

. T
point where x = ry

2. Find a point on the curve y=tan™ (%j—g, where tangent is horizontal. Also

find the equations of the tangent and normal at that point.

3. Find a point on the curve x+ y—e” =0 where the tangent line is vertical. Also,
find the equations of the tangent and normal at that point.

4.  Find all points on the ellipse x*—xy+y*=1 at which the tangent line is
horizontal.

[ (47) )
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5.  Findy,if:
(i) y=x"-3x"+4x-5 (i) y=In(2x+3) (iii) y=x'e™
(iv) x*—y* =4 (V) x*—xy+y*=7

(vi) x=acost, y=bsint (vii) x=1>, y=2¢

6. Find y, and write expressions for y,, and y,, without evaluating them:

() y= sm(%) (i) y =In(x* —a?)

2
7. If x*+)° =25, show that y3c:;—{+25=0.
e

2
8. If y=e™coshx, show that Z’y—Za%Jr(aerbz)y:O

xz
2
9. If x=sint and y =cos’ ¢, show that ny+2:0

2

d’y

2

10. If x=Intand yzl, show that
t

11.  If y=acos(Inx)+bsin(ln x), show that x*y, +xy, +y =0

2.9 Increasing and Decreasing Functions

Increasing Function Decreasing Function

Let / be an interval and let /: / — Rbe a | Let / be an interval and let /: />R be a
function. We say that fis increasing if for | function. We say that fis decreasing if for
any x,,x, /. any x,x, /.

x1<x2:>f(x1)gf(x2) x,<x2:>f(xl)2f(x2)

(a.b), [a,b], (a,b], [a,b),(—0,a), (~0,2)(—0,a], (a,»), [a,o0)all are intervals.

Let f be a differentiable function defined on an interval /. Then
(i)  fis increasing on /, if f"(x)>0 for each xe/.

(i) fis decreasing on /, if f"(x)<0 foreach xe/.

Example 15 Prove that f(x)=e¢"defined on R =(—o0,o0) is increasing.

Solution: We differentiate /' (x) = ¢" with respect to ‘x’ to obtain.
f'(x)=e">0 for each x &(—o0,)

Hence, f (x) = ¢"is an increasing function on R = (—oo, oo).

[ (48)
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Example 16 Show that f(x)=2"" defined on R =(—o0,c0) is decreasing.
Solution: We differentiate /' (x)=2"" with respect to ‘x’ to obtain.

N
S'(x)=27 ()
/"(x)=—-2"" <0 for each x &(—o0,)

So, f(x)=2""is decreasing function on R =(—o0,0).

2.9.1 Stationary Point
A point on the graph where its derivative is zero is called a stationary point.
Example 16 Find the intervals on which the function f'(x)=|x|, defined on

R= (—oojoo) , 1s increasing or decreasing.
Solution: We know that:

' x ifx=0 Critical Thinking
/ (x ) - |x‘ - { x ifx<0 e  Every stationary point is a critical point.
) o e Do you think every critical point is a stationary
Differentiating w. r. t. ‘x’: Doine?
p (x) _ I ifx>0
-1 #Fx20

We now evaluate f(0) by definition:
it

(By definition of derivative)

h—0
h—0 h =0}

Since f (x) = ‘x| is defined different on left and right of x =0, we compute one sided

limmz lim_—hz—l and limmz limﬁzl
h—0" h h—0~ h h—0" h h—0" h

limits:

U

Since left-hand and right-hand limits are different, the limit %molz does not exist.

Hence /7(0) is not defined. (.. x is a critical point but not stationary)
The function has no stationary point because there is no point where the derivative is

equal to zero.

Since f'(x) =—1 <0 for each x € (—o0, 0) = the function is decreasing on (—oo, 0) and
f'(x)=1>0 foreach x € (0, ®) = the function is increasing on (0, «)

Hence f(x)=|x| is decreasing on (—0,0) and increasing on (0,).

[ (49) )
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In the above example, the function has no stationary point, but it changes behavior
around a point where its derivative is undefined.

Conclusion: From these examples, we conclude that a function may change its:

1. Increasing/decreasing behavior around:

o Stationary points where f’(x)=0, or

o Points where f'(x) is undefined.

2.9.2 Critical Point

For a function f(x) a pointx = ¢, ¢ € Dom fis called a critical point if:
f'(¢)=0 or f'(c) does not exist.

Examples:

1. For f(x)=|x

,the derivative does not exist at x = 0, so x = 0 is a critical point.
2. For f(x)=x, the derivative f"(x)=2x iszeroatx=0,so0x=0is a critical point.

Method to Find Intervals Where a Function is Increasing or Decreasing
To find the intervals where a function is increasing or decreasing, follow these steps:
Step 1: Differentiate the given function f(x) to find f'(x).

Step 2: Find critical points by solving f'(x) =0 and identifying points where f’(x)
does not exist.

Step 3: If critical points exist, divide the domain into sub-intervals using the critical
points.

Step 4: Select a test point from each sub-interval and substitute it into f '(x) :

e If f’(x)>0 in a sub-interval, the function Point to Note

is increasing there. In each sub-interval of the domain

e If f'(x)<0 in a sub-interval, the function

determined by the critical points, the
sign of the derivative remains the same.

is decreasing there.
Example 12 Find the intervals in which the function f(x)=2x"—3x>—12x is

increasing or decreasing.
Selution: The function f(x)=2x"—3x —12x is defined for all x e R =(—o0,).

We differentiate f'(x)=2x" —3x> —12x with respect to x to obtain:
S(x)=6x*—6x-12 ... (1)

It is clear from equation (1) that /*(x) is defined for each x € (—0,0).

[ (50) )
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To find other critical points, we solve f’(x)=0:
6x> —6x—12=0
6 (xz —Xx— 2) =0
6(x+l)(x—2) =0
x=—1 and x=2
Hence x =— 1 and x = 2 are the critical points of the given function.

Mark these points on the real line. These critical points divide the domain into intervals
(—o0,—-1), (=1, 2) and (2, ).

< @ @ >
—0 x=-1 x=2 +oo
Figure 2.1
Now we check the sign of f'(x) in each subinterval.
Interval | Test point Sign of f"(x) Conclusion
(—o0,—1) x=-2 | f'(2)=6(2)?*—-6(-2)—-12=24>0 | Increasing
(-12) x=0 £'(0)=6(0)>—6(0) - 12=12<0 Decreasing
(2,) x=3 f'3)=63)’-6(3)—12=24>0 Increasing

Hence the function f(x)=2x"—3x"—12x:

. Increases on (—wo,—1)and (2,0). Decreases on (—1,2).
2
Example 19 Find the intervals where the function f'(x)=x? is increasing or

decreasing on the domain x & (—o0,).
2
Solution: We differentiate f (x) =x3 with respect to ‘x’ to obtain:
, 2 <L 2
f(x =§x3:—l .. (D)
3x3
From equation (1), we conclude that /”(0) is not defined. Thus x =0 is a critical
2
point of the function /'(x)=x3.
To find other critical points we solve /"(x)=0.
£ 0

3Ix°
The above equation has no solution. Thus, the only critical point is x =0. This
critical point divides the domain in the following intervals.
(—, 0) and (0, )

[ (51) )
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Choose x =—1 € (—o0, 0) and substitute into equation (1).

fr(_l)zilz—§<0:>f'(X)<0for all xe(—oo,O)_ [ (_1)5 :_lj

3(-1)
Thus, the function is decreasing on (—o0, 0).
Choose x =1&(—0,0), and substitute into equation (1).

f'(l)zil:%>0:>f'(x)>0 for all x e(0,0).

3(1)
Thus, the function is increasing on (0, ).

Hence the function f (x) = x> defined on (— oo, o0):
*  Decreases on (—x, 0). . Increases on (0, «).

2.10 Relative and Absolute Extrema

2.10.1 Global (Absolute) Maximum

Let 7 be an interval and let /: 7 — R be a function. We say that / has a global (absolute)
maximum at x=ce/,if f(¢)= f(x) forall xe /.

If f{x) has a global (absolute) maximum at x = ¢, then f{c) is called global (absolute)
maximum value of the function.

2.10.2 Global (Absolute) Minimum

Let I be an interval and let /: / — R be a function. We say that / has a global (absolute)
minimum at x=ce [, if f(c¢) < f(x)forallx e I.

If /(x) has a global (absolute) minimum at x = ¢, then f(c) is called global (absolute)
minimum value of the function.

The global maximum and minimum of a function are collectively called its global
extrema.

Example: (a) Let 7(x) = x> be defined on the interval [0, 2]. Y
The function f has a global maximum at x = 2 and a global 1
minimum at x = 0. The corresponding maximum and minimum
values of the function are:

f(2) =4 (global maximum value) i
and f(0) =0 (global minimum value) (See Figure 2.2).

(b) The function f(x) = x> defined on (—o0, ) has an absolute ~ 'T
minimum value at x = 0, where f(0) = 0. It has no absolute £(0)
maximum value. (See Figure 2.3) 0

Figure 2.2

[ (52) )




Further Differentiation

Unit-2

Mathematics-12

(¢) The function f(x) = — x> + 2 defined on (—o0, %) has an absolute maximum value
at x =0, where f(0) = 2. It has no absolute minimum value. (See Figure 2.4)

Ay

NY

3+

=

E
[

[\S}

—
[

f0)=0
Figure 2.3

Figure 2.4

Local (Relative) Maxima

Local (Relative) Minima

Let 7 be an interval and let /': 7 — R be
a function. We say that f has a local
(relative) maxima at x=ce/ , if there
exists an open interval /; such that c € /,
and:
f(c)Zf(x) forall xelIn],

If f(x) has a local (relative) maximum
atx = c, then f(c) is called local (relative)

maximum value of the function. (See
Figure 2.5)

Let /be an interval and let /' : 7/ — R be
a function. We say that f has a local
(relative) minima at x =e € [, if there
exists an open interval /i such that
ecl, and:
f(e)Sf(x) forall xelInl,

If f{x) has a local (relative) minimum at
x = e, then f(e) is called local (relative)

minimum value of the function. (See
Figure 2.5)

Local maximum
No greater value of

[ nearby.

Absolute maximum
No greater value of fanywhere.
Also a local maximum.

Local minimum
No smaller value

E i of fnearby.
Absolute minimum i . o i
No smaller value of ! ! Local mlnlmulin :
f anywhere, Also a ! i i No smaller value i
local minimum ! : 1 of fnearby. : v
< ¢ e d b -

Figure 2.5

(53)
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2.10.3 Method to Find Global Extrema of a Continuous Functions

Defined on a Closed Interval |a, b]
1. Find all critical points of the function within the interval [a, b].
Find values of the function at critical points and at end points of the interval.
3.  The largest of these values is the global maximum value, and the smallest is
the global minimum value.

Example 20 Find the global extreme values of f(x) = x* — 4x on [-2, 3].

Selution: We are given: f(x) =x" —4x -k
We differentiate equation (1) with respect to ‘x’ to get:
fl(x)=x"—4x .. (2)

From equation (2) it is clear that f'(x)exists on [-2,3].
For stationary points, we solve f'(x)=0:

4x° —4=0
A —1)=0
(x=D(x*+x+1)=0

Either: x—1=0 or x*+x+1=0

The equation x”+x+1=0 has complex roots, so the only real stationary point is
x=1.
Critical Point Value: f=1"-4(1)=-3
End Point Values: f2)=(2)"-4(-2)=16+8=24
f(3)=3"-4(3)=81-12=69
From the values -3, 24, 69:
L The global maximum is f(3) =69 *  The global minimum is f(1) =—3
2.10.4 Second Derivative Test
Let f be a twice differentiable function at x =c¢, where

Point to Note

If first derivative is not defined at

¢ lies in the domain of /. Suppose that f'(¢)=0. Then: a critical point, can we apply

second derivative test at that

1 fhas relative maximum at ¢ if /"(¢)<0. eritical point

2, fhas relative minimum at ¢, if f"(¢)>0.

3, If /"(c)=0, then the test is inclusive, and the nature of the critical point
cannot be determined using the second derivative test alone.

Example 21 Examine the function f(x)= éx“ = g x’ —x7 +4x +1for relative extreme

values.

Solution: We are given: f(x) = %x" —%f —x* +4x+1 sk}

[ (54) )
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Differentiate w.r.t. ‘x> f'(x) =2x° —4x* - 2x + 4 .. (2
Set f'(x)=0:
253 —4x?—2x+4=0
X—22—x+2=0
X—x-2x>+2=0
x(2—1)-2(x*—-1)=0
x-2)x*-1)=0
x—2)(x—D(x+1)=0
Thus, the critical points are: x=—1,x=1,x=2
We differentiate the function f'(x) =2x* —4x? —2x + 4 w.r.t. ‘x’
F(x) =6x°—8x—2
=3P —do— 1) caakd)
Substitute x =—1 into equation (3):
(1) =231 —4(-1D)-1)=12>0
Thus, the function has a relative minimum at x =—1.
x = 1, substitute into equation (3): (D) =231 —4(1) -1)=-4<0
Thus, the function has a relative maximum at x=1.
Substitute x =2 into equation (3): f"(2) =232 —-4(2)-1)=6>0
Thus, the function has a relative minimum at x = 2.
Substitute x =—1, x = 1 and x =2 into equation (1):

Ly - 1.4 ,. 1B
f(—l)—E(—l) ( 1y — (=)’ +4(- 1)+1_2+3 4 ;
T P A I
f(l)—z(l) 3(1) 1) +4(1)+1 6+4 ;
1 4 4 3 2 _z
f(2)—5(2) —5(2) —(2) +4(2)+1_3
Finally: e The relative minimum value at x=—1 is f(— 1)_—%

. The relative maximum value atx =11s f(1)=

. The relative minimum value atx=21s f(2)=

¥ EXERCISE 2.4 _J

1. Determine the intervals on which f is increasing or decreasing for the domain
mentioned in each case.

(i) f(x)=sinx ; xe(0,27) (i) f(x)=4-x"; xeR=(-o0,x)

wlualg

(i) f(x)=x"+3x+2 ; xe[4,1] (iv) f(x)zsinx+%0052x;xe[0,27r]

[ (53) )
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2. Using the Second Derivative Test, find local extreme values of the following
functions:

() f(x)=8-2x" (i) f(x)=x"-x-2 (i) f(x)=x"-8x"+2
(iv) f()=(x+2°(x=3) (V) f(x)=("-2x)¢"

3. Discuss the global extrema of the following functions over specified domains.
(i) f(x)=sinx+cosx on[0,27] (i) f(x)=x*" on[-1,8]
4. Find the global and local extrema of the following functions over the specified

domains. (Hint: Use the increasing and decreasing behavior of the functions
including the end points).

(i) f(x)=4—-x> on[-1,2] (ii) f(x)=cosx—sinx on [0,27]

5.  Provethat f(x)= In(_%_x) has local maximum at x = Te :
X

2 . .. 1
6. Show that f(x)=x" has arelative minimum at x = T .
e

2.11 Local Linear Approximation (Linearization)

Sometimes, complicated functions are hard to work with, so we use simpler functions
to approximate them. These approximations are often accurate enough for practical
purposes.

In this section, we discuss linearization, which uses tangent lines to approximate a
function near a specific point.

Linearization simplifies complex or nonlinear functions with a straight-line
approximation, making calculations easier. It is widely used in machine learning,
physics, engineering, and economics for quick, local estimates, especially for small
changes around known values.

2.11.1 Linearization  Reall

If a function £(x) is differentiable at x = , | A function of the form y = mx + ¢, where m is
then the approximating funcion AR e b
Lx)=f(a)+f"(a)(x —a) line.
is the linearization of f(x) at x = . The | Let (a f(a)) be a point on the graph of
approximation y=f(x). If f(x) is differentiable, then the
J ) = L(x) equation of tangent line at (a, Ji (a)) is given by:
of f(x) by L(x) is called the local linear y = f(a) + f'(a0x — a).

. ..\
approximation of f(x) at x = a. The point
x = a is referred to as the center of the approximation.

[ (56) )
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We can see in Fig. 2.6, the tangent line L(x) = 2x — 1 to the graph of the curve f(x) = x>
at (1, /(1)) lies close to the curve near the point of tangency.
For a small interval on either side of x =1, y-values of the
tangent line provide good approximations to the y-values
of the curve f'(x)=x?. We observe this phenomenon by

observing the table of values for the difference between the
values of L(x) and f(x). The phenomenon is true not

just for this curve; every differentiable curve behaves
locally like its tangent line.

X 07 | 0.8 | 0.9 1 1.1 1.2 | 1.3
fx)=x? 0.49 | 0.64 | 0.81 1 1.21 | 1.44 | 1.69
Lix)=2x—1 04 | 06 | 08 1 1.2 | 14 | 1.6

Jfx)—L(x) 0.09 | 0.04 | 0.01 | O | 0.01]0.04 | 0.09

Example 22 (a)  Find the local linear approximation of f (x) =+/2x—1 at x=3.

Figure 2.6

(b) Use the local linear approximation obtained in part (a) to approximate +/9.2 , and
compare your approximation to the result produced directly by calculator.

Solution: (a) We are given: f(x) =+2x-1 .. (D

(2)

b | =

Differentiate /' (x) wrt.x:  f'(x)= %(Qx -1)

1

Mo . (2)

Substitute x =5 into equations (1) and (2):

7(5)=+2(5)-1=3 and f’(5)=—£)_l=§

Now linearization is: L(x)=7(5)+/f'(5)(x-5)

:3+%(x—5):%(9+x—5)=§(x+4)

Hence: L(x)=%(x+4)

Thus, the local linear approximation at x =35 is:

\/Zx_—zé(x+4) .. 03)
[ (57) )
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(b) Substitute x =5.1 into equation (3)

201 =%(5.1+4)
\/Tzl(m)

3
J9.2 ~3.0333 . (4)

Calculator value +/9.2 =3.0331 ... (5)
From expressions (4) and (5), we see that the calculator value is very close to the value
obtained by linear approximation.

Example 23 : (a) Find the local linear approximation of f(x)=cosx at x= %

(b) Use the local linear approximation obtained in part (a) to approximate cos91°, and
compare your approximation to the result produced directly by a calculator.
Solution: (a) We are given:

f(x)zcosx .. (1)
Differentiate f (x) with respect to x:
f'(x)=—sinx .. (2)

Substitute x =% into the equations (1) and (2)
f[%) = cos% =0 and f’(%) = —sin% =_1
The linearization x =% is:  L(x)= f[%) + f’[gj(x_gj
= 0+(—1)[x—§)

= L(x)z—x+% ...(3

: _ T .
Thus, the local linear approximation at x = Bl 1s:

[~ L)
From equations (1) and (3):  cosx=—x +% .. (4)
(b) To approximate cos91°, first convert degree into radians:
91°=91x & - %

[ (8) )
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Substitute x =91°=1.588825 into equation (4):

cos91° =~ —&+£
180 2
= c0s91° =—-0.01745329 ...(5)
Calculator value: cos 91° =-0.01745240 ... (6)

From expressions (4) and (5), we see that the calculator value is very close to the value
obtained by linear approximation.

¥ EXERCISE 2.5 _J

1. Find the linear approximation of f (x)=\/x+1 at x=3, and use it to

approximate 3.1 and /2.9 .

2. (a) Find the local linear approximation of f (x) =sinx at x=0.

(b) Use the local linear approximation obtained in part (a) to approximate
sin 2°, and compare your approximation to the result produced directly by a

calculator.
2.  Find the linear approximation of the following functions at the given points:
() f(x)=Vx*+16 at x=3 (i) f(x)=tanxat x=7

(i) f(x)=cosxatx=0
3. Use alocal linear approximation to estimate the following:
1
(i) (82)3 (i) sin29°
2.12 Differentials

Assume that f'is differentiable at a point x, if dx is an independent variable that can
take values in the neighborhood of 0 and not 0, then we define dependent variable dy,
by the formula:

dy = f"(x)dx - (D)
Since dx # 0, we can divide both sides of (1) by dx to obtain:

dy

L)

This achieves our goal of defining dy and dx so that their ratio is equal to the
derivative 1" (x).
Example 24 (a) Find dy if y=x"+7x.
(b) Find the value of dy when x=1 and dx=0.1.
Solution: (a) Let f(x) = x* + 7x.
Differentiate f(x) with respect to x:
flx)=4x+7 . (D

[ () )
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We know: dy =f"(x)dx
Substitute the value of f”(x) from equation (1):
dy=(4x* + T)dx ... (2

(b) Substitute x = 1 and dx = 0.1 into equation (2):

dy =41+ 7)(0.1) = 11(0.1) = 1.1
Thus, the value of dy is 1.1.
2.12.1 Using dy to Approximate Ay

When a function y = f(x) is differentiable at a point P(x, y), we can use the differential
dy to estimate the actual change Ay in y, for small change Ax in x.

The actual change Ay in y is given by:
Ay=fx+Ax)—f(x) ...(1)
But calculating Ay exactly often requires complicated formulas. Instead, we use the
differential dy , defined as:
dy =f'(x)dx
If we take dx = Ax, then:  dy =f"(x)Ax ...(2)
Let O(x + Ax, f(x + Ax)) be a neighboring point of P(x, y) on y = f(x).
e The slope of the tangent line at P is f"(x)

e The slope of the secant line connecting P and Q is %

As Ax — 0, the point Q approaches P, and secant line PQ approaches the tangent
line at P. (See Fig. 2.7)

W |
L ] NU
W=

Figure 2.7

Therefore, for small Ax :
slope of tangent line at P =~ Slope of secant line PQ

= f'(x)z%

[ (60) )
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Substitute /’(x)= A into equation (2):
Ax Using Differentials to Approximate:

dy = QXAX Since Ay = f(x+Ax)— f(x) and for small
Ax . change Ax
dy ~ Ay (for Ax is small) o= Ax and Ay =dy.
Thus, for small change Ax, the actual = dy= f(x+Ax)-f(x)

change Ay is approximately equal to the
differential dy , that is:

Ay ~dy = f'(x)d
2.13 Error in Differential Approximations
Suppose [ is a differentiable function at a point x, and there is a small change Ax

and hence:f(x+Ax)zf(x)+a§1

in x. If:
e Ay is actual corresponding change in y, given by
Ay =_f(x+Ax)—f(x)
e dy is the approximation change in y obtained using differentials, given by
dy=f'(x)dx where dx=Ax
Then:
Error in Ay is: Error = Ay —dy
Ay —dy Error

Relative error in Ay is: Relative Error = , when Ay =0

Ay - Original Value
Percentage error Ay is:

Percentage Error = y—dy x100 =|— ].Error x100 when Ay #0
Ay Original value
Example 25 Find dy and Ay for the function f(x)=x" when x=1 and dx=0.1.
Solution: We are given: fx) =x° .. (D)
Differentiate with respect to x: f1(x) =3x2
The formula for dy is: dy =f"(x)dx
Substituting expression for f(x):  dy =3x%dx
Substituting x=1 and dx=0.1: dy =3(1)*(0.1)=0.3
We know: Ay = f(x + Ax) — f(x)

Substitute x=1 and Ax=dx=0.1: Ay=7/(1+0.1)—f(1)=7(1.1)—f(1)
From equation (1), f(x) =x’,s0: Ay=(1.1°-(1)’=1.331-1=0.331

[ (o1)
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Example 26 Use differentials to approximate V24 .
Solution: Let /(x)=+/x ... (1)

Differentiate with respect tox:  f"(x)= o 2= .. (2

Choose a real number that closest to 24 is a perfect square. Take x =25
We are approximating V24 ,s50: x+Ax=24 and x=25

Thus: 24+ Ax =25 = Ax=-1
Since in differential approximation, dx = Ax, we take: dx=—1
We know: dy = f'(x)dx

1
From equation (2): dy=—=dx

2Vx

1 1

Substitute x =25 and dx=-1: =——(-1)=——=-0.1
Y 2425 (=) 10

We know: f(x+Ax)~ f(x)+dy
Substitute dy =—0.1, x=25 and Ax=-1:
f(25-1)~ f(25)+(—0.1)

f(24) zf(25)—0.1
From equation (1): /24 =+/25-0.1=5-0.1=4.9
Example 27 Using differentials approximate the value of cos 61°3.
Solution: Let /(x) = cos x .. (D)
Differentiate with respect to x: f'(x) =-sinx ...(2)
Choose x = 60° because calculating cos 60° is easy.

We are approximating cos 61°, so: x + Ax =61° and x = 60°
Thus: 60°+Ax=61° = Ax=1°

Since in differential approximation, dx = Ax, we take: dx=1°= % radian

We know: dy =f"'(x)dx

From equation (2): dy =—sin x dx

Substitute x=60° and dx=——: dy= sin60°[iJ _ V37 0.0151
180 180 2 180

We know: f(x+Ax)~ f(x)+dy
Substitute dy =—0.0151, x=60° and x+Ax=61°: f(61°)~ f(60°)+(-0.0151)
From equation (1): c0s61°=cos60°—0.0151=0.5-0.0151=0.4849

[ (62)
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Example 28 The side of a cube is measured to be 25 cm, with a possible error of £1 cm.
(a) Use differentials to estimate the error in the calculated volume.
(b) Estimate the percentage errors in the side and volume.
Solution: Let x be side of the cube: x=25cm, dr=Ax=%1cm
Let V' be the volume of cube: V=x
(a) The differential of ¥ is: dV = i(f )dx

dx

=3x"dx ... (D

Substitute x =25 and dx ==1 into equation (1):

dv =3(25) (+1) =+1875cm’

Thus, the estimated error in measuring volume is +1875 cm’
(b)  Percentage error in measuring the side is:

1
é><100:—><100:4% .. (2)
x 25
Since: V=x"and dV =3x’dx
The percentage error in measuring the volume is:
2
100 =P # 100 = 33| ® <100
X X
dv

Using equation (2): x100=3x%x4%=12%

Example 29 The radius r of a circle is measured with an error of at most 2%. What
is the maximum corresponding percentage error in computing the circle’s

(a) circumference? (b) area?
Solution: Since r is the radius. The percentage error in measuring the radius is given as:
100 =2 % (D
r

(a) Let C be the circumference of the circle:

C=2nr
The differential of C is: dC = %(2771‘) dr =2rxdr .. (2
Percentage error in measuring the circumference:
4C1 100 = 2291 100 = |9 x 100
2rr r
Using equation (1): % x100=2 %

[ (63)
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(b) Let A4 be the area of the circle: A=nr

The differential of 4 is: dA = di(ﬂrz)dr = 27rdr
r
Percentage error in measuring the area:
A 100 =229 _ 5519100
A r r
; : dA
Using equation (1): i x100=2x2%=4%
¥ EXERCISE 2.6 _J
1. Find the differential dy in the following cases:
(i) y=x"-3Jx (i) y=cosx’

2. Use dy to approximate Ay for the following functions:

(i) y=x—x whenx changes from 3 to 3.02.

(i) y=sinx+cosx when x changes from 30° to 29°.

(iii) y= L when x=0.5 and dx=-0.1

X
3. Use differentials to approximate the value of:
1

(i) 26 Giy (33)s (iii)  tan46°
4. The side of a cube is measured to be 30 cm with a maximum error of 0.14 cm in

its measurement. Find the maximum error in the calculated volume of the cube.
5. The radius of a sphere is measured as 100+ 0.5 c¢cm and the volume is calculated

from this measurement. Estimate the percentage error in the volume calculation.

2.14 Applying Extrema to Real-World Problems

To solve extrema problems in real-life scenarios, follow these steps:

l.
2
3

= &

Understand the Problem — Identify what needs to be optimized.

Define Variables — Assign variables to unknown quantities.

Formulate the Function — Write an equation representing the quantity to
optimize.

Find Constraints — If applicable, express limitations.

Find Critical Points — Take the derivative and find critical points.

Verify Extrema — Use the second derivative test to confirm maxima/minima.
Interpret the Solution — Relate the mathematical answer back to the real-

world context.
(64) )
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Example 30 A rectangular garden is to be fenced on three sides with 100 meters of
fencing. The fourth side is along a wall and requires no fence. Find the dimensions that
maximize the area and the maximum area.
Solution: Let the side opposite to the wall be x meters.

Let each side perpendicular to the wall be y meters.
Total length of the garden to be fenced:

x+2y=100
100—x
= ]
5 (1)
Area of the garden =4 = xy
Substituting the expression of y from (1):
A:x[IOO—xJ
2
Az%(lOOx—xz) s (2)
Differentiating w. . t. ‘x’:
d4 1
—=—(100-2x)=50—- .3
T 2( X) X 3)
Setd—A:0: 50-x=0
dx
x=50

Thus, x = 50 is the critical point.
Differentiating equation (1) w. r. t. ‘x’:
2

Since 0 =—1<0, the area 4 is maximum at x = 50 meters
x

Substitute x = 50 into equations (1) and (2):
~ 100-50

=25 meters and 4= %(100x50—502) =1250 m?

The maximum fenced area of the garden is 1250 m?, which occurs when:

o The side opposite the wall is 50 meters

o Each of the sides perpendicular to the wall is 25 meters
Example 31 Find the dimensions of a rectangle of maximum area that can be inscribed
under the curve y =4—x’ and above the x-axis.

Solution: Let one vertex of the rectangle on the parabola in first quadrant be A(x, y).

[ (65) )
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The other vertex in second quadrant is B(—x,). Ay

Height of the rectangle = y

Width of the rectangle = 2x

Area of the rectangle: 4= 2xy .. (1)
The vertex A(x, y) of the rectangle satisfies y =4—x>. B(=x/y) Ay
Substitute this expression of y into equation (1):
A=2x(4-x")=2(4x—-x")
dA 2 X
Differentiate with respecttox: —=2(4-3x") ...(2) < >
F * dx ( ¥4 @) C(=x, 0) D(x, 0)
Figure 2.8
Set “ =0:
X

2
V3

We consider only positive root since x in first quadrant is positive.

24-3x)=0 = 3’ =4 = x2=§ = ¥=

Differentiating aa _ 2 (4 - 3x2) w.It. X
dx

d*A

o = 2(—6x) =—12x

2.

\/5.
T A

dx B3) B

Negative second derivative implies that area is maximum at x =

At x=

ﬁ 5
Substitute x = el into y =4—x:

NG

The dimensions of the rectangle of maximum area are:

. 4 : . .
e Width =2x =— units *  Height =§ units

3

Example 32 A cylindrical can must hold 500 cm?® of liquid. Find the radius and height
that minimizes the material cost.

Solution: The cost of the material will be minimized if the surface area of the cylinder
is minimized. Our objective is to minimize the surface area of the cylinder.

[ (66) )
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Let: *  Radius of the base = r cm
*  Height of the cylinder = 4 cm

Volume of the cylinder: V =ar’h=500cm’
= (1)
zr

Surface area of cylinder:
*  Surface area of two circular ends = 277 *  Curved surface area =27rh
Total surface area of the cylinder:
S=2xr’+2nrh sos (2)
Substitute the expression of h from equation (1):
v =27r® +

50 1000
S =27xr +2xrx =
r r

Differentiate ‘S’ w.r.t ‘r’:

as 1000
E=4ﬂ'i‘— = ...(3)

Set ﬁ =0
dr
1000 _0 = dgr 1000 3 _ 1000

2 2
r r 4

1/3
. [@) ()

Ay —

V4
Differentiate equation (3) w.r.t. r:

d’s 2000
—=4n+—
dr r

250\ . d’S
Substitute » :(—) into —5 &
T dr

d’S _, . 2000

dr’ 250\ ~0
=)

1
S 3
> 0,5 is minimum at r = (@j 5

2

Since —
r T

[ (67) )
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1
Substitute » :(@T into 7= 502 :
T Tr
0]
he 50 _ - l500 :
(250}3 ()3 (250)5
7[ [
T
The material cost is minimized when:
1
* Radius =r= [@]3 cm * Height =/ = % cm
T

(%) (250)2
Example 33 A car moves along the parabolic road y =4 — x*. A mobile tower is at the
origin. Find the position of the car where the signal strength is strongest.

Solution: Signal strength is strongest when the distance between the car and the tower
1S minimum.

Let the position of the car be P(x, ¥) on the parabola y = 4 — x?

The distance D of the car from the tower at origin (0, 0) is:

D= x*+y* ...(D
Since the car lies on the parabola y =4—x°
= x'=4-y .. (2
Substitute x* =4— y into equation (1):
Since minimizing D is equivalent to minimizing D? :
D’=4—y+)°
LetD’ = f(y):
f(y)=y—y+4
Differentiate with respect to y :

di:zy—l .. 3)
dy
Set i:():
dy
2y—1=0
_!
=3

[ (8) )
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Differentiate equation (3) with respect to x:

2
d{:2>0
dy

Since second derivative is positive, f is minimum at y = 3

Substitute y :% into x> =4—y:

2
X

[l
S
|
M| =

b | —

7

2

i ; 71 71
The positions of the car where signal strength are [ \/; ,EJ and[—\/; \ EJ .

Example 34 A software company is designing a data processing algorithm for
analyzing batches of customer transactions. The runtime 7{(#) in milliseconds depends
on the size of the batch »n (the number of transactions processed together) and is
modeled by the equation:

Il
I+

X

T(n)=n’—12n* + 36n
o The term »’ reflects the time complexity of a sorting step in the algorithm.
e The term —12#* accounts for optimizations that reduce processing time for
moderate batch sizes.

e The term 36 » represents overhead that scales linearly with batch size.
The company wants to find the optimal batch size » that minimizes the algorithm's total
runtime.
Solution: The runtime of the algorithm is:

T(n)=n’—12n* + 36n .. (D)

We need to find the input size » (the number of transactions processed together) that
minimizes the runtime 7(n).
Differentiate equation (1) with respect to n:

T 32 _24n+36 .. (2
dn
To find critical points set W =0:
dn
3 -24n+36=0
m”—8n+12=0
(n—2)(n—-6)=0

[ () )
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Thus, the critical points are:

n=2andn==6
Differentiate equation (2) with respect to »:
d’T
=6n-24 ... (3
e )
Substitute » = 2 and » = 6 into equation (3):
9T _6x2 24=—12<0 and L1 =6x6-24=12>0
dn dn
2
Since -7 <0 at n=2, the function 7'(n) has a local maximum at n=2.
n
2
Since o >0 at n=6, the function T(n) has a local minimum at »n = 6.
2

The runtime is minimized when the input size is n = 6.

¥ EXERCISE 2.7 4

1. A window consists of a rectangle surmounted by a semicircular opening. If the
total perimeter is 21 meter, find the dimensions that maximize the area.

2. A rectangular sheet of metal with dimensions 40 cm by 25 cm is to be made into
an open box by cutting equal squares from the corners and folding up the sides.
Find the size of the squares that maximize the volume.

3. A closed cylindrical tank is to be constructed to hold 54x liters of water. Find the
dimensions that minimize the construction cost of the tank.

4. A wire of 20 meters is cut into two pieces. One piece is bent into a square and the
other into a circle. How should the wire be cut to maximize the total area
enclosed?

5. A team of environmental scientists is monitoring the oxygen level in a lake over
time to ensure the water quality remains suitable for aquatic life. The oxygen level
in the lake, measured in milligrams per liter (mg/L), is modeled by the equation:

o) =1t>-18t2+ 817+ 100
Where O(f) is the oxygen level at time # (in days after monitoring began).
Scientists want to determine when during the monitoring period the oxygen level
is at its lowest, as low oxygen levels can be harmful to fish and other aquatic
organisms.
Find the time 7 when the oxygen level is at its minimum.

6.  The perimeter of a triangle is 16 cm. If one side is of length 6 cm, what are the
lengths of the other sides for maximum area of the triangle.

7. A poster must have 200 cm? printed area with margins of 2 cm on top/bottom and
3 cm on sides. Find poster dimensions to minimize paper used.

8.  Find two positive integers whose sum is 12 and the product of one with the square
of the other will be maximum.

[ (1) )




Integration i

INTRODUCTION

In previous units, we studied differentiation and learned how to determine rates of
change, slopes of curves, maxima and minima, and solutions to various real-world
problems. In this unit, we will study integration, which is the reverse process of
differentiation and an important branch of calculus used to find accumulation, area,
volume, and total change. We will learn the concepts of antiderivatives, indefinite and
definite integrals, their notation, properties, and fundamental rules, including the power
rule and the Fundamental Theorem of Calculus. We will also study the relationship
between definite integrals and the net area under a curve, and use integration to find areas
bounded by curves and lines, as well as volumes of solids of revolution. Furthermore, we
will explore important integration techniques such as substitution, integration by parts,
trigonometric substitution, partial fractions, and integration involving exponential and
logarithmic functions. The concepts of integration have wide applications in mathematics,
physics, engineering, economics, biology, and technology, including calculating the
volume of containers, population growth, consumer and producer surplus, distance and
velocity, drug dosage, moment of inertia, and sensor network measurements. Through
this unit, we will develop both conceptual understanding and practical problem-solving

skills related to integration and its real-life applications.

3.1 Antiderivatives and The Indefinite Integral

Definition: A function F is called an antiderivative of a given function f on an
interval [ if F'(x) = f(x)for all x in /. In other words, the process of recovering a

function F from its derivative f is called antidifferentiation.

To illustrate, let /(x) = 2x. If F(x) = x* then F'(x) = 2x = f(x). Moreover, the function
G(x) = x>+ 10 also satisfies G '(x) = 2x = f(x). Therefore, if F(x) is any antiderivatives

of f(x) on a given interval, then for any value of c, the function F (x)+c is also

antiderivative of f(x) on that interval.

[ () )
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Definition: Let F be an antiderivative of f on an interval /. The set (or family) of all

antiderivatives of f is called the indefinite integral of f(x) with respect to x,
denoted by_[ f(x)dxand defined as J- f(x)dx=F(x)+c, where F'(x) = f(x) and c is

an arbitrary constant.

In the notation_[f(x) dr=F (x) +c.
(i)  The symbol j is called the integral sign.

(i1) j f(x)dx is called the indefinite integral of f(x).

(ii1)  The function f(x) inside the integral sign is the integrand.

(iv)  The symbol dx is called the differential of x. It indicates the variable of

integration—the variable with respect to which the integration is performed.
v) F(x) is an antiderivative of f(x).
(vi)  c s the constant of integration.

3.1.1 Basic Rules of Integration

Rule-1: Ik f(x)dx=k I f(x)dx (Integration of function with constant (k)).

Rule-2: j[ F(x)+ g(x)]dx = j F(x)dx % j g(x)dx (Sum and Difference Rule).

n+l

Rule-3: Ix”dx -

+c, where n# -1 (The Power Rule).
n+l1

[f( )]

The General Power Rule: J[f(x)] f'(x)dx = R where n#—1.

Rule-4: I%dx =In ‘f(x)‘ +c
X

Rule-5: If f' is the derivative of f, and I f'(x) dx = f(x)+c, then for any constants a

# (0 and b, j fllax+b)dx = flax+b) +c¢. (Linear Substitution Rule).
a

[ () )
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3.1.2 Some Useful Formulae

From (the above Definitions), we obtain integration formulas directly from
differentiation formulas, as shown in the following table.

Derivative [%(f (x))J

Indefinite Integral U% (f(x))dx = f(x)+ c}

i(C’):O J‘de:C

dx

d ldx=|dx=x+c

= (xi=1

dx(x) J. J-

()= [x" dx " 1 (Power Rul
e = "dx= +e,n#— ower Rule
d T ( )

d 1
—(n|x)=—,x=0
dx( | x]) .

Ildx:1n|x|+c,x¢0
X

i(e“’) =" Ie"dx =e +c

dx

—(@")=a"lna J.a"‘dxz a +ca>0,a#1
dx Ina

d .
—(sinx) =cos x
i)

J.cosxdx =sinx+c

d .
—(cosx) =—sinx
PR

sinxdx=—cosx+c

d 2
—(tanx) =sec” x
dx( )

2
sec" x dx=tanx+c

d >
—(cotx)=—csc”
e (cotx) X

csc’ x dx=—cotx+c

d
—(secx) =secxtanx
dx

secxtan xdx =secx+c

d
—(cscx)=—cscxcotx
dx

Icscxcotxdx =—Ccscx+c

%(sin'x): 11 - I%dx:sin'xﬂc
—x —X
1 1
—(sec”' x) = “.7abc=s'f:c’| x|+ ¢
X | x|x* -1 xvx® -1
—(tan 'x)= ! j- ! _dx=tan x+c
X 14+ x° +x°

(3)
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Example 1 Integrate the following:

(i) j x* dx (ii) j —98x P dx
99+1 xIUO
Soluti i ? dx +c=>"—+c (By using Rule 3: The Power Rule
Ol () [ dv=go-ve={o+e (Byusing )
100 99
We can verify this result by differentiation: L el +c|= R . c=x"+c
dx\ 100 100

—98

(i) —98 j x P dv= —98"—98 +e=x"4ec= % +c¢ (By using Rule 1 and Rule 3)
= X

Example 2  Integrate: I(8x7 —6x" +4x° —2x— 3) dbx
Selution: By using Rule 2, we have:
J.(Sx7 —6x° +4x° —2x—3) dx = I8x7dx—j6x5dx+ I4x3dx—j2xdx—j3dx

= 8jx7dx—6Ix5dx+4fx3dx—2jxdx—3jl dx (By using Rule 1)

8 6 4 2
:8(%]—6(%]+4[%J—2(%)—3x+c=x8—x(’+x4 —x¥*~3x+c (By Rule 3)

G | (1?2)2 dx

7
Example 3 Integrate: (i) I—dx
Jx
1/2

! dx=7J.x’”2dx=7x—

Iﬁ 12

1+x)

Solution: (i) +e=14x+c (By using Rule 1 & 3)

i) [—+

dx:'[ﬂdxzj[i 25" X

7 — +—J dx (By Rule 2)
X x*

-3 =1
:j‘(x“1 +2x72 +1) dxzx—3+2x—l+x+c=—3i3—g+x+c(By Rule 3)
= = XX

2 8
dxz(Sx +Tx—3) o

Example 4 () [(5x° +7x—3)"(10x+7) ;

(ii) I(x+%](l—%)dx=%[x+ij +c

[ (74) )
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Example 5 Evaluate Itanxdx Example 6 Evaluate Isecxdx

Solution: sec x(secx +tan x)

. Solution: |secxdx= olic
Itanxalx:jwdx I '[ (secx+tanx)
secx : t
=ln|secx\+c (By Rule 4) :J-sec xX+sec x anxdx
secx+tanx
or =—In|cosx|+c

3
_J‘SGC X-tan x+sec” x

dx
secx +tanx
=—In|cos x| + ¢ (By Rule 4)

Example 7 Evaluate Itanz xdx
Solution: Itanz xdx = I(SGCz x—l) dx = J-Sec2 xdx—_l.ldx =tanx—x+c¢

Example 8 Evaluate Icoszxdx

l+cos2x , | T sin2
Solution: Icoszxdx:jmdxz—j(Hcost)dx:— x+ e
2 2 2 2

Example 9  Evaluate dex

1+ tan’ x

. tanx —secx tan x —secx tanx secx
Solution: I —dx = f 5 dx = _[ % dx
l+tan” x sec” x sec’x sec x

.2
Sin~ x 3
—sSmx+c¢

sin x 1 :
:I cos” x— dx:_[(smxcosx—cosx)dx=
oS X sec x

Example 10 Evaluate I sin3xcos 7x dx

: 1, . :
Solution: We know that, sin mxcosnx = 5 [sm(m + n)x + sin(m — n)x]
Put m=3 and n=7, we get

Isin 3xcos 7xdx = %J.[sin(l 0ux) +sin(—4x) | dx

=lj(sin10x—sin4x)dx:l _colex_[_cos4x] +c:_c0510x+cos4x+c
2 2 10 4 20 8

sin(x+ a)

sin(x +b)

sin(x +a) ﬁqu+m+m—mhh

sin(x +b) sin(x +b)

_ J- sin(x + b)cos(a—b) + cos(x + b) sin(a — b) e
sin(x +b)

[ (5) )

Example 11  Evaluate J-

Solution: j dx = I
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} dx = cos(a— b)f 1 dx+sin(a —b)f%::))

= j[cos(a —b)+sin(a— b)w

sin(x +h)
sin(x + b)| +&
. be

(ab)’
. alx _ be aZx _ bZ,\‘ a2,\' bl\' aZ,\'—,\‘ b2x7x

Solution: j (ab)x dx = _[ o dx:-[[a“‘b“' _a'“b“}dx:j{ E — - }dx

5 ()
X b.\' a
g e G A
n(bj ln(aj
¥ EXERCISE 3.1 _J

1. Find all the antiderivatives for each derivative.

=cos(a—b)-x+sin(a—b)-In

Example 12  Evaluate Ia

(1) Q—IOO g (ii) Q=2+24t3—10t4
dx dt
2.  Find each indefinite integral. (Check answer by differentiating.)
@) j(1 +21)dt (ii) I(3uz +du) du
(iii)  [100x" cix (iv) [ (2% +3x7)ax
3.  Evaluate the following:
j(sf +10x +20) dx (ii) j 1 (Hl] dic
x

(iii) I[\/_+ J y>O) (iv) J‘@dx, (x>0)

ax+b

x+1 1
=d ) [——ZE2 g (vil) [————d
) I x (Vi) j Ty x (vii) j x+1+\/)_c X
(viii) [ x\/1+\/;dx ix | a— © [x'Vx+1de
(a+bx)

(xi) j(3x+3"’+x3)dx (xii) j 7" i

1
Xiil) | ——=dlx
() J‘ 1+v2+x
4. Evaluate the following:
(i) Icscxdx (ii) Icotz xdx  (iii) Isec“ xdx  (iv) Isinx-cos 7x dx

[ (15)
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© dex vi) [—S2 g (i) [VimcosZx dx

oS x—sinx sin x+cos x

sin 2x 1—cos2x
viii dx iX) | ——=dx
( )Il+cos ( )I«/1+sin2x ) J‘1+cos2x

3.2 Method of Substitution or Change of Variable
The method stems from reversing the Chain Rule for derivatives. Recall that for the
differentiable functions y = F(u) and u = g(x) the Chain Rule states that

LI (g)]=F'(20) g @,

In terms of definite integrals IF "(g(x)g'(x)=F(g(x))+c.

Theorem 3.1: Antidifferentiation of a Composite Function
Let g be a function whose range is an interval /, and let f be a function that is
continuous on /. If g is differentiable on its domain and F is an antiderivative of f

(F'=f)on I, then jf(g(x) -g'(x)dx = F(u) +c.
Letting u = g(x)gives du = g'(x)dx and I fu)du=Fu)+c.
This equation j f@u)du=F(u)+c has the same form as the basic antiderivative

formula, j f(x)dx = F(x)+c¢,but the independent variable is now w.

The process of replacing x with a new variable u =g(x) (and dx with the
corresponding du) is called a change of variable or the method of substitution.

Recall! The Rule 4

UCI
j = dx =In|f(x)| +¢
Let w= f(x). Then du= fi(x)dx.

Substituting into the given integral, we have J- i (x)) do= I la’u
fx

We know from basic integration rules that j —du =Inju|+c
u

Finally, substituting u = f(x), we obtamj% dx=In|f(x)|+c
X

- 4

Example 13  Evaluate I(st +5)’ x*dx

Solution: When an integrand contains an expression raised to a power, such as

3 . . .
(Sx5 + 5) , a useful strategy is to substitute » for that expression.

[ (77) )
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Let u =5x" +5. Then du = 25x"dx.

I(5x5+5)3x4dx— j(Sx +5)* - 25x*dx = 1 juBa/u—L 1+C=Lu4+c
25 25 4 100

Finally, substitute back # =5x"+5: j(5x5 +5)  x'dx = &(st +5)4 +c

Example 14  Integrate _[ \/; 1 +\/;dx

Solution: Let 1++/x =u. Then,vx =u—landx = (u—1)’ = dx = 2(u—1)du
Substitute Vx = —land dx = 2(u —1) du into the integral:

IJ} \/1+\/;dx:_[(u—l)\/; 2(u—1) du =2J-(u—l)2u;du

1 5 3 1 2 L 42 9 2
=20 @* =2u+Dudu =2 =2u? +u>)du=2| =u? ——u?> +=u? |+c
Je ) I ) {7 L }

R (RN . (NN i (V) SRR I

Example 15 Evaluate J

X
dx
VI+x® +1+x?

Solution: Let 22 =+/1+x*. Then u* =1+ x* = 2u du =2x dx = udu = x dx

J.\/‘ler +14+x° b= '[quu du_-[u(pru) Imdu_l““"‘”HC

:ln(1+\/1+x )+c.

where we can remove the absolute value signs since 1++/1+x” >0 for all x.
sin x
dx

Example 16 Evaluate j

COSX

e
Solution: Let ¢ = cos x. Then du = —sin x dx.

sin x a’u » e . cosr
J.— Ie' du =— 1+c=e +c=e “* +¢

COS.X

tan'x

Example 17 Evaluate .[ f+ > dx
x

Solution: Let # =tan™' x, then du = dx

1+ x?

tan~'x

Ie dx jeﬂ dl[_e" +C_ tan~ "l +C
1+ x?

[ (8) )
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Example 18 Evaluate J‘%dx
e +1)

Solution: Let e" +1l=u=e" =u—-1=e'dx=du

u+1

e +2¢" e+2 . ru—1+2 (a1
J.(e"'+l)2 dx=I(en\_+])2-edx—J' - [ueruzjdll

-1
—I[ +u ]du ln|u|+—l+c 1n|zf|—l+c—lne +1|— 1 +c
u

e +1

e In(l+e") "

X

Example 19 Evaluate J. 1
+e

eX
- dx
1+¢

I%d I d“_7+c—5[ln(l+e-“)]2+c

Solution: Let v =In(1+¢"), then du =

ln(1+x)—lnxdx

Example 20 EvaluateJ. a1
x(1+x

Solution: Let u =1In(1+x)—Inx

du 1 1 _X= 1+ x) x—l-—x -l
Then, —

dx l+x x x(I+x)  x(I1+x) x(l +X)

i = at = —du= : dx

dx  x(1+x) x(1+x)

[T iy =—fu =" =L [ ] 4

x(1+ x)
2 1.3
Example 21 Evaluate I&‘Sx)dx
I+x
Solution: Let u = tan'(x’),
then%— 1 —( Y = du= 3x_6dx = la’u: xbﬁdx
dx  1+(x’) dx 1+x 3 1+x
x* tan”' (x°) B B 1
Thus, Ide ju du = —J‘udu—€+c 6[tan (x )]

[ (1)
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3.3 Trigonometric Substitution

Integrals involving the radicals va” —x*,v/a” + 7, and /x> —a® (where @>0) can
often be evaluated by making a substitution involving a trigonometric function. The
objective of trigonometric substitution is to eliminate the radical in the integrand. We
do this by using the Pythagorean identities:

sin® @+ cos® @ =1 and sec? f —tan> 0 = 1
Case 1: Integrals involving va’ —x* (where, a>0) can frequently be reduced to a
simpler form by using the substitution x =asiné.

Case 2: Integrals involving va® +x* (where, a>0) can frequently be reduced to a
simpler form by using the substitution x =atané.

Case 3: Finally, integrals involving +x’ —a® (where, a>0) can frequently be
reduced to a simpler form by using the substitution x =asec.
Some Special Integrals as Formulae

. dx . _l[x]
+c ii ——————=3in" | — |+¢, wherea>0
O 1

dx

a+x

(i) j L T

@ =5 2a

a—Xx

2

Proof: (i) We want to evaluate I
a —x°

The denominator ¢’ —x* =(a—x)(a+x),so

o=
a (a—x)(a+x)

2 2
—X.
Prove the given formulae.
I f(a—x)+(a+x) 1 1 -
=_J' dx o dv=—In|"—2|+ ¢
261 (a_x)(a‘l‘x) xz —az 2a x+a

_1 CED) s latn) . [ | 21 . dx:ltan'(wa
2a° | (a—x)a+x) (a—x)(a+x) @ +dJ>Cc 4 “a
1 1 1 (1ii) —:lnx+‘\laz-|-x2 +c,
:Z + ]dx I "a2+x2

atx a—x

where a > 0
1 | =] e
sl 0 el ]
) == 2 2
x —a
1 where a > 0
:2—(1n|a+x|—ln|a—x|)+c J_ dc 1 .
“ (v) ———— = —sec [—) +e,
1. la+x L o
=—1In +c where a> 0
2a |a—x \ Y,

[ (80) )
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1
(i) We want to evaluate ‘l‘ﬁ
a —x

domain is —a < x < a so that the square root is real.

dx, where a is a positive constant and the

Let x=a sin®, —§<9<%, then dx =acos0db.

Also
Ja* —x* = \Ja® —(a sin0) =a* —a*sin’ @ = \Ja*(1—sin® ) =\/a’ cos’ 6 = alcos 0|

On the interval —% <f< g, cos@ >0, so |cos#|=cos@. Thus, Va’ —x* =acosé.

1 1
Substitute into the integral: dx = cacos @dO=|1d=0+c
We have x =a sin@ = sinf zi, and since @ is in the principal range {—% : %},
a
0 =sin"' [£]
a

Thus, J.\/i —sm'(xjiw
1, _x2 d
2
X

Example 22  Evaluate j

Solution: Let x =3 sin#, where 0 e [—%, 0) U (0, %}, then dx = 3cosfdb.

J9 — x% =4/9—(3 sin#)* =/9(1 —sin> §) =\/9cos’ & = 3cos O

j\/ J- 3c059
(3sin )
:I(csc 6 —1)df=—cot@—6+c (1)

cos0do = jcot 0do

We have x = 351nt9:>sm9—— So, 8 =sin" ’[EJ-

cot O cosH \/1 sin’ V \j

sind  sin 9

i
3
dx =

’ / 2
Thus, equation becomes_[ e NS [gj +c
X

[ (81)
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1
Example 23 Evaluate | ———¢dkx
J‘x\/‘x4 +1

1 1 2x
— G g
J-x"‘x4+1 2J.x21f x 2+1
Let x* =tan#, where 96(_§ Ej then 2x dx =sec’ 6 dO

Solution:

_lJ- sec’ 0 __J- sec’ 0

tan @+/tan’> @ + taanecH

= —Isecgdﬁ——Ic509d6:—1n|csct9—cot9‘+c
tan & 2 2

+C

ln‘\)l + cot’0 — c0t9‘+c =%ln
Jxt+1 1 ]

x7 _7+C:Eh]

1Y 1
1+ —| ——
EF

Jrt+1-1

2
X

IL:—9 dx, (x>3)

Solution: Let x =3 secd, then dx = 3sectan 8dO

j“x — dx I Y 35e09) - -3secOtan@db

3secd

= [{9(sec? 0 ~ 1) -tan @ 46 = [3tan Otan 0 6
=3Itan29d0=3j(sec29— 1) dO=3(tan6 — 0) + ¢ = 3[\/se029—1 — 6’} +c

=3 [EJ —l—sec'(fj +c= x2—9—3sec1[£j+c
3 3 3

(x + l)
Example 24 Evaluate -‘-ﬁ dx
xe

1
2

:lln
2

+ €

Example 23  Evaluate

Solution: Let v = xe*, then % =xe* +e*(I) = du=(x+1)e" dx

J(x+1)e Iﬂdx:]‘ d

1+ x°e™ 1 +(xe"‘)2 14+u

[ (82) )

=tan'u + c=tan"' (xe'“)+ c
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1
Example 26 Evaluate | ———dx, x € (-0, 0)U(0, 1).
. J.x\ll -x

a2
=—lj‘+dx Putu=+1—-x=u’=1—x" = 2u du =-3x"dx

=L 2 du—gj.il du—z—l u=1 c—llni1 —x -1 +c
e e T L 32(1)  Ju+l 31— +1
2x
Example 27 Evaluatef dx
x4+ 9

Solution: Let u=x", then du = 2xdx

The integral becomes:

1 1
==
Substitute # with x*:

1
duzln‘x2+ \/x4+9‘ +c
J.\/uz +9

Example 28

du

du = ln‘u+\/uz +3°

+c :ln‘uwhxluZ + 9‘+c

dx
I(x—Z)«/xz —4x +3

Solution: We have x* —4x+3
¥ —4dx+3=("—-dx+dH+3-4=(x-2) -1

I dx :I dx
(r=2Dyx* —dx +3  ° (x=21/(x—2)* -1

Let u = x—2, then du = dx, the integral becomes

J‘ du _ J' du :1 -
u\/uz—l u\/uz—l2 1

Substitute # with x—2

J' du
uNu® — 1

U

1

+c=sec Jul+ ¢

=sec  |x—2| + ¢

[ (83)
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¥ EXERCISE 3.2 _J

1. Evaluate the following integrals: (By using suitable substitution)

(i) Jx(7x2+8)9dx (ii) J#dx (iif) j [1%} (x]zjdx

: (1+‘/;)5 54 4 . t2—2t
) | ————dx v 7—x") x'dx vi —_—_—
i) | T © [7-x) (vi) j(ts_3lz+5)4
sec’ x sin x—cos x tan® x
i) | ————d i1l 1 —
(vi) Itan x-Intan x " (vn)j \/1+sm2x b Isec4x+tan4x
; Insecx In(sin x)
—d a
(x) -[ 1+ xtanx * x) J- cotx * (xi) -[ tan x

e X
Xiil) | ———dx
( )J. (2+€2.\').-_
2. Evaluate the following integrals: (By change of variable)
cos X

i) [ (i) [

Q—e¢ sinx — 4

dx

1 1 g dx
J xy/4—(In x)? - I9x2—25 O xy3x% —12
.. : | . 1
(vii) jﬁ dx (viii) IW dx  (ix) Im dx

dx . dx .. fl+x
(x) jm (x1) jm (xii) _[ - dx

3.4 Integration by Parts
The rule that corresponds to the Product Rule for differentiation is called integration
by parts. Integration by parts is a technique for simplifying integrals of the form

[ F(0)g(x) dx
Product Rule in Integral Form

Suppose that f(x) and A(x) are two differentiable functions. According to the product
rule,

[ (84) )
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% [F()A(x)] = f(x) P () + h(x) f'(x)
Integrating both sides with respect to x gives:
£ 1) = [ [ )R )+ hCOf ()] el
Splitting the integral, we have:
JG0) ) =[ ) (x) e+ [ S () el
Rearranging terms, we obtain:
[ FE(x) de = fr) ()= [ () f(x) dle ()
Now, let #'(x) = g (x), then h(x) = j g(x) dx.
Substituting into (1), we get:
[ F@emd = ([ e@ax)- [[([ear@) e ..
Example 29 Evaluate Ix sinnxdx, nz0.

Solution: Jx sinnx dx; Integrating by parts taking x as first function, we have

:x(—cosnx)_j[—cosnxJ(l)dx:M+ljcosnxdv
n n i

n

—xcosnx | sinnx —xcosnx sinnx
= +—- +ec= +

n n n n nz

Example 30 Evaluate Ix e” dx

Solution: Applying the formula for integration by parts, we have

) eﬂ.‘ e(ZT etlY 1 ) elLT 1 e(l\;
Ix e dx:x——j—-ldx =% ——Ie“"dx:x ———c
a a a a a a a
a | X I ax a:x—l
=e”| ——— |+c=¢ 7 [+l
a a a
¥
Example 30 Evaluate I dx
coS” X
: X
Solution: j . dx:.[xsec2 X dx
cos” x
Applying the formula for integration by parts, we have
sin x
jxseczxdx:x-tanx—jtanx-ldx:x-tanx—j dx
COS X
—sinx
=x-tar1x+J' dx=x-tanx+ln|cos x|+c
COS X

[ (83)
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Example 32 Evaluate Iln(sin x) - sin 2xdx
Selution: [ In(sin x) - sin 2xcx = [In(sin x)- 2sin x-cos xdx

) . ) du
= 2jln(smx)-smxcosxdx Put u = sin x. - =C0s X = du=cos xdx
X

2

—2jlnu “udu = { I— —a'u} In u - uz—Juduzuzln u—%—kc

n x

. . si
=sin” x In(sin x)— +c Note!

J. e f(0E' @+ f()dx = f(x) +c

=sin’ x[ln(sin x)— %} +c
Example 33 Evaluate J e (cos x+2xsin x)dx

Solution: I e (cosx+2xsinx)dx = je“'z cos x dx + I e" 2xsinxdx

=e" (sm x)— _[(smx)e 2xdx+j © 2xsinxdx = e sinx+ ¢

Example 34  Evaluate _[ sin_][

Lde
V1 + x?
w at

}dx, Putting x=tané ; 96[—5 5] dx =sec’ 0d0O

Solution: J‘sinf1 (

x
V1 + x°

= Is1 _ @ -sec’ @dO= J.sin*] [tan 0] -sec’ 0do
J1+tan” @ sect

= [sin ( in¢ cos@]-seozgdﬁzjsinl(sinH)-secszB
cosd

= [6-sec’ 0 dO =0 tan 0 (tan O)(1)d0 = O tan 6—In | sec | + ¢

=@tan @—In |sec’ @ |+ c=(9‘[ant9—%hr1|1+‘[an2 a|+ cz(tan_I )C)')C—%ln“"’rxz |+c
= xtan' x—%ln(l+x2)+c

Example 35 Show that _[ o sinbrdx =1 " sin {bx —tan” éj +c
Na© + b’ a

Solution: Let / = Ie"‘“ sin bx dx Integrating by parts, we have

zem(_coszj_ J-[_cosz] o
[ (89) )
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ax

= —% +% e coshbxdx  Again, integrating by parts, we have

e™ cos bx a m.[sinbxj [sin bx\ ..
= +—| €° —I e” -adx
b b b b

e™cos bx ae™sin bx a’

= + ———— | e“ sinbxdx
b b b

e™coshx ae“sinbx o’
I1=-— 5 =+ B2 —? 1

2 ax ax _:

b b
]+a_21:_e cos x | ae szm X
b b b

b’ b’ a’ +b’
Substituting @ =rcos@ and b =rsiné, we have

ax

2 2 ax ax
[b ta j]:e (asinbx—bcoshx) = I =—— (asinbx —bcos bx)

Fie

e (r cos @sin bx—rsin @ cos bx)
a +

= = lbz e” r(sinbxcos @—cosbxsind) = e” rsin (bx—0)

a + a’+b’

Since a=rcos& and b=rsin@

Squaring and adding, we have 7’ =a’ +b°> = r=4a’+b” and rsind _b
rcosf a
=5 tanHzé = f=tan” [2]
a a
1l 77 ,b) 1 - ,bj
I= e“Ja +b”sin| bx—tan — | = ———=¢"sin| bx—tan  — |+ ¢
a’+b’ [ a a’+ b’ ( a
Example 36  Evaluate jxsinz x dx
Solution: Ixsinz xdx =Ix.ﬂdx=lj(x—xcos 2x)dx
2 2

1 1 . .
= 5 _[ xdx— 5 I xcos2xdx Integrating the second integral by parts

2 . . 2 .
RIEAN! x[stxj_J(smbc]'ldx :x__xsm2x+lj~sin2xdx
20 2 2 2 2 4 4 4

x> xsin2x 1{ cos2x x* xsin2x 1
= — +c=———————C0s2x+cC

4 4 4l 2 4

[ (87)
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Special Integral
jﬁdx%ﬁﬁ%@wﬁ‘%
Proof: Let Iz.[ x'+a’ dx

=I\/m (1) dx Integrating by parts, we have

=\/x2 +a’ (x)—J.xi { x2+a2);} de =xJx* +a* —J-x-l(x2 +a2); -(2x)dx
=xx"+d’ —J‘\/dex:x\/x2+a2—j)i/;ﬂf_:
=xx’+a’ —J. al 7+a = +Jfoj-a2 dx

\/x'+a

:x\/x2+a2 —Isz +d* dx+a2j\/% dx
X +a

i 2 2 1
I=x+/x"+a —[+a dx
Jl /x?__l_aZ
2I:xw/x2 +a* +a* ln‘ x+8fx" +at

2
]=%xw/x2+a2+%ln‘x+ ¥ +a’

2
Thus, I x*+a’ dx=§\/x2+a2 +%ln ‘x+\/x2+a2

+ g

=+ €

+cC

Challenge!

Prove that: (i) ‘l.\/az—x2 dx =§ \/az —x' +£§sinl [£)+c
a
(ii) I\/xz—al dx=§\fxl—az —az_zln

x+\/xl—a1 +c
Example 37 Evaluatej x*—4x+13 dx
Solution: j,/xz—4x+13dx=jJ(x2—4x+4)+13—4dx:j (x—2)* +9 dx

=[J(x—2 +(3) ax
Let x—2=u, so du=dx

J-J(x—2)2+(3)2 dxz_[ u”+3% du =%w/u2+37‘ +§ln
( (88) )

2 2
u+u +3° |+c
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Replace u# with x—2

:x;2 Jx—2y +9+%111‘(;c—2)JH/(}:—2)2 +9‘+c
—2 [ —ax+13 +%ln‘ (x—2)+\/x2—4x+13‘+c

Example 38 Evaluate I 8x—x"—7 dx

Solution: | J8x—x*—7 dx = [V =8x)=7 dx

=I\/—(x2—8x+16—16)—7 dx=jJ—[(x—4)2—16]—7dx

:I 32—(95—4)2 dx Let x—4=u, so dx=du

2
—I 3 —u? du ——\/32—u +%sm l[§]+c
Substitute back v =x—4
x—4 9 x—4 x—4 9 x—4
== " /9—(x—4 in™ +c = J8x=xt =T +=gin'| — |+ ¢
2 ( ) 2 [ 3 ] 2 2 [ 3 J
Example 39  Evaluate I,/x2—8x+7 dx

Solution: [/x*—8x+7 dx=[/(x’ ~8x+16)+7-16 dx

:J'\/(x—4)2 -9 dx=I (x—4)’=3*dx Let u=x—4, so du=dx
=I u -3 dzzz%\/uz—?)z —%ln‘wn/uz—f +c

Substitute back v =x—4

:x;41/(x—4)2—9—%1n‘x—4+1/(x—4)2—9‘+c
:x—4m_gm\x_4+m\+c
¥ EXERCISE 3.3 _J

Evaluate the following integrals:

1. Ilnxdx 2. Jx7-h1xdx 3. Ixcos2xdx
4. -[siricz dx 5. J.xez“'dx 6. J'Z"‘dx
x

[ (89) )
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% j.xtanzxdx 8. Iln(sinx)-cosxdx 9. Je‘ln(l+e‘)dx

10 [@c+2vetde 11 [etanT(eDd 12, T
l1+cosx

Xcosx—sinx

; .
13. d 14, [XEOSXTSINX 4 g5 [BRLNY 4
"-l—sinx * -[ x° * j \/; N
2 —1
) ; l—x elan x
16. j\/;SIIl\/; dx 17. Ie [1+xzj dx 18. j(l+x2)2
1
19. jsin*xdx 20. jwdx 21.jcsc3xdx
X
Jx
22. [ (F+x'+ D 23, Iﬂdx 24. [ ¢ (sinx~3cos3x) dx

Jx
3.5 Integration by Using Partial Fractions
If P(x),0(x) are polynomial functions and the denominator O(x) (x#0), in the
P(x)
QO(x)

rational function , can be factorized into linear and quadratic (irreducible)

P(x)
(x)

functions, each of which can be integrated by methods already known to us.

Here, we will give examples of the following four cases when the denominator Q(x)

factors, then the rational function s written as a sum of simpler rational

contains

Case-I: Non-repeated linear factors.

Case-1I: Repeated and non-repeated linear factors.

Case-I1I: Linear and non repeated irreducible quadratic factors.
‘Case-1V: Linear and repeated irreducible quadratic factors.

: P .
[ Case-I: Integration of I%dx where Q(x) has non-repeated linear factors }
X

Example 40 Integrate j e S [x
x(x—=1)(x-2)
3x—2
———dx
x(x—1D(x—2)
3x-2 A B C
Let =—+ +
#x=1x=2) x x=1 x=2

[ (%) )

Solution: _[
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Multiplying both sides, by x(x—1)(x—2) we have
3x—2=A(x—1)(x—2)+B(x)(x=2)+C(x)(x=1) (1)

Putting x= 0 in (1): 3(0)—2= 4(0—1)(0-2)+B(0)(0—2)+C(0)(0-1)
2=A-1)(=2)+B(0)+C(0) = —2=24 =

Putting x= 1 in (1): 3(1)—2=A0-D(1-2)+B(1)(1-2)+C(1)(1-1)
3-2=A(0)+B(-)+C(0) = 1=—B =

Putting x= 2 in (1): 3(2)-2=A4Q2-1)(2-2)+B(2)(2-2)+C(2)(2-1)

6—2=A(0)+B(0)+C(2)(1) = 4=2C =
3x—2 4 1 32

+
wx=Ix=2) x x=1 x—2

s, [— 2 _;[ e
x(x—=1(x-2) x—1 x=2

=—jldx—dex+2j de=—In|x|—In|x—1]|+ 2In|x=2|+ C
X x—1 x—2

[ Case-Il Integration of I %dx where Q(x) has repeated linear factors: J
X
Example 41 Evaluate J‘LIOO
(x+1)(x-3)
6x-10 4 B C

Solution: Let — = + + =
(x+D)(x-3)" x+1 x-3 (x-3)°

Multiplying both sides by (x+1)(x—3)*:

6x—10=A(x=3)* +B(x+1)(x=3)+C(x+1]) (1)
From equation (1),
0. +6x—10=A4A(*—6x+9)+B(x*—2x—-3)+ C(x+ 1) sl 2)

Let x+1=0 = x=-1 Putting x=—1 in (1)

6(—1)—10 = A(—1-3)* + B(0)+ C(0)

—6—10=A(—4)’ = —-16=164 =

Let x—3=0= x=3 Puttingx=31in (1)

6(3)—10 = A(0)* + B(0) + C(3+1)

18-10=4C = 8=4C =

Comparing coefficient of x* on both sides of equation (2)

A+B=0 = B=-4 = B=—(-1) =

[ (o)
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So (1) becomes
6x—10 -1 1 2
B ¥ + 2
(x+D(x=3)" x+1 x-3 (x—3)

S’f 6x—10 —J[ 2 }dx
(x4+D—3) x+1 xX— 3 (x—3)?

_— _ 2\ 2t
_J- +J' ! dx+2j-(x—3)—2dx:—ln|x+l|+ln|x_3|+ 2&+ p
o o 241
-l
:In‘x—3‘—1n|x+l|+2ﬁ+ oAy x_3 _L-i- .

—1 x+1| x-=3

Case-IIl  Integration of Ig?;
x

dx where Q(x) has at least one non-repeated

irreducible quadratic factor.

5x7 +3x+2 ”
(x+1)(x2 +1)

. S5x+3x+2 A Bx+C
Solution: 5 = g
(x+D(x"+1) x+1 x"+1

Multiplying both sides by (x + 1)(x* + 1) to clear fractions:
502+ 3x+2=A*+ )+ (Bx+ C)(x+ 1) ..(1)
Putx+1=0 = x=-1 inequation (1)

512 +3(1)+2=A[1)P+1]+[BD + CJ(-1+1)

5-342=A2)+0 = 4=24 =
From (1)
5x*+3x+2=Ax"+A+BxX*+Bx+Cx+C
50 +3x+2=UA+B)x*+B+Cx+C+4
Equating coefficients of x°, we get

5=4+B = 5=2+B =
Equating constants, we get
2=A+C = 2=C+2 =

Now, the integrand becomes,
x+3x+2 2 3x+0

= +

(x+DE* + 1D x+1 x* +1
J' 5x+3x2+2 _ J' dx+_[ -
(x+1)(x"+1) x+1 X

Example 42  Find I

dx2—d '[x+1

=21n|x+l|+%ln|x2+l|+ c=21n|x+1|+51n(x2+1)+c

[ (%2) )
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Integration of j%dx where Q(x) has repeated irreducible quadratic
X

Case-1V
factors:

3
Example 43  Evaluate _[ w

x*+1)
3 3 2 5
py® T2 _F bred] ol slved @oal 9l
(x*+1) (x"+1) (x"+1) (x"+1)" (X" +1)
X X 1

+ +
2+l P+ P+

3
Thus, [ 520 o [ 2 s [ s [ ax
(x"+1)" x +1 (x”+1)° (x"+1)°
1
o
+1)
2 —1
L 4+ L&D +| ! _dx..(1)
2 3 =l (x> +1)

To evaluate jﬁ dx, put x=tan@, dx=sec’ 6 dO
x>+

| | zdx:j% sec’ 6 d6 = | -sec’ @ d6 = j -0
(x*+1) (tan’ B+1)° (sec sec’
—J-cos 0 do = J[1+cos20jd9=1[9+5m29}=l[6+2smﬁcos(9}
2 2 2 2
. )

—Lio+singeosay=t| g4 SOCS O _Lip tand )\ 1), tand

2 2 cos 2 sec @] 2 l+tan” @
1 {tan‘x+ e ,:| (1) becomes

2 1+x”

X +2x+1 1 2 1 1 _

Finally: [ <2225 de=In(r? +1)-2 e e
—— j 1y g O Tl i Fy, st

201+x? x*+1
x—1

P TR
2(x"+1)

[ (%3) )

=lln(x2+1)+ltan'x+l[ ¥ o 1 )+c
2 2

L In(x* +1)+ L tan ' x+
2 2
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¥ EXERCISE 3.4 _J

Evaluate the following integrals:

3 2, ..
Lo [ 2 [ 3[R
(x+D(x+2) x +4x+3 x —1
2 - . 2
4 J‘x : 12x 21dx 5 _[ 3—-16x & 6. J- 6x" —22x+18 i
X —=6x—7 4+ 5x—6x" x(x—1D(x—-2)(x—3)
=~ X
7. [ a 8. [—Siar o [2XD 4,
(x+2) e*(e"+1) (x—2)(x+3)’
3 2 2 _ 3
0. J-x +4x3+5x+2dx 1. _[ x +2)c2 1 & 12, J- ;x +2xj+1 »
(x+1)’(x+2) (x—D(x"+1) (x"+D(x" +4)
4 2 2
J-x 2+3x2+x+ldx j .c?sx x J- 7 x +1 b
(x*+D(x=1 sin” x—1 (x*—2x+2)

3.6 The Definite Integral

Definition: Let f be a continuous function on the closed interval [a, b]. The definite
b

integral of f from a to b is defined as I f(x)dx = F(b)— F(a), where F'(x) = f(x).

Here, a is the lower limit and b the upper limit of the integration.

Remark: The value of a definite integral is a real number, not a family of functions,
as is the case for indefinite integrals. The numbers @ and b are the limits of
integration.

Theorem 3.2: First Fundamental Theorem of Calculus (FTC)
If f is continuous on [a, b]and F(x) = If(t) dt for every x in [a, b],

then F'(x)= f(x),on [a, b].
The derivative with respect to upper limit of the integral of f is just f(x).

Theorem 3.3: Second Fundamental Theorem of Calculus (FTC)
If f is continuous on [a, b] and F'(x) = f(x) on [a, b], then

[ G dx=F(b)-F(a).

[ © )
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I

1
Example 44  Evaluate: I(xS +1) dx

1 1 g +1 6 1
Solution: j(x5 +1) dx = +x| = (—xS +x]

- —+1 -1
-1

PN P
_(g(l) +1j (D (1)] Hl-=r1=2

/4
y sec @

Example 45  Evaluate I —de
, sin@+cos 6
wl4 /4
secd sect
Solution: | ———d0=
" -{[ sin @ +cos (9 -f cos@(tan @ + 1) -([ anB

=[In[t+tang]"* =1n —In[l + 0] =In[l + 1|~ 0=1n2

1+tan—
4

Example 46 Evaluate j
\/x +9

Solution: Let f(x)=x"+ 9, then f'(x) = 2x, so

1\/7
J7 7 1 2 2
[ —a=1[e+9) 2 (2x) de = | +2)
0\}x2+9 20 2 l
2

[\ 79] =[VT¥9-079]|={T6 o =4-3=1

Substitution in a Definite Integral (Change of variables)

Suppose that g is differentiable function on [a, b]. Also suppose that f is continuous
g(b)

on the range of g. Then I f g(x) g'(x)dx = I f(u)du.
g(a)

Example 47 Evaluate J.er'\‘zdx
0
Solution: Let g(x)=x". Then g'(x)=2x

The integrand is e 2x= f(g(x)) . g'(x) with f(u) =e"
When x=0, u=g(0)=0"=0

[ (5)
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When x=2, u:g(2):22 -4
2 u=4 4
¥’ . u _ U _ U 4_ 4 0 __ 4
Therefore, £2xe dx= Le du-!e du—[e ]O =e'—e =¢ —1
Integration by Parts Formula for Definite Integrals

Let f(x) and g(x) be functions with continuous derivatives on the interval [a, b].
Then the integration by parts formula for definite integrals is:

[ reogerds =] 16 o) | =[] o) (760) ]

a

Example 48  If f(0)= f(x) =0, show that [ f(x)sinxdx =~ f"(x)sinxdx
0 0
Solution: j f(x)sinxdx Applying integration by parts:
0

=| f(x)(—cos )] —]Ef’(x)(—cos x)dx =—f(x)cos m+ f(0)cos 0+ ]E f'(x)cos x dx

=—(0)(=D +(O)(D)+|f"(x)sin x|, — j sinx- f'"(x)dx

0

=0+0+ f'(7)sin(z) — f'(0)sin(0) — ]{ f""(x)sin xdx

= £'(x)(0) - £'(0) (0)— j £1(x)sin x dx = — j £(x)sin x dx
0 0
3.6.1 Properties of the Definite Integrals

Throughout this section, assume f is a continuous function on the given interval.

b b
Property-I: J f(x)dx = J. f(t)dt. Remember!

Property-II: I f(x)dx = —j- f(x)dkx.

b (o b
Property-I11: Jf(x) dx = If(x)dx+ If(x) dx, where a<c<b.
This result can be generalized as follows:
b q Cy cy €, b
jf(x)dx = jf(x)dx+jf(x)dx+jf(x)dx+---+ j F(x)dx + jf(x)dx

n—l1 = Cn < b

[ Q. )

where a<c <c,<¢ <---<c
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b b
Property-IV: j F(x)dbx = j f(a+b—x)dx.
a a N ;
(1) As a special case, if we take a =0, we obtain: J.f(x) dx = J-f(b —x)dx
0 0

b b
(11) As another special case, if we take @ =—b, we obtain: I f(x)dx= I f(=x)dx.
—b -b

f(x)
f(x)+g(x)
x—>a+b—x such that f(a+b—x)=g(x) and g(a+b—x)=f(x), then
J- f(x) b—a_
f(X)+g(X) 2

Property-V: j f(x)dx = J.(f(x) + f(—x))dx

(ii1)  For any integrand of the form , 1f there exists a substitution

In particular, if f(—x)= f(x) (that is, f is an even function), then

]1 f(x)dx = 2]2 f(x)dx

and if f(—x)=—f(x) (thatis, f is an odd function), then j f(x)dx=0

—a
al2

Property-VI: jf(x)dx = I (f)+ fla—x))dx

) 0 if  fla—x)=—f(x)
" _ al2
1 paracolar, ! JEydx=y, [ fxyax if  fla—x)=f(x)

b
Property-VII: If f(x) > 0 on the interval [a, b], then I f(x)dx>0 and if f(x)<0on
., a
the interval [c, d], then [ f(x)dx <0.
) b b
Property-VIII: If f(x) < g(x) on [a, b], then j f(x)dx < j g(x) d.

Property-IX: j(a F1()+ Bf (%)) dx = aj f,(x)dx + ﬂj f,(x)dx.

[ (7) )
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% if 0
Example 49  Let f(x)= l Compute: _[ f(x)dx.
4—x if 2

4

<x
<x
Solution: j F(x)dx = j F(xX)dx+ j F(x)dx =i j (4—x)dx

0

[T _x_” 2) (0) @y
55 o T H e
_8_ g _3.e ¢_8 :ﬂzﬂ.

_{3 0}(16 8)—(8—2) 3+8 6=1+2="==

4
Example 50  Evaluate: I f(x)dx where f(x) = |x—1|+[x+2].
-6
Solution: To find where the expressions inside the absolute values changes:
x—1=0 = x=1 and x+2=0 = x=-2
So, break the interval [-6, 4] atx=—6,x=-2,x=1,x=4.
These points divide the interval [-6, 4] into three intervals [-6, 2], [-2, 1], [1, 4].
Now, express f(x) without absolute values and compute the integral over each
subinterval:

(@ Forxe [-6,-2]: |x—1|=—(x—D)=-x+1and |x+2|=—(x+2)=—x—
Jx)=

=—x+l-%—2=2x—]

-2

—0

72f(x)d)€=72(—2x—l)dx: _E_x :: -
-6 6 2 P

=(4+2)-(-36+6)=-2(30)=-2+30=28
(b) Forxe[-2,1]:|x-1|=-(x—-1)=—x+1land|[x+2|=x+2
f@)=|x=1|+t|x+2|==x+1+x+2

jf(x)dx= j3dx=|3x\'2 =3()-3(-2)=3+6=9

(c) Forxe[l,4]:|x—1|and |x+2|=x+2
f@=|x—1|+|x+2|=x—-1+x+2=2x+1

[ £ e = [ @+ Do =[x +x]f =[(4)* +4]-[(1) +1] =16 +4-2 =18
From (a) (b) and (c) we have

jf(x)dx jf(x)dx+jf(x)dx+jf(x)dx 28+9+18=57.

[ ) )
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. 3
Example 51 Evaluate Ix"' (1—x)2 dx.
0
|
Solution: Let / = _[xz (1 —x)% dx

0

0o | W

Ja

[x;—2x§+x;de={%x;—§x;+zx3} [2()2——(1)2"' (l)] (0)

0 0

1

l

' ' 3 L3 3
I(l 2%+ 2201~ 1+x)2dx _“(1—2x+x2)x2dx=_[[x2—2xx2+x2x
0

1

! 9

24,2 126-180+70 _ 16
579 315 315
Example 52 I cos” x dx
0

Solution: Let / = Icoss x dx
0
Here f(x)=cos’x = fQ2r—x)= [cos(Z;z—x)]S =(cos x)5 =cos’ x = f(x)
A= 2]7-(:055 X dx
0
Also f(r—x)=(cos(xz —)c))5 =(—cos %)’ =—co08’ x=—F(x)

2z

Thus, [ = j cos’ xdx =0.

0
310 Jsinx —+/cos x

Example 53  Show that =0.
,[J;S V2 +sin® x cos? x

70 Jsinx —+/cos x

s V2 +sin x cos? x

Solution: Let [/ =

Using the property: j f(x)dx = j f(a+b—x)dx of definite integrals, we substitute x

a

[ (%)
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.. 3r T
with—+——x=—-—x:
5 10 2

dx

s /3 T
]_3]]{]0 JSIH(E_XJ_JCOS(E_XJ d _STIO m_m

= e =
s T Vi3 I ] 2
7/5 {2 +sin’ (E—chcosz [E_XJ wis N2 +sIn”x cos”x

B _3””0 \sinx —+/cosx

s N2 +sin’ x cos’ x

0 Jsin x —+/cos x

That is, ax =0,
,[J;S V2 +sin® x cos x

dx. Clearly I=—1=2I=0=1=0.

L) 3 b
Example 54 Given J.—‘dx =4 and I f(x)dx =10. Evaluate I—ﬂdx
< e 5 =5 LAe™

1
1+e™

=1.

f ) f)

* 1+e

Solution: Key identity: =

1+e

Multiplying the identity by f(x), we get: = f(x)

AE) f
Integrate over [-3, 3], we get: J.ﬁdx+ I 1—’*dx = If(x) dx
+e S l+e

f(x) de=10 = jf(x) dx=10-4=6

Substitute the given values: 4 + J. "
+e

Thus, jlf( AP

+e

a 3 2.2
Example 55 Evaluate J‘anx
= x+2x" +l1
. x’ sin® x
Selution: Let f(x)=———F—
X +2x"+1
(—x)* sin*(—x) 3 —x’sin’ x
) +2(=x)+1 x*+2x7+1
This shows that f(x) is odd over the symmetric interval [—a, a].

d

J(=x)= =—f(x)

3 e )
X sin” x
Hence, Jﬁdxzo
X +2x°+1

C_ ©
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3
Example 56 Evaluate I f(x)dx.
1

Solution: Since f(2—x) = f(x) = j f(x)dr=4=2 j f(x)dx=4= j f(x)dx=2

Given j f(x)dx=4 and f(2—x)=f(x)=f(—x).

3
To evaluatejf(x)dx. Putx=2—t, dcx=—dt. Whenx=1,7=1; Whenx=3, f=-1
1

Therefore, jf(x) dx = ff(2 —t)(—dt) = —j‘ fQ—-0)(—dt)= j fQ2—t)dt

—j f@-x)dx= j f(x)dx = 2[ f(x)dv=2(2)=4. Since f(2—x)= f(x) = f(-x)

1.

Vv EXERCISE 3.5 |

Evaluate the following definite mtegrals

/2

@) j(x +x)dx (ii) j (4 +3x’ +2x) dx.  (iif) [ sin®xdx
. 0
n'/4 /2 1
(iv) I dx (v) j cos’ 0d6O (vi) £ dx
l+sinx . 31X
(vi) j 1“( ”) de (viil) [tan"x dx (ix) j Smwi
0 0

Evaluate the followmg definite integrals:

j-f( . where £(x) 5-3x if xZ£0
x)dx, where f(x)= )
2 543x if x>0

(ii) j F(x)dx, where f(x)=|x—4|+|x] (iif) j|4—x2‘ d.

{ X if 0<x<2 _
Let f(x)= , Here g(x) is defined as: g(x) = f(x) + f(4 —x).

2x+1 if 2<x<4
Compute: J- g(x)dkx.
Simplify: () [ f(x)de—[ f(x)dbx— [ f(x)d+ [ f(x) .

(i1) iSf(x)dx—iSf@—x)dx—ij(x) dx—j4f(5—x)dx.

W)
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wn

10.

11.

12.

13.

14.

15.

1 1 1
Prove that -[ x"(1=x)"dx = jx” (1—x)"dx and hence evaluate J-x(l —x)"d.
0 0 0
Evaluate the following definite integrals:
4 1 2 L x
X e -1
(1) xN4—xdx (i1) dx (ii1) -
v([ -(l).\/] —-X J‘l e +1

Let f(x) be a function satisfying f(x)+ f(—x) = x” +x for all x. Evaluate the

dx

definite integral :[ f(x)dx.
3 N 10 10

Let J' F(x)dx = 20, j f(x)dx = 45. Evaluate j f(x)dx.
0 0 3

9 3
Given that: J. f(x)dx=16 and J- f(x)dx=12. Evaluate the integral
0 0

9

[ (2f(x)+5) dx.
If f(4—x)= f(x),show thatjz.f(Zx) dx = jf(x)a’x.
Show thatj(l—x)f(l—xz)dxzjf(l—ﬁ)dx.

If f(a+x)+ f(a—x)=0, show thatTf(x)dx =1,

Show that _[ lf(x)\_ dxzf f(x)dx, where f(x) is an even function. Hence or
+ée 0

—a
a 2

) X
otherwise evaluate J -
l+e

—a

Given the function f(x) satisfies the following conditions:
4

(1) If(X)a’x =12 (i) f(4—x)=f(x) (iii) f(x+2) = f(x)

dx.

5
Evaluate I f(x)dx.

-1
Show that:

/3 T

: . sin x cos x
1 In(tan x)dx =0 i ———dx=0
L @ [

©
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3 3

: x—=2)y +4(x—-2

(iv) I( ) (‘__2()1 )dx =0.
] 1+e”

(iii) Ix m—x) cos(7z—x)dx=0.

16. Evaluate the following definite integrals:
3 2 In2 X

) X i, e
1 ——x il _
@ -[xz +(4—x) ) e 22
17. Find the indicated derivatives:
. d [ siny
1 i) —
0 dt 1+ \f (i) I 14 t“

3.7 Appllcatlon of Definite Integrals

3.7.1 Area Under the Curve

A remarkable result in calculus is that the area under the graph of y = f(x),
where f(x) = 0, can be obtained simply by evaluating the definite integral of
f(x) over the interval [a, b].

If f is continuous and f(x) > 0 over the interval [a, b], then the area 4 of the region
b

under the curve of f fromatobis A= jf(x)dx

Notes: Ny
1. If f(x) £0 on the interval [a, b], then the area bounded
b (07 O) X;
by the curve y = f(x) and x-axis is given by I f(x)dx ﬁu/\Jf
7 Yy k e
or equivalently j| f(x)|dx or equivalently — J f(x)dkx.
Y y Figure 3.1

2. If f(x) 2 0 on the interval [a, c] and f(x) <
0 on the interval [c, b], then the total area
bounded by the curve y = f(x) and x-axis

MY

on the interval [a, b] is

S R

[ fde+

e b
or equivalently [ f(x)dx+ [|£(x)]dx

c b
or equivalently j f(x)dx —j f(x)dx : e
a ¥ igure 3.
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3. If f(x) changes sign at ¢,, c,, ¢, ..., ¢, in(a, b) where ¢, < ¢,<--- < ¢, are
the roots of f(x) =0.

b q
Total Area:_”f(x)‘ dx = If(x)dx + NI

] f(x)dx

j f(x)dx

4. The area bounded by the curve | 5. Area between two curves
x = f(y), the y-axis, the horizontal | If f and g are continuous and f(x) > g(x)
lines over the interval [a, b], then the area 4 of
y=cand y=d (d>c)is givenby | the region bounded by the graphs of f,
g, x=a,and x=bhis

[0y

b
A= [[f(0)-g(x)]dx
ANY a
The above result does not require f(x) or
y=d 2(x) to remain positive over the interval
MY

[a, b]. y
x=/)
y=/®)
& y —¢ >
- > . zj\/\f

y=gx

=

I

Q
WV

Figure 3.3

Figure 3.4
Signed Area and Net Signed Area

b
The definite integral j f(x)dx gives the area between the curve and the x-axis, but

a

the interpretation depends on whether the curve crosses the axis.

e If the entire curve lies above the x-axis, then the definite integral directly
gives the signed area—and it is positive.

e If the entire curve lies below the x-axis, then the definite integral directly
gives the signed area—and it is negative.

e Ifsome part of the curve is above the axis and some part is below the axis,
and we add these areas with their signs (positive for above, negative for
below), then we get the net signed area.

[ (109 )
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Thus:

e Signed area refers to the case when the curve is entirely above or entirely

below the axis.

e Net signed area refers to the result after canceling positive and negative

contributions when the curve crosses the axis.
In both cases, the formula is the same:

b
Signed Area (or Net Signed Area)= j f(x)dx

The result may be:
e Positive (more area above or entirely above),

e Negative (more area below or entirely below), or Zero (equal area above

and below).

Example 57 Find the area bounded by the parabola y = x* — 5x + 4 and the

X-axis.
Solution: Given the parabola: y = x> — 5x + 4
Set y =0 to find x-intercepts:

P=5x+4=0 = (@=Dx=4)=0
So, the x-intercepts are at x =1 and x =4.
The parabola opens upwards (positive leading
coefficient).
Between the roots x =1 and x = 4, y(function) is
negative. The vertical lines are x = | and x = 4, which
are exactly the intercepts.
Therefore, the region bounded by the curve, the x-axis,
and these lines is from x = 1 to x = 4, where the curve
is below the x-axis.

Y/

24

N

- CIVENE (CNUR
D= T I N T T T
-1+
24
34
W
Figure 3.5

Since the curve is below the x-axis from x =1to x = 4, the area is:

4 4 4
Area= [|ydv = [~(x* =5x+4)dx = [ (—x* +5x—4) dx
1 1

1

[ 2, 5 (@ 5@ (o, 5(1)
-[3 : 41 (5w -5 0)

8 _16+11_27 9
3 6 2

The area is E square units.
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Example 58 Find the area bounded by the curves y =13—x"and y = 2x +5.
Solution: First, we find points of intersection of the curves y = 13 —x? and y = 2x + 5 as:
13—x*=2x+5 = 13—x*-2x-5=0= 8—x’—2x=0
=x"+2x-8=0 = x*+4x-2x—8=0
= x(x+4)-2(x+4)=0 = (x-2)(x+4)=0
So,x=—4or x=2
Determine which curve is on the top:
Test x=0:
y(0)=13-0>=13
y(0)=2(0)+5=5

So, y =13—x"is above y = 2x + 5in the interval [—4, 2].

Area = [ [upper —lower]dy = [[(13—x")—(2x+5)]dx

4

3 2
8—x>—2x)dx = {Sx—%—xz} Figure 3.6

4

=[8(2)———2J [8(—4) & 4)]

60— [2 634} 60_8"'364_60_§=60 24 =36 square units

Le—o

The area between the two curves is 36 square units.

Example 59 Find the area of the region bounded by the parabolas y =4 —x* and

Y

y =x*—2x.
Solution: To find the point of intersection
equating both equations.

4—x? =x* -2x

4—x*—x"+2x=0 . X
4-2x"+2x=0 T !
¥ +2x+4=0 i :
. 37 y=4-x
Divide by —2: 4+
x'=x=2=0 \

Figure 3.7
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(x+1D)(x—2)=0

So, x=—1 and x=2

Intersection points: (—1, 3)and(2, 0)

Determine which curve is on top at [1, 2]

Take x =0 € [-1, 2]. Put it on both curves, we have

Test x=0:(0)=4—0°=4 and y(0)=0>-2(0)=0

So, 4—x” > x>—2x forx=0

Thus, f(x) = 4—x"is the upper curve, g(x)=x"—2xis the lower curve.
2 2

Area = [[f(x)—g(x)]dx = [[(4=x") = (x* = 2x) | dx
3 -1

2 2 2
= [@-2¢ +2x)dx=[4x—§x3 +x2:|
—1 -1

= [4(2) —? +22J—(4(—1) —@ + (—1)2j = ? —[—%) =9 square units

3.7.2 Consumer and Producer Surplus
One place in economics where area between two curves is important is in the
calculation of a quantity called consumer surplus and a quantity called producer
surplus.

Demand Function

The demand curve for a commodity shows the quantity |7

consumers are willing to buy at any given price. Let p be »=D(x)

the price that a consumer is willing to pay for a quantity x

of a certain commodity. Then p and x are related to each Demand function
other through the demand function p = D(x). The graph of

the demand function generally slopes downwards, as the | o .
demand for a commodity decreases when its price Figure 3.8

increases; that is, with an increase in price, the consumer
is likely to buy less. [Figure 3.8]

Supply Function /o = S(x)
Let p be the price at which a producer is willing to sell a
quantity x of a certain commodity. Then p and x are
related to each other through the supply function p = S(x).

The graph of the supply function generally slopes SEgply e
upwards, as the supply of a commodity increases when

its price increases; that is, with an increase in price, the 0 x
producer is willing to supply more. [Figure 3.9] Figure 3.9

[ (07 )
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Market Equilibrium

The point where the demand and supply curves intersect is called the market
equilibrium. At this point the quantity that consumers want to buy equals the quantity
that producers want to sell.

If (x,, p.)is the equilibrium point, the quantity |7/
Supply curve

x, is called the equilibrium quantity and the price

p, 1s called the equilibrium price.

. e ) , p.) Equilibri int
Algebraically to find the equilibrium point, we (¥..p.) Equilibrium poin

solve the system of equations formed by the i
demand equation and supply equation. g Xe x

Consumer Surplus (CS) Figure 3.10

Demand curve

Let the demand function be p = D(x), and let x, be the quantity demanded when the
market price is p,. However, some consumers who are unaware of equilibrium price
are willing to pay more than p, for the quantity x, of the commodity. The difference
between what a consumer is willing to pay and what they actually pay is a benefit to
the consumer.

Thus, consumer surplus can be defined as:
3.4 Consumer Surplus (CS)

Consumer surplus is the total benefit gained by | £/

consumers when they purchase an item at the
equilibrium price, rather than at the higher price

Consumer
Surplus

Supply curve

they would have been willing to pay. Equilibrium point
Geometrically, it is the area under the demand | # o o)

Demand curve

curve and above the horizontal line drawn
through the equilibrium point.

1
:
0 X

e

Figure 3.11

Area under demand function Area under equilibrium price
Thus, CS = _

fromx=0tox=yx, fromx=0tox=x,

I Demand functlon J- (Equ111br1um prlce) dx

(=]

].D(x)dx j p.dx I(D(x) p.)dx
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Producer Surplus (PS)

Let the supply function be p = §(x), and let x_ be the quantity supplied when the market
price is p,. However, some producers are willing to accept less than p, for the quantity

x, of the commodity. The difference between what producers actually receive and

what they would have been willing to accept is a benefit to the producer.
The great economist Alfred Marshall called this benefit producer surplus.

3.5 Producer Surplus (PS) A
Producer surplus is the total benefit gained by
producers when they sell an item at the
equilibrium price, rather than at the lower price

Producer

Supply curve

Equilibrium point
they would have been willing to accept. 0 IO A (x, p)e
Geometrically, it is the area above the supply i Demand curve
curve and below the horizontal line drawn |70 )Ic z
through the equilibrium point. Figure 3.12
Thus. PS Area under equilibrium price Area above supply function
o —( fromx=0tox=ux, ]_[ fromx=0tox=x, j

0

I (Equilibrium price ) dx — j (Supply function ) dx
0

Xe

=IPcdx jS(x)dx I(pe—S(x))dx

Consumer Surplus (CS) and Producer Surplus (PS) Formulae
1.  With Respect to Quantity (x)
Let: ¢ p =D(x)=demand price function

* p =35(x) =supply price function

* x_ = equilibrium quantity

* x,= equilibrium price = D(x,)=5(x,)
Consumer Surplus (CS) =area between demand curve and equilibrium price line, from

x=0to x=x,: CS=I(D(x)—pe)a'x
Producer Surplus (PS) = area between demand curve and equilibrium price line, from
x=0tox=x,:PS = I(p S(x))dx

Xe

Total surplus (TS): TS = CS + PS = j (D(x)=S(x))dx

( T
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2.  With Respect to Price (p)

Let: * x,(p)=D"'(p) = quantity demanded at price p
* X(p)=S"(p) = quantity supplied at price p
* P, = choke price (demand = 0 for higher prices)
s P

* P, =equilibrium price

i = minimum price (supply = 0 for lower prices)
Consumer Surplus (CS) = area between p, and p, ,under demand curve x,(p):

Prmas

Cs = [ x(p)dp
P=D.
Producer Surplus (PS) = area between p,, and p,,under supply curve x, (p):
P
PS= [ x(pdp
P=Pumin
3. Summary Table

Surplus | Integration w.r.t. Quantity | Integration w.r.t. price
Xo Prax

cs [ (D)= p, ) [ x(p)dp
0 P=r.
X Pe

PS | (p.=S(x)ex | x(p)dp
0 P=Puin

4. Key Notes

*  Choke price p,,, = D(0) (price whenx =0 in demand).

*  Minimum supply price p ., = S(0) (price when x = 0 in supply)

*  When integrating w.r.t. x, limits are quantities, integrand is price difference.
Example 60 The supply curve for a good is p, = +/16+x. The demand curve is

linear with vertical intercept 73 and passes through the equilibrium point. If the
quantity sold is x. = 33, find the equation of the demand curve( P d).

Solution: Supply curve: p = J16+x
At x, =33, p. = J16+33 =+/49 =7. So intersecting point is (xe, p,) = (33, 7).
Demand is linear p, = mx +c.
Vertical intercept ¢ =73 = p, =mx+73

It passes through (33, 7): 7=m-33+73=33m=—66=m=-2
So, p, =—2x+73.

[ (19 )
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Example 61 If the supply function for a particular commodity is 25p = (x+10)°
and the market price is Rs.64, find the producer’s surplus by two methods:

(i) Integrate with respect to x (i) Integrate with respect to p
2
Solution: Given:  25p=(x+10)* = p= %

At p, =64:25 x 64=(x,+10)° = (x,+10)*=5"x &
Take positive root: x, +10=5x8 = x,+10=40 = x, =30
Method (i) Integrate w.r.t. x

b Al (xr10y (x+10)* "
PS—_!:(p p(x))dx-_!;[64 el } [64 ST l

3 3
= 64><30—M — 0—£ =1920—(4O) (IO) =1920—-840 =Rs. 1080
75 75 75 75

Method (ii) Integrate w.r.t. p
From:25p=(x+10)> = x+10=5/p = x=5p-10
Find p, ., when x=0:

0=5/p-10 = 5/p=10 = p=% = Jp=2 > pu.=4

Do 3/2
PS = [ x(p)dp= I(Sf 10)dp = { 5/2—1019}[?1?”—1019}

Prin

{E(M)M—10(64)}[?(4)3’2—10(4)} [ 8% - 640} [1;)( )”—10(4)}

:_51320 —?—640 +40 _—512(;_80 —600 —&;0—600— 1680—600 =1080

Both methods give PS = Rs.1080.
3.7.3 Solids of Revolution

The volume of an object plays an important role in many problems in the physical
sciences. In this section, we consider methods for computing volumes of solid of
revolution.

If a region in a plane is revolved about a line in the plane, the resulting solid is a solid
of revolution, and we say that the solid is generated by the region. The line
about which we revolve is an axis of revolution. In particular, if the region shown
in Figure 3.13(a) is revolved about the x-axis, we obtain the solid illustrated in

[ (113 )
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Figure 3.13(b). If a plane perpendicular to the x-axis intersects the solid shown in

Figure 3.13(b), a circular section is v y=f(x) x=b
obtained and volume in this case TX —a - rotate
can be found by disk method

which is explained below in |9] ¢ b x
theorem 3.10 and 3.11.

Figure 3.13(a)
Let f be continuous and non-negative on [a, b], and let R be the region bounded by the

graph of y = f(x), the x-axis and the vertical lines x = a,and x = 5. The volume V of
b

the solid of revolution generated by revolving R about the x-axis is V' = j;r [ f(x)]2 dx.

Similarly, let g be continuous and non-

negative on [c, d], and let R be the region
bounded by the graph of x = g(x), the y-axis Z
and the horizontal lines y = ¢, and y =d. The =0
volume V of the solid of revolution
generated by revolving R about the y-axis is ‘[r—r=c,

V—]{ﬂ'[ ( )]zd rotategl'_. A
S ELENG Figure 3.14
Volume of Solid of Revolution by Cross-sectional Method

Let S be a solid that lies between the planes P, and Py. If the cross-sectional area of S
in the plane P, is A(x), where A4 is a continuous function, then volume of S is

V:le(x)dx

Example 62 A solid has a circular base of radius 2. Parallel cross-sections
perpendicular to the base are equilateral triangles. Find the volume of the solid.

Solution: Let us take the circle x> + y* = 4. The solid, its base, and a typical cross-
section at a distance x from the origin are shown in Figure 3.15 (b).

Y4 C

y=v4-x’

IV

Ex/?y

60° — 609
A A Yy D ¥y B
(a) The solid (b) Its base (¢) A cross-section
Figure 3.15

[ (113 )
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Since B lies on the circle, we have y =+/4—x" and so the base of the triangle ABC is
|AB|=2y . Since the triangle is equilateral, we see from the Figure 3.15 that its height

is V3 y. Therefore, the cross-sectional area is
A(x)= % (Base)(Height) = % 2y-By
=\/§y2 :\/5(4_)(2)

and the volume of the solid is

4 =_2[A(x)a’x= j;\/g(4—x2)dx=\/§{4x—x?3:|z

=3 {[4(2)—%]—(4(—2)— (_?3 ﬂ _ 3 [8—§+8—§} - 323‘5 T

Example 63 Find the volume of the solid obtained
by rotating the region bounded by y=x", y=64, | ;=64

AY

and x = 0 around the y-axis.
Solution: Since the axis of rotation is the y-axis, we
write the curve y=x" in the form of x=y"". The |x=0—

region and the solid with a typical disk are sketched
in the Figure 16. Using the Formula

d :
V:Iﬂ[g(y)]zdy with ¢ =0, d =64 and /0
g(») =", we have Figure 3.16
64 , 64 3 64
V= J‘ﬂ(ym) dy =ﬂjy2/3dy =”[§ ym}
0 0 0

30727 ) )
cubic units

3 5/3 3 375/3 3 5 3
=?ﬂ[(64) —0]:%’[(4) ]:%(4):%(1024):

Example 64 A cone is formed by rotating the straight line y = 2x around the x-axis
from x =0 to x = 5 cm. Find the volume of the cone.

Selution: The volume V of a solid formed by rotating y = f(x) around the x-axis from
b
x=ato x=his: V:Iﬂ[f(x)]zdx

Here f(x)=2x,a=0andb=>5.

[ (13 )
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S

5 5 s 3
So, V= ﬁj (2x)*dx = 71'“. dx*dx = 47rI x’de=4n [x?}
0 0 0

3
3 3 3
Example 65: A mug is designed by rotating the line y=3x+1 around the

x-axis from x=0to x =4 cm. Find the volume of the mug.
b

Solution: The Volume V is given by the formula: V' = I;z[ f()c)]2 dx

a

0

~523.6 cm’

Here f(x)=3x+1,a=0,and b=4

[ 4 9x*  6x° f
4 =iz'J‘(3x+1)2dx=n'J‘(9x2 +6x+1)dx=7r|:7+7+x}
0 0

0

= [ 3¢ +35 +x || =2 (3(4) +3(4)* +4)—(0) | =7[192+48+4]=2447 e’
¥ EXERCISE 3.6 _J

1. Find the area of the region that is above the x-axis, but below the curve
y=&-2)3-x.
1. Find the total area and the signed area between the graph of y =x’ —4 and the

x-axis over the interval (i) [-3,—-1] (ii) [-3,3].

2. Sketch the region bounded by the given curves and find the area of the region.
() y=2x y=x’ (i) y=vx,y=x
(i) y=x*=2?, y=1=x" (iv) y=x"andy=|x|.

3.  Find the area of the region bounded by y = |x—3|,x=2,x=4 and the x-axis.

4. Find the area bounded by the parabola y=x"—6x+8,x=2,x=4 and the
X-axis.
Find the area bounded by the parabola x =9 -7, and the y-axis.

6.  Find the ratio of the areas of the regions bounded by the parabola y = x* —4x+3
and the coordinate axes.

7. For the function f(x) = 2x over the interval [0,3]:

(a) Find the signed area (b) Find the total (physical) area
(c) Explain why they are equal in this case.

8.  Find the area of the region bounded by the curve y = (x — 1)(x + 1)(x —2) and the
X-axis.

[ (19 )
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9. Find the area of the region bounded by the line y=x+1 and the parabola
y* =2x+10.

10. The demand function is p = 30 — 2x — x? and supply function is p = —6 + 4x + x°.
Find consumer’s surplus and producer’s surplus.

11. At equilibrium, the quantity sold is x.= 4 and the price is p. = 16. Consumer’s
surplus is 16 and producer’s surplus is 8. Both the demand and supply curves are
linear. Find the demand function D(x) and the supply function S(x).

12. The supply function is p = In(x + 2) and the quantity sold is x.= 2. Consumer’s
surplus is 6 — 2 In 2. Find:

(a) Equilibrium price (b) Linear demand function p = a — bx.

13. Ifthe demand function for a particular commodity is p = 100 — 2x and the market
price is p. = Rs.64, find the consumer’s surplus using two methods:

(a) Integrate with respect to x. (b) Integrate with respect to p.

15. Find the volume of the solid obtained by rotating the region bounded by the given

curves about the indicated axis.

(i) y=x*x=2, y=0; x-axis (i) x+y=2,x=0,y=0; x-axis
(ili) y=+x—5,x=6,x=8,y=0;x-axis (iv) y=x">—2x,y=0; x-axis
3.8 Applying Concepts of Integration to Real-Life World

Problems
3.8.1 Moment of Inertia
Definition: The moment of inertia of a single particle of o(m)
mass m about an axis AB is defined to be mr®, where r is r
its distance from the particle to the axis 4B. For a system of :
particles m,,m,,...,m, placed at distances #,n,....r, J R B

respectively from a given axis, the moment of inertia of the Figure 17
system is defined as

n'n

2 2 2 _ 2
my~ + mpy A+ - +mr, = Zm,.r,.

The moment of inertia of a rigid body having continuous matter is:
limg, > r*-0m =Ir2 dm
the integral being taken all over the body.
1.  If the moment of inertia of a body of mass M about any axis be MR*, then R is

called the radius of gyration of the body about that axis.
2. The above definitions and the following two theorems enable us to determine
the moment of inertia of many other bodies.

[ (3 )
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Example 66 A uniform Rod of Length 2a:
Find the moment of inertia of a uniform rod of length 1Y
2a and mass M about a line through one end and

perpendicular to the rod. y — dx | i
Solution: Let M be the mass of a uniform rod 4B of P 0
length 24, then the mass per unit length of the rod Figure 20

s —-
2a

Let us consider an element PQ of length 6x at a distance x from the line AY. Let AY
be a line through 4 and perpendicular to AB.

. M
.. Om = Mass of an element PQ = (Mass per unit length) x (dx) = o XOx
a
The moment of inertia of this element PQ about the line AY is
xX’om=x’ -%-(5)6
2a
Thus, the moment of inertia of the whole rod about AY is

2a a 2a
]xz%dxzﬁzfxzdxzﬁ Xl _M@ay O M) 4, .
" 2a  2aq 2a| 3 2a\ 3 3 ) 23 ) 3

0

Example 67 A Uniform Rectangular Lamina:
Find the moment of inertia of a uniform rectangular lamina about a line through the
centre and parallel to a side.
Solution: Let O be the centre of the rectangular lamina ABCD with AB =2a,BC =2b
and M be the mass of this lamina.
Mass M M ‘
Area  (2a)(2b) 4ab
Let OX be a line parallel to 4B about which the
moment of inertia is to be required. Take an 2 i
elementary strip PQ of breadth ox perpendicular to

. e—x B
OX at a distance x from O. 0 o
.. om =The mass of this elementary strip

Then the mass per unit area (density) is

<

_ M M 4
= density x area = 4f‘b(2b-5x) = z—aé'x. Figure 22

The moment of inertia of this strip about OX is

¥ M. b .
om-— =—90x-— by previous example.
3 2a 3

[ (119 )
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Thus, the moment of inertia of the rectangular lamina about OX is
h M_b2 _Mb® ¢ Mb’ Mp’ (a (—a))
*2a 3 6a * 6a 6a

[1ax= [x]°, =
Hence the moment of inertia of the rectangular lamina about a line through the centre

and parallel to the side with length 24 is %sz.
3.8.2 Distance, Velocity, Acceleration

Suppose a particle is moving along a straight line with position function s(f) velocity
function v(7), and acceleration function a(¥), Since s'(f) = w(¢), the Fundamental
theorem of Calculus gives:

) .

[v@ydi = [s'@)ydr =[s)]? = 5(1,) - (1) ()
1‘] 1
Similarly, since V'(¢) = a(t), the Fundamental Theorem of Calculus gives:
t2
j a(t)dt =v(t,) —v(t,) (2)
1
If we want to calculate the distance traveled during the time interval [#,, ,], we have
to consider the intervals when v(f) > 0 (the AY
particle moves to the right) and also the W)
intervals when w(#) < 0 (the particle moves to
the left). In both cases the distance is computed 4, m
by integrating | v(7)|, the speed. Therefore, total ’

ol ¢ Lot
distance traveled = j.v(t) dt. w
L)

Given figure shows how both displacement Figure 23

and distance traveled can be interpreted in terms of areas under a velocity curve.
)

Displacement = J. v()dt =4, — A4, + 4,

Ul

5]
Distance = J.v(t) di=A + A, + 4,

4

Example 68 A particle moves along a straight line with acceleration a(r) = 61 —
18(m/s?) and initial velocity v(0) = 15 m/s.

(a) Find the velocity function v(f).

(b) Find the displacement of the particle during 0 <7< 3.

(c) Find the total distance traveled during 0 <7 <3.
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Solution: (a) Find v(7)
We have a(f) = 61— 18
Velocity is the integral of acceleration:

1 1 5
o) = [a(e)di = [ (61 -18)dt =65 ~181-+c =3¢ ~181 +c
0 0

where c is constant of integration.
As v(0)=15m/s
So, v(0)=3(0)>—18(0)+c
Hence v(f) =3t* —181+15

(b) Displacementon 0<7<3

3
S=j(3z2 —18¢+15) dt =[£ =9 +15(];
0

=27-81+45=-9 This means that the particle moved 9 m to the left.
(c) Total distance traveled
Note that v(¢) =3(t* —6¢+5) =3(t —1)(1 —5)
and so v(7)=0 on the interval [0, 1] and v(7)<0 on [1, 3]. Thus the total

distance traveled is
1

j| V(o) | dt=j| v(t)|dt+j'| (1) | dt =jv(t)dt+j(—v(z))dt

0 1

1 3
=[G =18+15) dt —[(3* ~18t+15) dr
0 1

=[£ —9¢ +15¢], — [ —9¢ +15(];
= [(1—9+15)—(0)] —[(27—-81+45)—(1-9+15)]
=7—-(-16)=7+16=23m
Example 69 Growth rate of population: A town’s population growth rate (in
people per year) is given by
P'(f) =5000 +200¢

where 7 is the number of years after 2020. If the population in 2020 (¢ = 0) was
100,000:

(a) Find the population function P(f)  (b) What will the population be in 20307
(c) Find the total population increase from 2022 to 2028.
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Solution Given
A town’s population growth rate is
P'(t) =5000+200¢ people/year, ¢ = years after 2020,

P(0)=100,000

(a) Population function P([) (b) Population in 2030

' 2030 >t =10 (i.e. 10 years)
P(t)= [ P(t)dt = [ (5000+2007)dr P(10) = 100000 + 5000(10) + 100(100)
P(1) = 50007 + 100 + C = 100000 + 50000 + 10000
Given P(0) = 100000 = 160000 people
100000=0+0+C = C=100000
P(r) = 100000 + 50007 + 100

(¢) Population increase from 2022 to 2028
2022 —» ¢, =2 and 2028 —¢, =8

Increase = P(S) - P(2)
P(S) =100000+ 5000(8) +100 (64) =146400

P(2)=100000+5000(2)+100(4) =110400

Increase =146400—110400=36000 people
3.8.3 Average Value of a Function

finition: If f is continuous on [a, b], then its average value on [a, b] (also |
b
called its mean value) is f,, = % I f(x)dx.
=

-Example 70 Find the average value of the function f(x) = x* + 2 over the interval
-1, 2].
Solution: With a=—1 and b =2, we have

|

b 1 2 , 1[4 2
o ZE;[f(x)def“ = 2_(_1):[1(15 +2) dng{x?+2x}]

=1H2—3+2(2)]—[(_1)3+2(—1)H =1(§+1+4+2J=1(g+6j =3
30 3 3 33 3 33

Thus, the average value of f(x)=x"+2 over [-1, 2] is 3.

Example 71 A temperature sensor moves slowly along a 10-meter track,

continuously measuring temperature. The temperature at position x is given by
T(x)=20+x, where T(x) isin °C

Find the average temperature measured by the sensor as it moves from x=0 to

x =10 meters.
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Solution: Function: 7'(x)=20+x, Limits are from x=0 to x=10.

1 10
Average Temperature =—— | (20+x) d
ge Temp e 0{( x)d

=l[2ox+x—z} =1H20(10)+ﬂ)—{20(0)+gﬂ =25°C
10 2| 10 2 3

3.8.4 Drug Dosage Required by Integrating Concentration

Core Concept: Drug Concentration and Integration
Think of fighting an infection as a battle between the drug and the bacteria.

(Drug Concentration C(¢) : This is like the "number of soldiers" in your bloodstream at time f .\-

Right after a dose, you have many soldiers. Over time, the body removes them
(metabolism/excretion), so the number decreases.

Minimum Inhibitory Concentration (MIC): This is the minimum number of soldiers needed to
hold the battlefield and prevent the bacteria from growing. If the number of soldiers drops below
this, the infection can start winning again.

Area Under the Curve (AUC): If you imagine a graph of "number of soldiers" (concentration) vs.
time, the area under that curve represents the total fighting effort over time.

A short time with many soldiers might give the same total "fighting effort" as a long time with fewer
soldiers.

This "total fighting effort" (AUC) is what matters for killing the bacteria effectively.

Why Integrate?

Integration is just a way to add up the total "soldier-hours" (concentration x time).

If C(¢) is concentration at time t, then:

AUC = j C()dt

This AUC (Area Under the Curve) measures total drug exposure.
Doctors know from experiments:

e If AUC is too small — drug won’t work well.

e If AUC is too large —> risk of side effects.
(So they calculate the AUC to decide the right dose and frequency. )

Example 72 Basic AUC Calculation
A patient is given an intravenous dose of an antibiotic. The concentration in the
bloodstream over time is modeled by:
C(t)=8e"""(mg/L) where 7 is in hours.
(a) Find the total drug exposure (AUC) from #=0 to # =6 hours.
(b) What is the AUC from 7 =0 to infinity?
(c) If the minimum required total exposure over the first 6 hours is 40mghr/L, is

the drug exposure from this dose sufficient for a 6 -hour treatment?
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Solution: (a) AUC from 7=0to 7=6:

2 —0.15¢ 7°
AUCO%& = j8e4l.151 dir =8 (4 _ 8 (670_15%) _e(’)
0 —-0.15], —0.15

=%(l—e4’-9) = 53.333%0.5934 ~ 31.65 mg - hr/L

(b) AUC from ¢ =0 to infinity:

a5 —0.15¢ ™
AUC, ,, =8¢ dr8 = -8 (1-0)=5333 mghr/L
g ~0.15 ], 0.15

(¢) Required total exposure over first 6 hours =40mg-hr/L
Actual AUC from =0 to t=6=31.65mg-hr/L
31.65<40
Conclusion: No
The drug exposure from this dose over 6 hours is insufficient to meet the required
minimum of 40 mg-hr/L

¥ EXERCISE 3.7 _J
1. Find the moment of inertia / of a uniform rectangular plate ABCD about the edge
AD when AD =3, AB =8, BC =3, CD = 8 and the mass per unit area is 4.
2.  Find the moment of inertia of a uniform triangular lamina about its base.
3. A particle moves along a straight line with acceleration a(¢) = 12¢— 36 (m/s?) and
initial velocity v(0) = 30 m/s.
(a) Find the velocity function v(z).

(b) Find the displacement of the particle during the time period 1<7<6.
(c) Find the distance traveled during this time period.

4. A particle moving along a coordinate line at time # =0 is at a position 2c¢m from
the origin and traveling at a velocity of 5c¢m/sec. If the acceleration of the

particle is given by: a() =3—4(t+2)". Find the velocity and the position of the
particle as functions of .
5. A projectile is launched vertically upward from an initial height of s, feet with

an initial velocity of v, /t/s. Neglecting air resistance, show that its height s(7)

) . 1 .
above the ground at time 7 is given by s(7) = —Egt2 +v,t+s, where, g >0 is

the magnitude of the acceleration due to gravity.

[ (29 )




. Mathematics-12

6.

10.

11.

12.

In a bacterial culture, the growth rate is proportional to the number of bacteria
present. Initially there are 200 bacteria. After 2 hours, there are 1800 bacteria.
(a) Find the number of bacteria at time 7 hours.

(b) How many bacteria will there be after 4 hours?

The rate of population growth of a small city (in people per year) is modeled by
P'(f) = 800 + 60¢, where ¢ is the number of years after 2025. If the population in
2025 (¢ = 0) was 25,000 people:

(a) Find the population function P(7).

(b) Estimate the population in 2035.

(c) Calculate the total population growth from 2028 to 2033.

Find the integer b such that the average value of f(x)=2+4x—3x" on the

interval [2, b] equals —7.

2
Let f be continuous, I f(x)dx =5.1fthe average value of f on [O, 4] 1s twice the
0
4
average value on [0, 2], ﬁnd_[ f(x)dx.
2
3
Let f be continuous, and suppose: I f(x)dx =8.1f the average value of f on
1
4
[1, 4] is three times the average value on [3, 4], find I f(x)dkx.
3
2 4
Let f be continuous and suppose: I f(x)dx=10and .[ f(x)dx =6. If the average
0 2

4
value of f on [0, 3] equals the average value on [3, 4], find I f(x)dk.
3

A patient receives an IV bolus dose of a drug. The concentration in the blood is
modeled by:

C(t)=12¢e"" (mg/L) where t is the time in hours since that dose was taken.
The minimum effective concentration (MEC) is 3 mg/L. The drug is considered
effective if total AUC in a 24-hour period is at least 150 mg-h/L.

(a) Find the time T (in hours) when the concentration reaches the MEC.

(b) Calculate the AUC from #=0 to ¢ = T for a single dose.

(¢) Determine if one dose provides enough total AUC over 24 hours. If not,

how many doses (given at intervals of T hours) are needed in 24 hours to

meet the requirement?
127 )
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13. A patient takes a drug every 8 hours. The single-dose concentration (in mg/L)
is C(f) =127 where ¢ is time in hours since that dose was taken.
(a) Understanding Contributions
If the patient takes doses at =0, t =8 and 7 =16. Write the contribution from
each dose separately at time 7 =10 hours. Then write the total concentration at
t=10.
(b) Common Mistake
A student calculates concentration at =10 as12¢**"" ~1.624 mg/L.
What is wrong with this calculation?
(c) Just Before V/S Just After a Dose
Calculate
(i) Concentration just before the third dose at £ =16 hours.
(i1) Concentration just after the third dose at 7 =16 hours.
(d) General Formula
Write the general formula for C,, (¢) for 16<7<24, ie., after 3 doses

have been given.




Differential Equations ’

INTRODUCTION

The idea of differential equations was first proposed by Isaac Newton and Gottfried
Leibniz during the development of calculus. The term “differential equation” was
introduced by Leibniz in 1676. In the 18" century, mathematicians like Euler and
Lagrange made significant contributions to the theory of these equations. Over the
centuries, research conducted by hundreds of mathematicians, physicists, economists,
chemists and other scientists around the world has broadened the range of applications
and methods to solve differential equations.

For example, if a particle covers a distance s in time 7, then its velocity v and
acceleration a can be represented by the differential equations as follows:

_ds _dv

d dr

To begin our study with this important topic, we will first define differential equation
and classify their various types.

% and a

4.1 Differential equations: Definition, Order and Degree

An equation that involves at least one derivative of a dependent variable with respect
to an independent variable is called a differential equation and this particularly called
ordinary differential equation. For example:

Ldy . .. dy a’yj2 dy d’y
—+ = +xy| = | =0 1/ e
(1) d ycosy=sinx (11) : xy[dx (111) PR

X

2

3 2 2
(iv) foﬂ:cos(%j ) J@%{%j =siny (iv) %+%=0
The order of a differential equation is the order of the highest derivative that appears
in the differential equation. For example, the order of the equations (i) and (v) is 1, the
order of equations (i1) and (ii1) is 2, whereas equation (iv) has order 3. A differential
equation of order 1 is called first-order differential equation, such as (i) and (v).
The degree of a differential equation is the greatest exponent of the highest-order
derivative appearing in the differential equation. For example, differential equation (v)

is a polynomial in % , and its degree is 2.
X
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4.1.1 Construction of First-Order and Differential Equations from

Practical Situations

First-order differential equations model problems where the rate of change of a quantity
depends on the quantity itself or on time. For example, motion of a particle, population
growth or decay, Newton’s law of cooling or heating, electric circuits, economic
models and radioactive decay etc.
Example 1 Population Growth/Decay
Solution: The rate of change of population is proportional to the population itself.
Mathematical Model:
Let P represent the population at time ¢ . Since the rate of change of population is
proportional to the population at that time, we can write:

d—P o« P

dt
If k is the constant of proportionality, this becomes:

dP
di
This is a first order differential equation.
Observation: From this equation, we observe:

(1) If k& >0, the population increases (growth).

(i1) If k£ <0, the population decreases (decay).

(ii1)) If k=0, population remains constant.
By solving this differential equation, we can find the population at any specific time ¢.
Example 2 Temperature Problem (Cooling/Heating Law)
Solution: Let 7 represent the temperature of a body at time 7, and let 7 be the

kP

constant temperature of the surrounding medium. According to Newton’s law of
cooling (or heating), the rate of change of body’s temperature with respect to time is
proportional to the difference between body’s temperature and the surrounding
temperature.
Mathematical Model:

T o 1,-1)

dt
Introducing a constant of proportionality k> 0, the relation becomes:

dT
— =k (I,-T
o =k s =T)

This is the required first ordered differential.

[ (23 )
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Observations: (i) If 7 < T, the body is warming up and C;—{ is positive.

(i) If T > T, the body is cooling down and C;—T is negative.
iz

By solving this differential equation, we can find the temperature 7 in the body at any
time 7.
Example 3 Inflation/Deflation Problem in Economics
Inflation means the price of goods is increasing over time, while deflation means the
price of goods is decreasing over time. In this example, we construct a first-order
differential equation to describe how the price of a good changes over time due to
inflation or deflation.
Solution: Let P represent the price of a good at time 7. We assume that the rate of
change of price is proportional to the current price.
Mathematical Model:

ar oc P

dt
Let k be the constant of proportionality representing the rate of inflation or deflation,
then the desired differential equation can be written as:

dP

—=kP

dt

Example 4 Flow of Electricity in Series Circuits

In daily life, many problems involve the current flowing in series circuits. Here, we

discuss two simple cases connected to first-order differential equations.

(i) Charging a Capacitor Through a Resistor (RC Circuit Model)

Solution: An RC circuit consists of a
” : . Swithe R

resistor of resistance R ohms and a capacitor

of capacitance C farad connected in a series = i —VVVv—

with a DC voltage source of constant emf V' IcTrging’ q
volts. The.initial current is assumed to be Vsl+ Ctﬂ 6’)
zero (see Figure 4.1). e == ¢
At time ¢ = 0, the switch is closed, and the a
capacitor begins to charge. Let ¢ be the —
charge on the capacitor at time 7, and / the = i
current flowing through the circuit. Figure 4.1
Mathematical Model:
The voltage across the capacitor is:
q
Ve c
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According to Ohm’s law, the voltage across the resistor is:

V,=1IR
By Kirchhoff’s voltage law, the sum of voltages across the resistor and capacitor equals
to the total voltage from the battery. The source voltage denoted by V that is given as:

Ve=V +Ve

V.=Liv, =L+ R
c c

N d. .
Substituting / = i, the equation becomes:
R 2 +1- Vs
dt C
or simply,
RC gq_ Cv, —
dr s~ 4

(ii) Charging an Inductor Through a Resistor (RL Circuit Model)
Situation: An RL circuit consists of a resistor

of resistance R ohms and an inductor of i P
induction L henries connected in a series with
a DC voltage source of constant emf V; volts.

The initial current is assumed to be zero (see
Figure 4.2).

At time 7 =0, the switch is closed and the
inductor begins to charge. Let / be the current
flowing through the inductor at time 7.
Mathematical Model

The voltage across the inductor is:

Figure 4.2
V,=L ar
dt
According to Ohm’s law, the voltage across the resistor is:
Ve=RI

By Kirchhoff’s voltage law, the sum of voltages across the resistor and inductor equals
to the applied voltage:

Vs =Vt Vg
Lﬂ-lv RI =V,
dt
In this way, differential equation is:
4 a =V,=RI
dt

[ (27 )
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¥ EXERCISE 4.1 _J

1. Write the order and degree (if defined) of the following differential equations:

L dy _dy dy . (d»Y dy
+792 9 Y 0 & -1
(1) T 22 xyd +x? y= (i1) T +a’x

... dy . (dy y dy .
(111) T +s1n[$J=0 (iv) a+e~ sin(x)=0

1
2,3
(v) cosx(zxfj +% +y=0

2.  Let A denote the amount of money deposited in a bank at time #, which grows
over time with constant compound interest rate » > 0. Construct a differential
equation which represents the growth of amount over time.

(Hint: The rate of change of amount with respect to time is proportional to amount
itself).

3. Let T denote the temperature of a body at time 7. Suppose that the effect of the
surrounding medium is negligible. Construct a differential equation that
represents the temperature of the body at any time 7, assuming the body is losing
heat due to some internal processes.

4. An object of mass m is thrown vertically upward. Assuming that the air
resistance is proportional to its velocity at any time 7, construct a differential
equation representing the velocity v. Also, deduce the equation in the case when
air resistance is negligible.

5. Let N denote the amount of radioactive substance present at time 7. Construct a

differential equation that models the radioactive decay of the substance.
Hint: (Radioactive decay is a natural process by which an unstable atomic
nucleus loses energy by emitting radiation. The rate at which a radioactive
substance decays is proportional to the amount of the substance present at any
given time).

6. For an RC circuit, recall the differential equation representing the charging of a
capacitor. Deduce the differential equation that represents the discharging of the
capacitor.

7. For an RL circuit, recall the differential equation representing the charging of an
inductor. Deduce the differential equation that represents the discharging of the
inductor.

[ (29 )
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4.2 Solution of First-Order and First-Degree Differential

Equations
General form of the first order and first degree differential equations.
dy
Y = X,
a fx,p)

where fis a function of two variables x and y, defined on some region of the xy-plane.
It is always possible to write the above equation in differential form as follows:

M (x, y)dx + N(x, y)dy =0
where M (x, y) and N(x, y) are the functions of x and y.

Examples: ) Z=FtY o (o it =p)ay=0
dx y—x
dy

) x
il —=—— or xdx+ydy=0
(i1) R ydy

A solution of a differential equation is a function defined on some interval / that reduces
the equation to an identity. A condition of the form

y =Y, at x=x, written as y(x;) =y,
is called an initial value condition or one point boundary condition. A differential
equation together with an initial value condition is called an Initial Value Problem (IVP).
4.2.1 Separable Differential Equation

A first-order, first-degree differential equation is called Separable if it can be written as:

D _gh() o gdv=——dy

dx h(y)
For example, the differential equation ? —=2 1 separable can be written as
X y
vdy =—xdx . However, the differential equation ? e is not separable.
k y—x

Method to Solve a Separable Differential Equation
Note that the separable differential equation:

P
= 8AE)

can be written as: Ldy =g(x) dx
h(y)

Now, integrate both sides:
1
——dy=|g(x) dx
I h(y) I

By solving the integrals on both sides, we obtain the general solution of separable
differential equation.

[ (29 )
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Example 2 Find the general solution of the differential equation xdx+ ydy=0.
Solution: The given differential equation is separable. It can be written as:
ydy=—xdx
Integrating both sides:
j vdy= —dex

2 2
X
LfeZie

2 2
= y=—x"+2c

; . : ; c ;
Since the constant c is arbitrary, it can be replaced by =" Hence, the general solution

of the given differential equation can be written as:
X'+ y=c
Example 3 Find the general solution for the differential equation x*(2y +1) ;ﬂ =1=0
X

Solution: The given differential equation can be written as:
&__ 1
dx  xX*(2y+1)
By separating variables, we have
Qy+D) dy= Lz dx
-
Integrating both sides we get:

j(2y+1)dy:jx—12dx
=> 2Iydy+de:Ix’2dx =5 y2+y:—l+C
X

2 1 . . . .
Hence, y"+y+—=C represents the general solution for the given differential
X

equation where C is an arbitrary constant.

4.2.2 Homogeneous Differential Equation

A first-order, first degree differential equation is called Homogeneous if it can be
written in the form

@ _ [z
dx X
Y. ; .y dy X +xp° .
where F| = | is a function of the ratio = only. For example, ——=——=—1is a
x x dc y —-x"y

[ (139 )
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homogeneous differential equation because, it can be written as:
2
3 2

X +xy 1+ [ y J

dy x X Y

e 3 =F| -

BN R

3 B I e

X X X

On the other hand, the differential equation % =x+ y is not homogeneous because

x+ y cannot be expressed as a function of 2.
X

Method to Solve a Homogeneous Differential Equation
The homogeneous differential equation:

d

L4 :F[Xj (D)

dx X

can be converted into a separable differential equation in variables x and v by
making the substitution:

y=vx 5 ol
Differentiating both sides of equation (2) w.r.t x:
4 =Y+ L +4(3)
dx dx

Substituting the values of Y and ? from equations (2) and (3), the equation (1) can
X X

be written as:
dv
v+x—=F (v)
dx
Rewriting, we obtain:
dv

x—=F(v)-
o (v)—v
It becomes separable differential equation.
1
dv = 1 dx
F)—v X

On integrating both sides:

1 |
'[F(v)—v dv= I;dx

By solving integrals of the above equation and then substituting back v = s , we obtain
X

the general solution for the homogeneous differential equation (1) .

[ 19 )
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Note

If the equation %= f(x,y) is homogeneous, then on substituting y = wx, Q is replaced by
dx

d
v+ x = and f(x, y) can easily be simplified by replacing x with 1 and y with v. For example, in
dx

dy x+y dv 1+v
== , replacing X with 1 and y with v, in the right-hand side, we get v+x—=——
dc y—x v—1
"
. ) ) . . _dy x+y
Example 4 Find the general solution of the differential equation — =——.
dx y—x
Seolution: The given differential equation is:
dy x+y
e (1)
dx y—x

; . X+ :
Note that every term of the numerator and denominator in f(x, y) = Y is of degree

1. Thus, the differential equation (1) is homogeneous. On substituting y = vx, we have:

v x+w 1+v dv 1+v
V+x—= =— = xX—=—-v
dx w—x v-1 dc v-—1
e 2 J—
@: v +2v+1 _ 7v 1 dv=ldx
dx v—1 —v +2v+1 X

Integrating both sides we get:
-1 1
[l [La
x

—v? +2v+1
2v+2 1 2
- ——j dv=In|x|+In|c] = ——1n|—v +2v+1‘:ln‘cx‘
2 +2v+1 2
= ln|—v" + 2v+l’= —2]11‘cx| = ln‘—v2 +2v+l|= ln|cx’_2
= |—vz+2v+l‘= —
c°x

Substituting v= Y back in the above equation:

2 —y* +2xp+x°
y y Y orixy+x 1
+25+] = =
x x c’x? x’ e %
1
= |—y“+2xy+)c2 :C—2 = =y +2xy+x ==
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Renaming the arbitrary constant as ¢#0, we get the required general solution of the
given differential equation as follows:
—y? +2xp+x°=c or x*+2xy—y’=c

Example 5 Solve the differential equation xsin [ZJ dy— { ysin [Z] - x} dx=0.
x %
Solution: Rewrite the given differential equation as follows:

ysin[y]—x ysin(y]—l
dy _ X X X

dx xsin[yj sin (yj
X X
Y

Note that the right-hand side of the above equation is a function of — form only. Thus,
X

it is a homogeneous differential equation. On substituting y = vx, we have:
dv  vsinv-—I

VHExX—=——
dx sinv
dv  vsinv—1 vsiny—1—vsiny 1
= X—=— —v= - =
dx sinvy sinv sinv
. 1
= —sinvdv=—dx
X
Integrating both sides:

J.(—sinv)dv=jldx = cosv=In|x|+In|c|
x

Replacing v by 2 in the above equation, we get the general solution for the given
X

differential equation as follows:

cos(zj =In cx|

X

¥ EXERCISE 4.2 _J

1. Which of the following differential equations are separable and which of them are

homogeneous?
(1) x?zl-l—y (i) x*Qy+D)dy—dx=0
53
2 2 : dy xX—y
(i) Qxy+x)dy—y-dx=0 (iv) d_:e '
A4

dr . dy

—+k (T-T)=0 —=] -1 ; x>0, y>0
(v) 7 (Ir'-T,) (vi) r n(x)=In(y); x>0, y

[ (133 )
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Find the general solutions of the differential equations given in problems (2 to 21):
1

—_v2\2
2. @z[l y) 3. Q:e“’ 4, Q:\/)_;cosz\/;

dx | 1-x° dx dx
5. Rk 6. ﬂ=2x\/l—y2 7.
dx dbx
dy _ 1+x
dx  (1—-x)(1+x%)
dy dy
8. xdx+(1-x)dv=0 2, —x—=2( 2+—J
(I=x")dy yoE =AY A
10. sec’xtanydx+sec’ ytanxdy=0 11. (e +e ) dy+(e™ —e™)dx=0
12. xsinxdr+Inydy=0 13, ﬂzcosz[l}rl
dbx X)) x
14. (¥’ +2x0)dx+x’dy =0 15. (x> +3y")dx—2xydy =0
2 2 2 dy ~=
16. (X +xy+y )dx—xdy=0 17. xd—:xe *+y
X
4 3
18, x&_py X try 19. y—x@=3(1+xd—yj
dx V=X dx dx
20. ydx+xdy=0 3, 2,29 _,
dc 2y+1
Solve the initial value problems (22 to 25):
22. ﬂ—x:xyz;y(O)zl 23. §+2st=0;s:4ewhent=0
dx dt
24, (y+\/x2+y2)aﬁ/—xdy:0;y:0whenx:0 25. Z_yzﬂ_y; y()=1
X

4.3 Applications of First Order Differential Equations in
Real-Life Problems

First-order differential equations play a vital role in modeling various real-life
phenomena in fields such as physics, biology, chemistry, economics, and engineering.
These equations involve the rate of change of a quantity and help describe how that
quantity evolves over time.
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Example 6 (Population Growth)

In a culture, there are 100 bacteria initially and are doubled in 2 hours. Find the number
of bacteria 7 hours later.

Solution: Let N represent the number of bacteria at time ¢, then we have to find N(7)
using the information:

N(0) =100
N(2)=200
We have to solve the differential equation:
dt

Where k£ > 0, because the population is increasing. Note that the above differential
equation is separable. It can be written as follows:

- dN=kdt
N
On integrating both sides:
| Lav- [kt
N
=3 In|N|=kt+C (1)

Using the condition N(0) = 100 in equation (1), we get C = In(100).
Now, equation (1) becomes:

In|N|=kt+In(100) ~ or lni‘:kt
100
100
=  N=100e" ..(2)

Applying the condition N(2)=200, we get:
200=100¢" or e* =2. which gives 2k=In2 or k :%ln 2=In+2

Thus, equation (2) is rewritten as:

N =100&™2"

Substituting #=7 in the above equation, we get:
.

N(7)=100¢"7 =100"®" =100(2)* ~1131.371

Hence, the number of bacteria 7 hours later is 1131 (approximately).

[ (133 )
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Example 7 (Radioactive Decay)
A certain radioactive substance has a mass of 80 grams initially. After 10 hours, only
50 grams remain.
(a) Find decay constant.
(b) How much of the substance will remain after 24 hours?
(c) After how many hours will only 20 grams remain?
Solution: Let M represents the mass of radioactive decay at time ¢. Then we have,
M(0) = 80 and M(10) = 50. The differential equation for the radioactive decay is
given by:
dM
dr
Which is clearly a separable differential equation. On separating the variables and
then integrating both sides, we get:
M) =ce™ ..(D)
Where c is the constant of integration and & > 0 is the constant of proportionality
(decay constant).
(a) Applying initial condition M(0) = 80 on equation (1), we get ¢ = 80.
Now, imposing the condition M(10) = 50 on equation (1), we get 50 = 80e'% which

gives:
k= —iln(éj ~0.047.
10 \8

Hence the decay constant is 0.047 approximately.
(b) Substituting the values of ¢ and & in equation (1), we get:
M(1)=80¢e """ vl 2)
=  M(24)=80e """ 2258944 ~ 26 grams
Hence, there will be approximately 26 grams substance after 24 hours.
(c) Substituting M(¢) = 20 in equation (2), we get 20 =80¢e """, Solving this
equation for 7, we have 7 = 29.496. Hence, 20 grams substance will be left after

approximately 29.5 hours.

Example 8 (Deflation Problem in Economics)
Suppose an economy is experiencing deflation at 4% per year. If the current price of
an item is Rs. 500, find its expected price after 3 years.
Solution: Let P denote the price of item at time 7. Since there is a deflation, the
differential equation concerning the problem is given by:

dp

& _(4%)P=—0.04P
dt

[ (139 )
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On solving the above differential equation, we get:
P(t)=Ce™™ (D)
Since the current price of item is Rs. 500, we have initial condition P(0) = 500. Using
this condition in equation (1), we get:
P(t) =500 "%
Substituting # = 3 in the above equation:
P(3)=500¢ "™ x 443.46
Hence the expected price of the item after three years will be Rs. 443.5.
Example 9 (Cooling/Heating Problem)
A cup of coffee is served at 90° C in a room where the temperature is 25° C. After 10
minutes, the coffee cools to 60° C. Find the temperature of the coffee after 20
minutes.
Solution: Let 7 denote the temperature of the coffee at time #. Using the conditions
7(0) = 90 and 7(10) = 60, we have to calculate 7(20) by solving the differential
equation:
dr
e k(T —25)
Note that the above differential equation is separable and can be rewritten as:
1

(T-25)

dT =—kdt

On integrating, we have:

[ ! dr=—k[dt = In|T—25|=—kt+In|d]

(T—25)
= lnT_25=—kt = T_25=efk’
c c
= T({@)=25+ce™ (1)

Applying initial condition 7(0) = 90 on above equation, we get 90 =25 + ¢ or ¢ = 65.
For the second condition 7(10) = 60, we get 60 = 25 + 65¢'%* from equation (1). On

solving this equation for k, we have: '™ =$ or k= 0.0619. Now, the equation (1)

can be written as:
T(t)=25+65¢e """
Substituting, =20 in the above equation:
T(20)=25+65¢"%"Y = T(20)~43.85
Hence the approximate temperature of the coffee after 20 minutes will be 43.85°C.

[ 157 )
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Example 10 (RL Circuit Problem)

An RL circuit has an emf of 5 volts, a resistance 50 ohms, an inductor of 1 henry and
no initial current. Find the current in the circuit at any time 7.

Selution: We have to find the current / flowing in the circuit at time # using the
information:

Vi=5volts, R=50€Q, and /(0)=0.

The differential equation governing the RL circuit at time ¢ is given by: (see
Example 4, Section 4.1.2)

L%—V —RI .+ L=1 henry

Substituting the given values:

ﬂ =5-5017
dt

The above differential equation is separable. On separating the variables and
integrating, we have'

I
5312107 dl=[d = “500 12101 dl = [ dr

= ——ln|1—lO]|=t+C cxil 1)
50
Applying the initial condition /(0) = 0:
|
——In|l-10(0)|=0+C
55 nf1-1000)

=  —Lmfl=c = =0
50
For C =0, the equation (1) becomes:
1 )
—%ln|l—101|=t = 1n\1—10]|:—501 = \1—10]\26”0'
=  £(1-101)=™"

On checking the initial condition /(0) = 0 for the above equation we have,
+(1-10(0)) =e ™™ or £1 = 1. This means that the negative sign is to be ignored.

Thus, we have:
1-10/ =™

= I(t)z%(l—e’so’)
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10.

11.

¥ EXERCISE 4.3 _J

A particle is moving in a straight line and its acceleration is given by a = 21— 7.
Find

(1) velocity v in terms of 7 if v = 10 m/sec, when 7 = 0.

(i1) distance s in terms of 7 if s = 0 m/sec, when 7 = 0.

In a culture, there were 1000 bacteria initially and were found to be 900 after five
hours. Use differential equation to find the number of bacteria 7 hours later.

The number of bacteria in a culture currently is 1000. Three hours ago, it was 750.
What was the number of bacteria five hours ago?

A radioactive isotope has a half-life of 12 hours. The initial mass is 160 grams.
(a) What is the decay constant?
(b) How much mass will remain after 36

Half-life is the time required for a
hours? quantity of a radioactive substance to

(¢) After how many hours will only 10 reduce to half of its initial amount due to

radioactive decay.

grams remain? :
Suppose the inflation rate for the cost of a basket of goods is 8% per year. If the
current price level is Rs. 1000, use differential equation to find the price level
after 5 years.
Use a differential equation to find the current price of a good if the deflation rate
is 11% per year and its price after ten years is expected to be Rs. 5000.
Aslam deposited Rs. 5000 on opening an account in a bank 15 years ago. Using
differential equation, find the constant annual rate of growth if he closes his
account now by receiving Rs. 15,000.
A can of soda at 4°C is placed in a room at 24 °C. After 30 minutes, its temperature
is 12 °C. Find the temperature after 1 hour.
A fully insulated battery overheats during operation and reaches 80 °C. After
shutdown, it begins to cool without any external influence. If it cools to 50 °C in
2 hours, how long will it take to cool to 15 °C?
An RL circuit has a battery of 12 volts, a resistor of 60 Ohms, and an inductor of
2 Henries. If the circuit is closed at time # = 0 with initial current zero, find the
current /(¢) flowing in the circuit at any time 7.
An RC circuit has an emf of 12 volts, resistance R =6 and capacitance C = 3

farad. Initially, the capacitor is uncharged. Find the current /() at any time .

139 )




Analytical Geometry '’

INTRODUCTION

Analytical geometry, also called coordinate geometry,
is the branch of mathematics that combines algebra
and geometry to study shapes, lines and figures using
a coordinate system. Instead of just drawing or
imagining figures, we describe them with equations
and points on the xy-plane, which makes it easier to
calculate  distances, midpoints, slopes and
intersections. This approach allows us to solve .
practical problems, like finding the shortest path, [ 7 Lz l'l" T
checking if two lines are parallel or locating the exact "“ M‘ llm
position of an object. Analytical geometry was first
developed in the 17" century by the French
mathematician René Descartes, who introduced the
idea of using coordinates to represent geometric
figures. His work laid the foundation for modern Figure 5.1
mathematics, as analytical geometry became the link between algebra and geometry,
making it possible to study space and shapes with greater precision.

In this unit, we will study about straight lines, angles between coplanar intersecting
lines, concurrency of medians, right bisectors and altitudes, area of triangular region
and applications of analytical geometry to real life problems.

S.1 Equation of Straight Lines

We have learnt that in coordinate geometry, a straight line can be represented in
different forms depending on the information given.

General Form

The general form of a straight line in two variables is written as ax + by + ¢ =0, where
a, b and c are real numbers and @ and b are not simultaneously zero.
Slope-Intercept Form

If m is the slope and c is the y-intercept of a line, then equation of this straight line in
slope-intercept form is y = mx + c.

Point-Slope Form
If a line passes through a point (x,, y,) and has slope m, then equation of straight line

in point slope form is y —y, = m(x — x,).

[ (49 )
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Two-Point Form
If a line passes through two points (x,, y,) and (x,, y,), then equation of straight line in

two-point form is Y=V X7%H o VTN AT Y=y =00 (x—x,)
V=N X% N=Va X7% %3 =%
Intercept Form

If @ and b are the x-intercept and y-intercept of the line, then equation of straight line

_r . X
in intercept form is —+ Lo I.
a

Normal Form

x cos@ + y sin@ = p is an equation of the straight line, where p is the perpendicular
distance of the line from the origin and @is the angle made by perpendicular with the
positive x-axis.

Example 1 Find an equation of the straight line if its slope is 3 and y-intercept is 7.
Solution: The slope and y-intercept of the line are respectively:

m=3,¢c=17
Thus, slope-intercept form of a line is:

y=mx+c

y=3x+ 7

Example 2 Write down an equation of the straight line passing through (—4, 3) and
having slope -5.
Seolution: As the point (—4, 3) lies on the required line having slope —5, so by point-
slope form of equation of the straight line, we have
y—3=-5u—-(4)) or y—3=-5(x+4) or y—3=-5x—-20 or 5x+y+17=0
which is an equation of the required line.
Example 3 Find an equation of the straight line passing through the points (-3, —2)
and (5, 4).
Selution: Using two-point form of an equation of the straight line, the required equation is
y=(2) _x—(3)
4—(-2) 5-(3)

y+2 x+3
6 8
6
or y+2=§(x+3)0r 8(y+2)=6(x+3)
or 8y+ 16 =6x+ 18 or 6x—8+2=0 or 3x—4y+1=0

[ (149 )
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‘Example 4 Write down an equation of
the straight line which cuts the x-axis at
(3, 0) and y-axis at (0, —6).

Solution: As 3 and
y-intercepts respectively of the required

—6 are x and

line, so by two-intercepts form of an
equation of the straight line, we have

3 -6
2x—y =6
2x—y—-6=0

which is the required equation.

Example 5 The length of perpendicular
from the origin to a line is 3 units and the
inclination of this perpendicular is 120°.
Find the equation of the straight line.
Selution: Here, p = 3, € = 120°.
Equation of the straight line in normal
form is:
xcos@ +ysinfd =p
x c0s120° + y sin120° =3

1B

e —— P= 3
2x 2y
x—3y =—6

x—\/§y+6=0

5.2 A Linear Equation in Two Variables Represents a

Straight Line

Theorem 1: The linear equation ax + by + ¢ = 0 in two variables x and y represents a

straight line, where a, b and ¢ are real numbers and a and b are not simultaneously zero.

Proof: Here, a and b cannot be both zero. So, the following cases arise:

Case-I: Whena=0
Then ax + by + ¢ = 0 becomes
by+c=0 or y:—%

which is an equation of the straight line
parallel to x-axis.

Case-III: When a=0,b6#0
Then

by = —ax—

Case-II: When =0
Then ax + by + ¢ = 0 becomes
c

xs——
a

ax+c=0 or

which is an equation of straight line
parallel to y-axis.

ax + by + ¢ = 0 takes the form

a c
or y=—3x—3=mx+k

which is slope-intercept form of the straight line with slope —% and y-intercept —% ;

Thus, equation ax + by + ¢ = 0 always represents a straight line.

[ (43
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5.2.1 Transform the General Linear Equation to Standard Forms
Theorem 2: To transform the equation ax + by + ¢ = 0 in the standard forms.
(i) Slope-Intercept Form

We have ax+by+c=0

or by = —ax—c
a_ c

or y=——x——=mx+k (where, b=0)
b b

where m = —E, =—=
b b

(ii) Point-Slope Form

We note from above that slope of the lineax+ by +c¢ =0 is —% and y—intercept is—%
So, the point (—5,0] lies on the line.
a

Equation of the straight line in point-slope form is y—0 = —%(x + E)
a
(iii) Symmetric Form
X—X% _Y=n_
=r(sa
cos@ sind (s25)

a
m=tan0=— , Sinf) = ———=, cos @ =

b
a'+b° wa' +b
Apointonax+by+c=0is (——, OJ.
a
So, equation of the straight line in symmetric form is:

e o

= =r

b a

@ +5  tat + b
Sign of the radical to be properly chosen.
(iv) Two-Point Form

We choose two arbitrary points on ax + by + ¢ = 0. Two such points are [—E, 0) and
a

[0,—%) . Equation of the straight line through these points is

[ (43 )
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-0 x+= . € a e
yr= - U or y—O=L(x+—] or y=——[x+—]
0+ _£_p _c a b a
b a a
(v) Two-Intercept Form
ax + by =—c
or ﬂer—yzl or r Y
—c e (_e
-2 )
: e c
where x-intercept = ——, y-intercept = — 5
a

which is an equation of straight line in two-intercept form.
(vi) Normal Form
The equation ax + by + ¢ =0 ..(1)
can be written in the normal form as:
ax+by = ..
TN -

The sign of the radical to be such that the right hand side of (i1) is positive.

Proof: We know that an equation of a straight line in normal form is:
x cosd +ysinf=p ...(1i1)
If (i) and (iii) are identical, we must have

a b &

cosf sinf p

p _cosf sinf cos’O+sin’0 1

Le. —

< a b i+ i +b

Hence, cos@= L and sinéd= L
, +a? +b° +Ja’ +b?

Substituting values of cos 4, sin € and p in (iii), we have:

and p =

—C
+Ja? +b?

ax+by =
ta*+b N at + b
Thus (i) can be reduced to the form (ii) by dividing it by +va” +5 . The sign of the
radical to be chosen so that the right hand side of (ii) is positive.

[ (49 )
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Example 6 Transform the equation 3x— 10y + 13 =0 into

(1) Slope-intercept form (11) Two-intercept form (111)) Normal form
(iv) Point-slope form (v) Two-point form

Solution: (i) 3x—10y+13=0

(vi) Symmetric form

10y=3x+13
y:ix+E (where, m=i,c=£)
10 10 10 10

(i) 3x—10y+13=0

(iii) 3x— 10y =—13

or  3x— 10y =—13| pividing both sides by *+/(3)> + (=10)> = +/109 .

or % + %y =1 | Since R.H.S is to be positive, we have to take negative sign.
x oy Hence, X + 1oy 13 is the normal form of the

or  —ztor=l 109 V109 /109

given equation.

(iv) A point on the line is [—1?3, OJ and

its slope is i
PE 10

Equation of line in point slope-form is:

3( 13
—0=—| x+—
d [ 3j

10
. 3 .
(vi) We have tanf = 0 =m, sinf =

(5]

Equation of the line in symmetric form is:

223
3 _ ¥4

10 3
109 109

i cosf@ =
J109°

(v) We take any two points [—%, O)

and [O, E] on the line.
10

So, equation of the line in two-point form is:

13
y=0 _x+?
E_O _0 E
10 3

and a point on the line is

Challenge!

Transform the equation
2x + 5y — 10 =0 into
slope-intercept form,
two-intercept form,
normal form, point-
slope form, two-point
form and symmetric
form.

10
V109

=r (say)
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5.3 Equations of Medians, Altitudes and Right Bisectors
Example 7 Triangle ABC has vertices A(2, 3), B(4, 5) and C(-2, 7). Find the equations
of medians of the triangle ABC.

Solution: Given that A(2, 3), B(4, 5) and C(-2, 7)

Let D, E and F be the mid-points of the sides BC, AC and AB respectively.

D[ ) I3 ] ~ D(L6) Remember!

2 2 A median joins the vertex of a

= triangle to the mid-point of the

opposite side.
2

F E,E :F(3’4) AY
2 2

Equation of the median AD is

y=3_x-2 , QD&
=6 2=l E©, 5) B4, 5)

or y=3==3(x-2)
or x4 g0 =0 z SR
Equation of the median BE is A2, 3)

y=5 x-4 2

5-5  4-0 ] X
or y=5=0 32 a0 1 2 3 4 5
Equation of the median CF'is Figare 5.2

y=T _ x+2

7-4 -2-3
or —S(y—-7)=3(x+2)
or 3x+5y-29=0

Example 8 4(1, 2), B(5, —1) and
C(—2,—4) are the vertices of A4ABC. Find
the equations of altitudes of triangle ABC.
Solution: Given that: A(1, 2), B(5, 1),
C(-2,—4).

Let E,ﬁ and CD be the altitudes of

the sides BC, CA and 4B of the triangle -5
respectively.

T3 2 -1

Figure 5.3

[ (149 )
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—4—(-1) 3
-2-5 7

Slope ofﬁz_—l_z_—7

Slope of BC 3

Equation of the altitude AE is

Slope of BC

-7
y=2=—/x=1
] 3( )
or Jy—-6=—"Tx+7
Tx+3y—13=0
Slope ofﬁ:ﬁ:—é
=il 4
Slope ofﬁz_—lzi

Slope of AB 3
Equation of the altitude CD is

y+4=§ (x+2)

or 4x-3y—4=0

Example 9: Triangle ABC has vertices
A(=3,2), B(5,4) and C(3, —8). Find the
equations of right bisectors of triangle
ABC.

Solution: Given that

A(=3,2), B(5,4), C(3,-8)

Let D, E and F be the mid-points of the
sides BC, CA and 4B respectively.

D[E, 4+(_8)J — D(4,-2)

2 2

E[—3+3’2+(—8)):E(0,_3)
2 2

24 _6_
1-(=2) 3
—— -1 -1
Slopeof BF =———— = —
Slope of CA 2

Equation of the altitude BF'is

Slope of CA= 2

-1
+l=—(x-5
y 2( )

of x+2y—=3=0

Remember!

An altitude is the line drawn from a
L vertex perpendicular to the opposite side.)

Remember!

If m, and m, be the slopes of

L perpendicular lines then m m, =—1. )

C(3,-8)

A 4

Figure 5.4
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—1 B
Slope of AB

—4

Slope of right bisector to 4B =

Equation of the right bisector to AB is:
y—3=—4(x—-1) or 4x+y—-7=0

SlopeofB—Czﬁ:__lz:6
3—-§ 2

; : = =1 1

Slope of right bisectorto BC =—————— =——
Slope of BC 6

Equation of the right bisector to BC is: Remember!
y+2=— l (x—4) A perpendicular or right bisector of a
6 triangle is a line that is perpendicular

to one side of the triangle and passes
through the mid point of that side.

or x+6y+8=0

Slope of CA= 2 () =E— 2

3-3 6 3

. . e —1 3
Slope of right bisector to CA=————— ==
Slope of CA 5

Equation of the right bisector to CAis
3
y+3:§(x—0) or 3x-5y—-15=0

5.4 Condition of Concurrency of Three Straight Lines

Theorem 3: Three non-parallel lines

{iiax+by+c =0 (1)

L, iax+by+c,=0 ..(11)

L :ax+by+c, =0 ..(111)
a b ¢

1

are concurrent iff (a, b, ¢,[=0
a; by

Proof: If the lines are concurrent, then they have a common point of intersection

P(x,,y,)say. As (, IM (,, so their point of intersection (x, y) is:

_be,—be  _ac—ac

, rab,—ab #0
ale_aZZbl albz _a:zb] ( i )

[ (43 )
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This point also lies on (iii), so

a, he, by +b, L4745 |, c,=0
ab, —a,b, ab, —a,b, ]
or a,(bc,—b,c))+b(a,c,—ac,)+c,(ab,—a,b)=0

An easier way to write the above equation is in the following determinant form:
al bl Cl

a;, by ¢
This is necessary and sufficient condition iff of concurrency of given three lines.

Example 10: Check whether the following lines are concurrent or not. If concurrent,
then find the point of concurrency.

3x=2y~2=0
x+y—-4=0
2x =p=2=10
Solution: The determinant of the coefficients of the given equations is:
3 -2 =2
—4 1 —4 1 1
1 1 4 =3 -(-2) ~2
-1 2 2 -2 2 -l

2 =1 =2

=3(-2-4) + 2(-2+8) -2(-1-2)
=3(-6)+2(6)—2(-3)=-18+12+6=0
Thus, the given lines are concurrent.
As we know that the point of intersection of any two lines is the point of concurrency.
Fromx+y—4=0and 2x —-y—2 =0, we have

3x-6=0 => x=2 o |
g _ Ifthe lines 2x 3y +5=0, 3x+4y—1=0
Putx=2inx+y—4=0, we have and kx — 7y -+ 6 =0 are concurrent, then

2+y4=0 = y=2 find the value of £.
So, (2, 2) is the point of concurrency.

5.5 Equation of Lines Through the Point of Intersection of

Two Lines

We can find a family of lines through the point of intersection of two non-parallel lines
(, and (,.
Let L:ax+by+c =0 (1)

Challenge!

and L,:a,x+by+c,=0 ...(i1)

[ (49 )
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For a non-zero real &, consider the equation

ax+by+c +k(a,x+b,y+c,)=0 w111}
This, being a linear equation, represents a straight line. For different values of £, (iii)
represents different lines. Thus (iii) is a family of lines.
If (x,,y,) is any point lying on both (i) and (ii), then it is their point of intersection.
Since, (x,,,) lies on both (1) and (ii), we have

ax +by +c =0 and a,x, +b,y +c,=0

From the above two equations, we note that (x,,y,) also lies on (iii).
Thus, (iii) is the required family of lines through the point of intersection of (i) and (ii).
Since, k can assume an infinite number of values, (iii) represents an infinite number of
lines.
A particular line of the family (iii) can be determined if one more condition is given.
Example 11 Find the family of lines through the point of intersection of the lines

2x-3y—-14=0 and 2x+y-10=0
Find the member of the family which is:

(a) parallel to the line with slope —%

(b) perpendicular to the line 2x—3y+2 =10
Solution: (a) Given that 2x -3y —-14=0 sl1)
2x+y—-10=0 ..(11)
A family of lines through the point of intersection of equations (i) and (ii) is:
2x 3y —-14+k(2x+y—-10) =0
or Q+2k)x+ (k—-3)y+(—14—-10k) =0 ..(1i1)
2+2k
k-3
This is the slope of any member of the family (iii). If (iii) is parallel to the line with

Slope of (ii1) is given by: m =—

1
slope ——, then
P 2

72+2k=7l or 4+4k=k-3 or 3k=-7 or k=—z
k-3 2 3

Put k= —% in (iii), we have

(3ol

[ (0 )
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6—14 =7=9 —42+70
— [x+| —— |y+| ——— |=0
(5P
)53
— [x4+| — |y+| — |=0
3 3 3

—8x—16y+28=0
2x+4y—-7=0
which is the required equation of the member of the family.
(b) Slope of 2x -3y +2=0 ..(1v)

is 3" Since (ii1) is perpendicular to (iv) given,

we have —2+2kxg:—] or 4+4k=3k-9
k=3 3
k=-13

Substituting £ = —13 in (iii), we get
—24x-16y+116=0 or 6x+4y—-29=0
which is the required equation of line.
Theorem 4: Altitudes of a triangle are concurrent.
Proof: Let the coordinates of the vertices of A4BC be as shown in figure.

—— = A 15 )1
Then, slope of BC = 2=t « yg
Xy A 2
. X, —X. 0
Therefore, slope of the altitude AD =——2—
V2= Vs
Equation of the altitude 4D is
X —x B(x,, y,) D C(xs, )
2 3 .
y—y, =———(x—x) (point-slope form) Figure 5.5
Y=
or x(xz _x3)+y(y2 _y3)_x|(x2 —x3)—y, (yz _y3) =0 (1)
Equations of the altitudes BE and CF are respectively (by symmetry)
x(x, —x)+ Yy = ) =%, (%, — %)=y, (¥; =) =0 -.(11)
and x(x, —x,)+ y(y, —3,) =X, —x,) =y, (y, —»,) =0 ..(11i)

The three lines (i), (i1) and (iii) are concurrent if and only if
=X Y=Y X0 —x) =0 ;)
N=X =y %0G=x)=n0n-n)
X=X, V=Y, —X%0-X)-y;(y—¥,)

[ (s
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Adding 2™ and 3™ rows to the 1% row of the determinant, we have
0 0 0
X=X Y=y —%06-x)=y,(-1)|=0
X=X V=V, “X%0(-x)-y(n—))
Thus, the altitudes of the triangle are concurrent.
Theorem 5: Right bisectors of a triangle are concurrent.

Proof: Let A(x,, y,), B(x,, ¥,) A6 7))

and C(x;, y;) be the vertices of

AABC.

The mid-point D of BC has (
F

) + +
coordmates[x2 2x3 ’yz Zy"J.

E(x1+x3 yl""J/sj
2 7 2
Since the slope of BC is

@, the slope of the right

A3 B(x,, y,) D(xz tX3 ) +y3) Clxy, y3)
. . X, —X 2 7 2
bisector DO of BCis ——=——-. Figure 5.6
Ya— Vs g ’

Equation of the right bisector DO of BC is:
DtV %X [x_xz X
2 Yg— Mg 2

y j , (By using, point-slope form)

or x(xz_x3,)+Y(yz_y3)_l(y§_y§)_l(x§ _x32):0

2 2
By symmetry, equations of the other two right bisectors £0 and FO are respectively:
1 1, "
X =)+ 0 =) =2 (3 =07 )= (68 =) =0 (i)

1 2 2 1 ) see
and x(x =)+ y0r =) =2 (07 = 03) =S (6 =27) =0 (i)

The lines (i), (ii) and (iii) will be concurrent if and only if

X=X V=Y —%(yf—y,f)—%(x,-f—xsz)
Xy—=X V3= _%(y;_ylz)_%(x;_xlz)zo
X=X, BV —%(yf—yi)—%(xf—xzz)
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Adding 2™ and 3" row to 1% row of the determinant, we have

0 0 0
1 2 2 1 2 2
X=X V3= _E(Jﬁ —N )_E(J% ! ) =0
1 2 2 1 2 2
X=X N *_(Jﬁ *}’z)*_(xl *xz)

2 2

Thus, the right bisectors of a triangle are concurrent.

Theorem 6: Medians of the A(x, 1)

triangle are concurrent.

Proof: Let A(x,»),B(x,,,) (xl+x2 P fx vy

and C(x;, y;) be the vertices 2 7 2 E(%%J

of AABC.

The mid-point D of BC has

) - ,+
coordinates (xz i W 3). B(x,, ,) XX, Y+, Clxs, y5)
2 2 D 2 ° 3
Equation of the median AD is Figure 5.7
Y=h XA (Two-point form)
y2+QV3_y X+ X
2 1 2 1

or x(,+¥;—2y)+y2x —x,—x)—x,(y, + ¥, =2y)+ y,(x,+x,-2x)=0 ...(Q)
By symmetry, equations of the other two medians BE and CF are respectively:

X(V3 + 3, —2,) + y(2x, =%, —%,) = X%, (V3 + Y, —2Y,) + ¥, (%, + X, —2x,) = 0...(ii)

X+, =29) + y(2xy, —x,— %,) =%, (Y, + ¥, —2y,) + ¥, (x, + %, — 2x;,) = 0....(1ii)
The lines (i), (i1) and (ii1) will be concurrent if and only if
Yrt ), —2_]/, 2x| =X, T X; _xl(yz T3 _2y|)+y1(xz X5 _2x1)
Vst =2y, 2x,—x—x =X+ ¥—2y,)+y,(%+x—2x,)|=0
Yty =2y 2x—x =X, —X(0 Y, = 2y3) + yy (0 + X, —2x;)
Adding 2™ and 3" row to 1% row, we have

0 0 0
v+ =2y, 2%,—=x—=% —%00+¥=2y,)+¥0x+%—2x,) =0
V¥ =2y 2x-x—x, X0+, = 2p,) + y(x +x, - 2x;)
Thus, the medians of a triangle are concurrent.

[ (3
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10.

11.

12.

13.

¥ EXERCISE 5.1 _J
Find equation of the altitude of triangle XYZ from vertex X (1, 3), Y (5, 7) and
Z(-3,9).
A3, =7), B(4, 5) and C(-1, 2) are the vertices of AABC. Find the equation of
right bisector of side BC.
The vertices of APOR are P(1, 2), O(5,—6) and R(7, —2). Find the equations of all
three medians.
Show that the medians of the triangle with vertices A(3, 2), B(—1,—5) and (7, 2)
are concurrent.
The vertices of a triangle are A(2, —1), B(4, 3) and C(6, —1). Find the equations of
altitudes and show that they are concurrent.
Find the equations of medians, altitudes and right bisectors of the triangle whose
vertices are A(2, 5), B(-3, 4) and C(6, —8).
Convert each of the following equation into

(a) 2x+3y—-6=0 (b) x—2y+4=0

(¢) 4x+5y—-20=0 (d 3x+4-12=0
(i)  Slope-intercept form (il) Two-point form
(i11) Intercept form (iv) Point-slope form
(v) Normal form (vi) Symmetric form

Find the equation of family of lines through the point of intersection of the lines
x+2y-3=0,3x—y+4=0. Find the member of the family which is:

(1) parallel to a line with slope % (i1) perpendicular to the line 3x +4y =0

Find the family of lines through the point of intersection of the lines

2x =3y +5=0, x +4y—7=0. Find the member of the family which is

(1) paralleltoy=2x+1 (i1) perpendicular to y = x

Check whether the following lines are concurrent or not. If concurrent, then find
the point of concurrency x + 2y —7=0; 3x -y —4=0; 2x + 35y —145=0

Find the condition that the lines y =m x + ¢ ; y=m,x +c,and y = my x + c; are
concurrent.

Find the value of k if the linesx +y—4=0,2x—y+1=0and kx +2y—10=0
are concurrent.

If the lines 2x + 3y —7=0,4x — y— 5 =0 and 6x + ay — 9 = 0 meet at a point,

then find the value of a.
(154 )
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5.6 Angle Between Two Lines
Let /1 and /> be two intersecting lines (E IJ/{/t’ 2), which meet at a point P. At the point

P two supplementary angles are formed by the lines ¢; and /5.
Unless /1 L /2, one of the two angles is acute. The angle from ¢ to /2 is the angle &

through which ¢, is rotated counterclockwise about the point P so that it coincides with £>.

In the figure below, @is the angle of intersection. It is clear that the inclination of a line
is the angle measured in the counterclockwise direction from the positive x-axis to the
line.

Theorem 7: Let ¢ and /> be two non-vertical lines such that they are not perpendicular
to each other. If m, and m, are the slopes of /, and /, respectively, then the angle &

from /, to /, is given by tan§ = L
1+ m,m,

Proof: From the figure, we have
a,=a,+0
or f=a,—a,

tan @ = tan(a, — ;)

tan o, —tan ¢, _om,—m

tan @ =

l+tang, tana, 1+mm, Figure 5.8

Corollary 1: ¢, || £, if and only if m; =m, Snice, /, Il £3s0,0=0

m, —m
= tanf=0=—2—1
1+ mym,
= m, =m,
. y pa
Corollary 2: ¢, L £, iff 1 + mym, =0.Since, {; L {, g0, 9= 5
Tomy,—m
= tan—=————=ow
2 1+mm,
m, —m, T
= w=—" ‘stan—=o0
1+ mym, 2
= 1+mm, =0
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Example 12 Find the angle from the line with slope —% to the line with slope % ‘

Solution: Here, m, = _1 and m, :%

Let &be the required angle, then

s [ 1
m,—m 2 3) 29 1

tan @ = = = =— = tanfd =-1
Ltmm, (SJ( 7} —29
+ —_ ——
2 3
Thus, &=135
Example 13 : Find the angles of the triangle whose vertices are A(1, 2), B(7, 3) and

C#4,9).
Solution: Let the slopes of the sides 4B, BC and CA be denoted by m., ma and my
respectively. Then

i NN AP e R MY C4,9
“T4=7 T -4 3" 7] ¢ (IS
The angle A is measured from ABto AC . 8
17 ;
tan A = e~ 61 37 - 2 6
1+ me, “UU 25 ;
6\ 3
4
= A=157.35°
_ 3
The angle B is measured from BC to AB. 3
1
_ ——(2) 1
tanB=—eMa __6 =E X
1+mm, 1+[1)(_2) 4 of 1 2 3 4 5 6 7
6 Figure 5.9
= B=7287°
The angle C is measured from AC to BC.
m —m _2_2 13
tanC=—+—2> = 3

1+m,m, 1+(_2)(1j 11
3
=  C=49.78°

[ (9 )
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5.7 Area of a Triangular Region Whose Vertices are Given
To find the area of triangular region whose Y R(x,, y,)
vertices are: P(x,, y,), O(x,, y,) and R(x, ;).

Draw perpendicular E,Q_N and RM on x-

axis. Pl ) : 100, )
Area of triangular region POR = Area of y; y3i I
trapezoidal region PLMR + Area of 1 X=X L XX, X
trapezoidal region RMNQ — Area of O L xzfl/[xl N :
trapezoidal region PLNQ Figure 5.10

( Note

A trapezium is a quadrilateral having two parallel and two non-parallel sides.
Area of trapezoidal region = %(sum of || sides) (distance between || sides).

S — ly==— ==\ — L=, =N
= (I PLI+[RM |)(| LM |)+ (I RM | +] ON [)(| MN|)——(| PL| +| ON|)(| LN 1)
1
=§[(yl+y3)(x3_x‘)+(y3+y2)(x2_x3)_(y1+J’2)(x2_x1)]

1

:E(XEyI TNV XNV TNV TNV X)) XY TNV, TN Y TN, XY, +xl)’2)

1
:E(xﬁﬁ —X TV XY, X, +x|y2)

: . 1
Thus, the required area is given by: A= E[x] (v, =)+ %, — )+ x50, —yl)]

1 v o»n 1
==X, 1
& Y

X oy 1

Corollary: If the points P, Q and R are collinear, then A= 0
Example 14 : Find the area of the region bounded by the triangle with vertices A(a, b),
B(—a, b) and C(0, —b).

a b 1
Solution: A =% —-a b 1
0 —-b 1

= %[a(b+b)—b(—a—0)+l(ab—O)] = %[2ab+ ab+ab] —2ab
Thus, the area of AABC is 2ab

[ (17 )
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Example 15: Find the area of the region bounded by the triangle with vertices A(1, 2),
B(3, 6) and C(5, 10).
Solution: Area ( A) of the region bounded by the triangle ABC is

1 2 1 1 2 1

R, —R,
4 0 by | °~
RB_RI

A=l3 6 1=12
2 2
5 10 1 4 8 0

= %[16—16] (Expanding by 3™ column) = 0
Thus, the given points are collinear.

¥ EXERCISE5.2 _J
1. Find the angle measured from the line /, to the line /,, where
(1) ¢,:Joining (2, 7) and (-4, 5) (i1) ¢,: Joining (1, 2) and (3, 5)
(,: Joining (-7, 2) and (1, 3) (,: Joining (2, —1) and (4, 3)

Also find the acute angle in each case.
2. Find the angle from the line with slope m, to the line with slope m,, where

. 1 ..
(1) ml=2,m2=—5 (1) m,=3,m,=-2

3. Find the angle from line /, to the line /,, where
() f:2x+y-3=0;L:x+y-5=0 (i) £:x3y+2=0;L:x+y—4=0
4.  The angle from the line ax — y + 2 = 0 to the line x + y — 4 = 0 is 30". Find the

value of a.
5. Find the interior angles of the triangle whose vertices are:
(i) A(@2,3),B(6,3), C4,7) (i) L(1, 2), M(5, 5), N(7, 2)

6. Find the interior angles of the quadrilateral whose vertices are A(2, 1), B(3, 1),
C(4, 5) and D(—1, 5).

7.  Find the interior angles of the kite whose vertices are A(0, 0), B(2, 3), C(4, 0) and
D(2,-3).

8.  Find the area of the triangle formed by the points 4(-3, 2), B(4, —1), C(1, 5).

9. By computing the area of triangle ABC check whether the points are collinear
where 4(0, 4), B(3, 2) and C(6, 0).

10. The coordinates of the points are 4(0, 1), B(—2, 1) and C(-3, —2). By computing
the area bounded by ABC, find the value of A if points are collinear.

[ (3 )
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5.8 Homogeneous Equation of the Second Degree in Two
Variables

We know that if a graph is a straight line in a plane, then its equation is a linear equation
in two variables x and y. Conversely, the graph of any linear equation in x and y is a straight
line.
Suppose we have two straight lines represented by
ax+by+tc =0 (1)
and ax+b,y+e,=0 sl
Multiplying equations (i) and (ii), we have
(ax+by+tcYax+b,y+c,)=0 ...(ii1)

It is a second degree equation in x and y.
Equation (iii) is called joint equation of the pair of lines (i) and (ii). On the other
hand, given an equation of second degree in x and y, say

ax* + 2hxy + by? + 2gx + 2fy + ¢ =0 ...(1v)
where a # 0 represents equations of a pair of lines if (iv) can be resolved into two
linear factors. In this section, we shall study special joint equations of pairs of lines
which pass through the origin.
Let y =mx and y = m, x be two lines passing through the origin. Their joint equation is:

= mx)@ = mp) =0

or v —(m, + my)xy +m; myx*=0 (V)
Equation (v) 1s a special type of a second degree homogeneous equation.
5.8.1 Homogeneous Equation
Let f(x, y) = 0 be any equation in two variables x and y is called a homogeneous equation
of degree n (a positive integer) if the function f(x, y) is homogeneous of degree », then,
fkx, ky) =K" f(x, y) for some real number £.

For example, in equation (v) above if we replace x and y by kx and ky respectively, we
have:

A kx, ky) =k2y2—k2(m] +nf:2)xy+k2m1 n12x2
= kz[yz —(m +m2)xy+m1m2x3] =0= f(kx,ky)= sz(x»y)
Thus (v) is a homogeneous equation of degree 2. A general second degree homogeneous equation

can be written as: ax® + 2hxy + by* =0
provided a, 4 and b are not simultaneously zero.

[ (59 )
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Theorem 8: Every homogeneous second degree equation

ax? + 2hxy + by? =0 ()
represents a pair of lines through the origin. The lines are
(i) real and distinct, if #* > ab (ii) real and coincident, if #* = ab

(iii) imaginary, if #* < ab
Proof: Multiplying (1) by b and re-arranging the terms, we have:
b** + 2bhxy + abx* = 0
b*? + 2bhxy + Px? — X% + abx® = 0
(by + hx)* —=x*(h* — ab) =0

(by+hx+x\/hZ—.c.'b)(by+hx—x\/‘h2 —ab) =0

Thus equation (1) represents a pair of lines whose equations are:

by+x(h+\/h2 —ab)=0 (2)
and by+x(h—\/h2 —ab)=0 -3

Clearly the lines (2) and (3) are (i) real and distinct if #* > ab (ii) real and coincident if
h? = ab (iii) imaginary, if #* < ab. It is interesting to note that even in case the lines are
imaginary, they intersect in a real point viz (0,0) since this point lies on their joint
equation (1).
Example 16 Find an equation of each of the lines represented by 3x*> —10xy + 3)* =0
Solution:  3x*— 10xy +3)?=0
32— 9xy —xy +3)7=0
3x(x—3y)—y(x—-3y)=0
(xr=3y)Bx—-y)=0
x—=3y=0and3x—-y=0
5.9 Angle Between the Lines
ax* + 2hxy + by? =0 ..(1)
We have already seen that the lines represented by (1) are:

by+x(h+\/h2—ab)=0 ...(ii)
and by+x(h—\/h2 —ab) ~0 (i)
Now, slopes of (ii) and (iii) are respectively given by:
—(h+\/h2—ab) —(h—x/hz—ab)
and m, =

b b

[ (160 )

m, =
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Therefore, m, +m, = —Z‘Th and m,m, :%

If @1s the measure of the angle between the lines (ii) and (iii), then

2
tand — m—m, _ \/(ml +m,)” —4mm,
1+ mm, 1+ mm,

40 4a
b b

1+2
b

2
=2 " G
a+b
Thus, equation (iv) gives angle between the lines represented by equation (i).
Special Cases:
e If two lines are parallel, then & =0, so that tan@ = 0 this implies #* — ab = 0,
which is the condition for the lines to be coincident.
e If the lines are perpendicular, then 8= 90°, so that tan@ is not defined. This
implies a+5bh=0.
Hence, the condition for (i) to represent a pair of perpendicular lines is that sum of the
coefficients of x> and ? is 0.
Example 17 Find measure of the angle between the lines represented by:
5x* + 6xy +1*=0.
Solution: Here a=5,h=3,b=1
If @1s the measure of the angle between the given lines, then it is given by:

fan 6 — 2Jh* —ab B 249-5 _g
a+b 5+1 3
0 =33.69°

5.10 Application of Analytical Geometry to Real Life
Analytical geometry connects mathematics to the real life. It allows us to analyze
positions, distances, slopes and angles making it essential in aviation, astronomy,
engineering and many fields of science and technology.

Example 17 Planet 4 is at (1, 0) AU and planet B is at (-0.5, 0.866) AU. Find the
distance between them. Write answer in km.

Solution: Distance = /[1—(<0.5)]" +(0—0.866)

=2.25+0.75=~/3=1.7324U

We know that |[4U| = 149.6 million km, then
Distance = 1.732 x 149.6 = 259.1 million km

[ (69 )

Remember!

An astronomical unit (4U) is
a unit of length and exactly
equal to 149597870700 m.
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Example 19 Aircraft flies from 4(100, 200) km to B(500, 800) km. Find slope of the
track and straight line distance.

Solution: Slope =

800—200 600 _1
500—100 400

Distance = 1/(500—100)? + (800 —200)’

= J(400)* +(600)* =+/520000 =721.11 km
¥ EXERCISE 5.3 _J

Find the equation of lines represented by each of the following and also find measure
of the angle between them (Problem 1-5):

1.
4.
6.

10.

11.

12.

6x — 5xy — 47 =0 2. 2*-Txy+3y2=0 3. 52+6xy+y*=0

X +2yseca+y’=0 5. T2-8xy+y*=0

Find the value of & such that the lines represented by the equation

(k—8)x* — 9xy + 3ky* = 0 are perpendicular to each other.

Prove that the lines represented by the equation 9)? + 6xy + x? = 0 are coincident.

Find a joint equation of the lines through the origin and perpendicular to the

lines 3x% + 5xy — 2)* = 0.

A(—2,~1) and B(3, 4) are two points on the solar panel roof. Find slope and tilt angle.

The paths of two rays from a star are represented by the equation
22+ 5xy - 3y2=0

Find the equations of the two lines and determine the angle between the rays.

The trajectories of two projectiles in a physics experiment are modeled by the

homogenecous equation 9x> — 12xy + 4y = 0. Prove that this represents two
coincident lines and find angle between them.

The stresses in a metal plate are represented by the homogeneous equation

3x* — 8xy — 3y? = 0. Show that this equation represents a pair of straight lines
through the origin. Find:

i.  the equations of lines represented by this equation.

ii. angle between them.
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Conics

INTRODUCTION

The Greek mathematicians Apollonius (260-200 B.C.) and Pappus (early fourth
century A.D.) made significant contributions to the study of conic sections using
Euclidean geometry. Here, we will employ the methods of analytic geometry to
investigate their properties.

The theory of conics has important applications in various fields, including space
mechanics, oceanography, and many other branches of science and technology.
Consider a circle, with its centre C, draw a line RS passes through ¢ and perpendicular
to the circle’s plane. Choose a fixed point 4 on this line. Now, from 4, draw every
possible straight line that touches some point on the circle. These lines together form a
surface known as aright circular cone. Each of these straight lines is called
a generator (or a ruling) of the cone. The complete surface has two separate parts,
called nappes, which meet only at point 4. This meeting point is the vertex of the cone
and the original line RS is the axis of come.

When you slice this cone with a plane, the intersection curve is called a conic
section (or simply conics).

There are also special cases called degenerate conics. These happen when the slicing
plane passes through the vertex A. Instead of getting a nice curve, the intersection might
be just a single point, a single straight line, or a pair of intersecting lines.

‘R ‘R R 'R
=2 - -y < *6
Circle -A Ellipse +A Parabola+ Hyperbolad:A

:S :S

' ' JS 'S
Figure 6.1(a) Figure 6.1(b) Figure 6.1(c) Figure 6.1(d)

Depending on the angle and position of the plane, you can get a circle, an ellipse, a
parabola, or a hyperbola.

When this cone is intersected by a plane, different curves are obtained depending on
the angle and position of the cutting plane:

+ If the cutting plane is perpendicular to the axis, the section is a circle, see Figure 6.1(a).
» If the plane is slightly inclined and cuts only one nappe, the resulting curve is
an ellipse, see Figure 6.1(b).

[ (163 )
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* If the plane is parallel to a generator and cuts only one nappe, the curve is
a parabola, see Figure 6.1(c).

» If the plane is parallel to the axis and cuts both nappes, the curve is a hyperbola,
see Figure 6.1(d).

We will being our study with the circle. Other conic sections will be discussed in

subsequent section.

6.1 Circle

A circle 1s the set of all points in a plane that are at a fixed distance from a given fixed
point. The fixed point is called the centre, and the fixed distance is called the radius of
the circle.

Theorem 1: Equation of a circle with centre at the point (4, rY
k) and radius r is (x—hP+(y—k*=r.
Proof: Let C(h, k) be the centre of the circle and r be its P(x, )
radius. Let P(x, y) be any point on the circle. Then by

definition, the distance | CP | is equal to ». Using the
distance formula between the points P(x, y) and C(h, k), we

X
obtain —OT >
J=hy +(y=k)* =r Figure 6.2
Squaring both sides gives
(x=h)* +(y—k)* =r (1)
which is the required equation of the circle.

Note:

(1) Equation (1) is known as the standard form of the equation of a circle.

(i) If » = 0, equation (1) reduces to (x — h)> + (y — k)> = 0. This represents a point
circle centered at (A, k).

(iii) If (h, k) = (0, 0), then equation (1) reduces to x*> +y? = 7*. This equation represents
a circle whose centre is at origin.

6.1.1 Parametric Equations of a Circle Y

Let P(x,y) be any point on the circle x* +)* = 1* and let the

inclination of OP be ¢, as shown in the Figure 6.3. Draw P y)

PM perpendicular to the x-axis. From right triangle OMP,

W<

we have 0(0, 0) M

o] ., _[PM]
or

cos = "——, sinf=
op

Since ‘OTl‘z x and |ﬁ/[‘=y, and ’O_P’=r , Figure 6.3

[ (164 )
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it follows that

x .
cos = —, s1nt9=Z
r r

Thus, the parametric equations of the circle are:
x=rcosf, y=rsinf
The point P(r cos 6, r sin 8) lies on the circle x* + y* =* for all values of 4.
Example 1 Write an equation of the circle with centre (-2, 1) and radius 5.
Solution: Using the standard form (x—#h)* +(y—k)* =r> with h=-2,k =1, and
r =15, we have
(= (2)*+ (-1 =5
(x+2)*+(y 1% =25
Hence, the required equation is x° +y* +4x—2y—20=0.
Example 2 Prove that the locus of the point of intersection of the lines
xcos@+ysinf=a, xsind—ycosd=>b

is a circle with centre at (0, 0) and radius va” +b* , Where @is a parameter.
Solution: The locus of the point of intersection of the given lines is obtained by

eliminating @ between the two equations. To eliminate &, we square both equations and
add them:

(xcos@+ ysin @) +(xsin@—ycos @)’ = a* + b?
Expanding,
(x? cos? O+ 2xy cos @ sin @+ )? sin @) + (x? sin® @ — 2xy sin O cos A+ )* cos? §) = &* + b*
Simplifying, x*(cos” @+sin” @)+ y’(sin” @+cos’ @) =a’ + b’

Since cos” @+sin® @ =1, we obtain
2
EM 41PN =a+b5  or  x+)° :(\/a2 Iy )

This is the equation of a circle with centre (0, 0) and radius \a” +5b".

6.1.2 General Form of an Equation of a Circle
Theorem 2: The equation x> +1?+2gx+2fy+¢c¢=0 ...(1) whereg, f, ceR represents

a circle.
Proof: Equation (1) can be written as: x* + 2gx + ) + 2y = —¢
Completing the square for x and y, we add g + f* to both sides:

(F*+2gx+gH)+(V +2fy+ =g+ —c

This gives (x+g)* +(y+ f)’ =(\/g2 L f? —0)2.
{ (169 )
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Alternatively, this can be written as [x—(—g)]2 + [y—(—f)]2 = (\/gz + —c)2 , which

is the general form of the equation of a circle with centre (—g, —f) and radius

r=yg’+f —c,provided g>+ f>—c>0.

Hence equation (1) represents a circle under the condition g° + f* —c> 0.

Note:

(i) If g*+f*—c =0, equation (1) represents a point circle with centre (—g, —f).

(ii) If g*+ f*—c <0, equation (1) represents no real locus (an imaginary circle).

6.1.3 Working Rule to Find the Centre and Radius of a Circle in
General Form

To find the centre and radius of a circle from its general equation, follow these steps:

Step 1: If necessary, make the coefficients of x* and 3* equal to 1 by dividing the entire
equation by the common coefficient of x> and y*.

Stes 3¢ Centes of theclrdle— (_ coefficient of x o coefficient of y]

2 2

Step 3: Radius of the circle

_ \/( coefficient of sz . (coefﬁcient of y
2 2

Example 3 Equation 5x° +5)° +20x+25y+10=0 represents a circle. Find its
centre and radius.

Selution: The given equation can be written as:

4y +4x+5y+2=0 ...30) (by dividing both sides by 5).

(1) is the general form of the equation of a circle. Comparing with the standard general
form i.e.

X+ Y +2gx+2fy+c=0 ...(ii)

2
j —constant term

we obtain 2g=4 = g=2, 2f=5:>f:§, e=2

. 5
Therefore, centre is (—g,—f) = [—2,— EJ

The radius is given by: Radius = /g + f* —c¢ Z\/(Z)z-{g] -2 = 4+24—5—2
_ J2+§= \/w:@

4 4 2

: : ; ; .33
Thus, the given equation represents a circle with centre (—2, - %) and radlusT-

[ (169 )
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Example 4 A point moves so that the sum of the squares of its distances from two
points A(1, 1) and B(2, 2) is equal to 4. Prove that its locus is a circle.

Solution: Let the moving point be P(x, y). Then the geometric condition is:

[P +[PB| =4

2

+

Using the distance formula:

(\/(x—l)2 +(y—1)2)2 +(J(x—2)2 +(y=2) )2 =4

(x=1) +(y—1)2 +(x-2) +(y—2)2= 4 (Simplifying)

(F* =2x+D)+(* =2y + D)+ (x> —4x+4)+(* —4y+4)=4  (Expanding)
2x*+2)y* —6x—6y+10=4 (Collecting like terms)
x*+y*=3x-3y+5=2 (Dividing both sides by 2)

¥ +y*-3x-3y+3=0 (Subtracting 2 from both sides)

J6

It represents a circle with centre (% ,%j and r = <

6.1.4 Equation of a Circle with Given End points of a Diameter
Let A(x,,»,) and B(x,,y,) be the end points of the Y

diameter. Let P(x, y) be any point on the circle. Pee.y)

From plane geometry, the angle subtended by a | ?%\ )

diameter at any poi ircle is a ri ) BX»7"
y point on the circle is a right angle.

Therefore, vj X
APB =90°

Thus, the lines AP and BP are perpendicular to Figure 6.4

each other.

The slope of AP is m, = Y72 and the slope of BP is m, = Y= )
X=X X—X,

Using the condition for perpendicularity of two lines, m, -m, =—1, we obtain:

y—n y—n»m -1

X=% X=X

Do You Know?
A circle has the maximum

Multiplying both sides by (x—x, )(x—x, ) gives: area for a given perimeter
among all closed shapes.

(y_yl)(y_yz) =—(x—x[)(x—x2)

(x_xl )(x_x2)+ =y)y-»,)=0.
This is the required equation of the circle.

[ 167 )




(TR . Mathematics-12

6.1.5 Equations of Circles Determined by Given Conditions
The general equation of a circle x* + ) +2gx+2fy+c =0 contains three independent
constants g, f and c. These can be determined if the equation satisfies three given
conditions. We will discuss four different cases.
Case-1: A Circle Passing through Three Non-collinear Points
If three non-collinear points through which a circle passes are given, we can find the
three independent constants g, fand ¢ in the general equation.
Example S Find the equation of the circle passing through the points (-3, 3), (~1, 5) and
5, 1).
Solution: Let the equation of the circle be

X+ +2gx+2f+c=0 ...(A)

Since the circle passes through (-3, 3): Do You Know?
A = (3P +B)P+2g(3)+2f(3)+c=0 Infinitely many circles can
9+9—6g+6f+c=0 pass through two points,

but exactly one circle

—bg+of+tct+18=0 ...(1) passes through three non-
Since the circle passes through (-1, 5): collinear points.
(A= 1) +(5)+2e(=1)+2f(5)+c =0 Savation of e ciele 3
_ quation of the circle mn
1+25-2g+10f+c=0 case of 3 non collinear
2g+10f+c+26=0 ...(2) points (x, ¥) (x2, ) and
Since the circle passes through (5, 1): (x3, y3) is given by
G+ (12 +2g(5)+2f(1)+¢ =0 eyt xoyl
25+1+10g+2f+c =0 x+yox oy 1
10g+2f+c+26 =0 ...(3) \ 1=0
Subtracting equation (2) from equation (1): BTV % 0
(—6g + 6f + ¢ + 18) — (—2g + 10f + ¢ + 26)=0 x4y, x oy 1
—6g+6f+c+18+2g—10f—c—-26=0
—4g—-4f—8=0

g+f+2=0 ...(4)
Subtracting equation (3) from equation (2):
(2g+10f+c+26)—(10g +2f+c+26)=0
—2g+10f+c+26-10g—-2f-c—26 =0
—12g+8f =0
3¢—2f=0 ...(5
From equation (4), g =—f— 2; Substituting into equation (5):
3(-2)-2f =0

3f-6-2f=0 = -5{=6 = f=—g

[ (163 )
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Substituting f = —g into equation (5):

3g—2[—§]=0 =3 3g=—% = g=-

Substituting g = —% and f = —g into equation (1):

—6 —i +6 —E +c+18=0 = ﬁ—§+c+18:0
5 5 5 5

A
5

= —%+c+18=0 = C=%—18 = C¢=

Thus, the required equation of the circle is

2 2 4 6 78
X +y +2| — |x+2[ — |y——=0
d [ 5] ( sjy 5

Multiplying both sides by 5:
562+ 57 —8x—12y—78=0

Case-2: A Circle Passing through Two Points and Having its Centre on a

Given Line
Example 6 A circle with its centre on y-axis passes through the origin and the point
(a, b). Find its equation.
Solution: Since the circle passes through the origin and has its centre on the y-axis, the
centre is of the form (0, »), where r is the radius (distance from centre to origin).
The circle also passes through (a, b). Therefore, the distance from the centre (0, ») to
(a, b) equals the radius r:

r=(@a=0)* +(b—ry’
Squaring both sides: P =da+(b-r)

2 2
a +b
rr=a’+b*=2br+r’° = r=

,b#0

The equation of the circle with centre (0, ) and radius r is:
(0P +(—rP =7

2+ —=2r=0
2 2 2 2
x2+y2—2y(a ;bb }=O Substituting =2 =2

2b

Multiplying through by b:
b + ) — (@ + by =0

[ (69 )
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Case 3: A Circle Passing through Two Points and having Tangent at One of
These Points
Example 7 Find the equation of the circle passing through (1, 2) and touching the line
x—2y+4=0at(2,3).
Selution: Let the equation of circle be:
2+y?+2gx+2f+c=0 ...(A)
Through (1, 2):
12+224+2g(1)+2f(2)+c=0
20 +4f+c+5=0 ..(D)
Through (2, 3):
22+324+2g(2)+2f(3)+¢c=0
4g+6f+c+13=0 ...(2)

Given line x—2y+4=0 has slope % The normal through (2, 3) has slope —2.

= equation of normal lineisy—-3=-2(x—-2) = y-3=-2x+4
= 2x+y—7=0is the equation of the normal line.

This line being a normal through (2, 3) passes through the centre (—g, —f) of the circle.
Therefore:

208)+(H-7=0 = 2g+f=-7 (3
Subtracting (2) from (1):

[2g+4f+c+5]—-[4g+6f+c+13]=0

2g-2f-8=0 = gtf-—4
= f=-4-g ..(4)
Subtracting value of f in (3)

2gH(4-g)=-T = 2g-4-g=-T =
Then, from (4) f=—4—-(-3)=—4+3 =

Put values of f and g in (1)
2(3)+4(-)+c+5=0 = =5
Thus, the required substiting the values of f, gernd ¢ is equation (A)
X+ y2 +2(=3)x+ 2+ (—1)+ < 0 equation of circle is: x*+ y2 —6x=2y+5=0.
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Case 4: A Circle Passing through Two Points and Touching a Given Line
Example 8 Find the equations of the circles passing through the points A4(3, 4) and
B(3,—4) and touching the line x+2y+9=0.

Solution: Let O(A, k) be the centre of the required circle.

Since OA=0B = |@|2 =|@2, we have

(h=3)Y +(k—4)* = (h—3)2+(k+4)2
(k—4) = (k+4)°

kK —8k+16=k>+8k+16 = -8k=8k = 16k=0 = k=0
Thus, the centre is O(4, 0). The radius is

r=[04/=\(h=3)’ +(0-4)" =/(h=3)" +16
The distance from the centre (4, 0) to the line x+2y+9=0 is
[h+2(0)+9]  |h+9|
NN

Since the circle touches the line. This distance equals to the radius:

—‘hj;‘ = J(h=3)+16

Squaring both sides:
(h “;9)“ = (h—3) +16
(h+9)" =5[(h—3)* +16] rY

h +18h+81=5(h* —6h+9+16)

I +18h+81=5(h> —6h+25) 107
h* +18h+81=5h>—=30h+125 (3, 4)
0=5h>=30h+125—h*—18h—81 , / , X
0=4h* —48h+44
W =12h+11=0
W —11h—h+11=0
hh—=11)—1(h—11)=0 0
= (h=11)(h—1)=0 \
— h=1.h=11 Figure6.5

Thus, the centres of two circles are at (1, 0) and (11, 0)
Radius of circle with centre (1, 0):

r=\1=3) + (0-4)* =\(=2)* +16 = J4+16 = 20
( (79 )
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Radius of circle with centre (11, 0):
r=y(11-3Y +(0—4)* =/(8)> +16 =~/64+16 = /80
Equation of circle with centre at (1, 0) and radius = J20
(=1’ +(-0 =20y
(x=1)° +y° =20
Equation of circle with centre at (11, 0) and radius = \/%
(x=11)* +(y=0)° = (80’
or (x—=11)* +* =80
Example 9 Find the equation of the circle which touches the y-axis at a distance of 3
units from the origin and cuts off an intercept of 8 units on the x-axis.

Solution: Let the point of tangency be (0, 3). Since the circle touches the y-axis at this
point, the centre lies on the horizontal line through (0, 3), that is y =3, and its x-

coordinate is £7 where r is radius.
Take the centre to the right of the y-axis:

Centre C=(r, 3), radius r
Equation of circle:
(= +(y—3) =1
Z-2rx+r)+ (P —-6y+9)=¢
+yP—2rx—6y+9 =0
For intercept on the x-axis, set y =0: Y
X' =2rx+9=0 10

Let the roots be x,, x,. Then:

X Xy =215 X -2 =9

Intercept length =|x, —x, | () <

= J(x +x,)} —4xx, =4 —36
Given intercept = 8

Jar’ —=36=8 = 4/ - 36=064

=4r'=100=>r’=25=r=5

Figure 6.6
Thus, one circle with centre (5, 3) and radius 5 is:

(x—5?%+(y—-3y=25
By symmetry (tangency at (0, —3) and centre on left side of y-axis), we obtain four
circles:
(x £ 5)* + (y + 3)> = 25 where * signs are independent.

[ (73 )
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¥ EXERCISE 6.1 _J

1. In each of the following, find an equation of the circle with
(a) centre at (5, 7) and radius 2
(b) centre at (a cosé, a sind) and radius a
(c) ends of diameter (3, 4) and (2, —7).

2. Express each of the following, in the standard form and hence find its centre and
radius:
(@) 2x*+2y —4x—12y+11=0 (b) x*+3?—2ax+2by—2ab=0

3 Find an equation of circle passing through the points (2, 8), (5, —1) and (-3,
3), also find the centre and radius.

4. Find the equation of a circle which passes through the origin and cuts off
intercepts 2 and 3 on the x-axis and y-axis respectively.

5. Find the equation of a circle passing through the points (1, 3), (2, —1) and having
its centre on the line x + y = 3. Does the point (4, 1) lie on the circle?

6. Find the equation of the circle passing through the point (-3, — 4) and touching
the line 3x —y — 1 = 0 at the point (1, 2).

7.  Find an equation of a circle of radius a lying in the second quadrant and tangent
to both axes.

8. Find the equation of the circle which touches the x-axis at the point (5, 0) and
passes through another point (3, 2).

9. Find the equation of the circle passing through the point of intersection of the
lines x —y—5=0, 2x + y— 4 =0 and it has its centre at (5, 0).

10. Find the equation of the circle touching the y-axis and also the straight line
3x —4y =0 at the point (8, 6).

11. Find the equations of the circles passing through the points 4(3, 2) and B(3, —2) and
touching the line x + 2y + 3 =0.

12. Find the equations of the circles of radius 5 that are tangent to the line 4x
+ 3y — 10 =0 at the point (1, 2).

6.2 Tangent and Normal to a Curve

If a line touches a curve at exactly one point, it is called a %

tangent to the curve, and the point is called the point of Normal Tal;\/g[ent
contact. In Figure 6.7, LM isa tangent to the curve at the 0

point P.

The line perpendicular to the tangent at its point of contact
is called the normal to the curve at that point. For example,

in the Figure 6.7, @. L LM at the point P; thus, ;@ is |0
the normal to the curve at P.

[ (73 )
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6.2.1 Equation of Tangent to a Circle

(a) Circle centered at origin: x° + y* =7’

Let P(x,, y,) be a point on the circle x* + 1 = /? ...(0)
Differentiating both sides of the equation with respect of x, we have:
dy 0 — dy __Xx

2x+2y—= e
dx dx y
The slope of the tangent at P(x,, y,) is the value of % at this point:
i3
", :[d_yj __n
dx (X, ») N

Therefore, the equation of the tangent at P(x,,y,)is: y—y, = —ﬂ(x —-x), »#0

1
X+ =x"+ ...(11)
Since P(x,,,) lies on the circle x* +y* =7", we have
x +yt=r ...(iii)
From equations (ii) and (iii), we obtain the required equati on of the tangent:
XX+ = v
(b) General circle: x* +3* +2gx+2fy+c=0
Let P(x,,y,) be a point on the circle
Differentiating both sides with respect to x:

2x+2y£+2g+2fd—y:O
dx dx

dy dy
2y 42f Z=-2x-2
ya’x fdx Sl
dy dy xX+g
200+ H—=—=—2(x+ = —==__2°
(v f)dx (x+g) d yif

The slope of the tangent at P(x,,y,) is:

” _(ﬂj __X+g
.= -
d‘x (x,n) yl +f

Hence, the equation of the tangent is:

X =+
Y= =_|—g(x_x1)

n+f
( 174
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Multiplying both sides by (y, + f):
=y, +f) ==(x, +g)(x—x)
W HF Y= =y == +x7 —gx+ gx,
xx +yy+ge+ fy=x"+ 3"+ g6+ f, (Rearranging)
Adding both sides gx, +fy, :
XX+ +gx+gx +fy+fy :x|2+y;2+28x1+2fy1 ..(3)
Since P(x,,y,) lies on the circle, we have:
X'+ +2g0+2fy,+c=0
= x°+ 37 +2gx +2fy,=—c ..(4)
Substituting equation (4) into equation (3) and rearranging gives the required equation:
Xy +8(x+x) + f(y + ) +c=0
6.2.2  Rule for Writing the Equation of a Tangent to a Circle
We have proved above that the equation of the tangent to the circle
x*+y° +2gx+2fy+c=0 at the point(x,, y,) is:
X6y + g+ x) + f(y+y)+c=0

This can be obtained from the equation of the circle by making the following
substitutions:

i) xX*->xx (i) y -y - :
x+x1 ( n

(i) x > (iv) y > % LThe rule holds for all second—J

degree curves (conics) as well.

(v) The constant term ¢ remains unchanged.

6.2.3 Equation of Normal to a Circle at P(x1,)1)
The tangent to the circle x*+y*=r* at P(x,,»,) is xx, +yy,=r’. The normal is

X
x,—yx,=0 or -2
YN

Example 10 Find the equation of the tangent and ’]
normal to the circle x* + y2 —4x+6y+12=0at the The centre of the circle, (0,
point on the circle whose ordinate is —2. .

. . . . the normal, confirming that
Solution: The equation of the circle is: the normal to a circle always

¥+ —dx+6y+12=0 passes through its centre.

Here, y =2, Substituting into the given equation of circle.
(2?2 4x+6(2)+12=0 = xX*+4-4x-12+12=0
= X-dx+4=0 = x—2=0 = x=%2

[ @ )
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Thus, point of contact is P(2, —2). The equation of the tangent at (x|, y,) is:
X6, + 9y —2(x+x])+3(y+y])+ 12=0
Substituting x, =2 andy, =2 = 2x+ (2 2x+2)+3(y—-2)+12=0
2x—2y—2x—4+3y—-6+12=0 = y+2=0
So, the equation of the tangent is y = —2 and the equation of the normal is x = 2.
6.2.4 Position of a Point with Respect to a Circle

Theorem 1: The point P(x,, y,) lies outside, on, or inside the circle

x2+y2+2gx+2ﬁ/—[—c=0 P(x,, )
accordingas X+ +2gx, +2fy,+c 2 0 . P(x,, )
Proof: The centre of the circle is C(—g, ) and radius

is r=+/g’+f —c.Thepoint P(x,,y,) lies outside,

on, or inside the circle according as

|CP|>r, |CP| = r, or Figure 6.8
CP<r, thatis |CP| E r
that is, according as:

Jo + 2P+ + ) Jei+f—c

Squaring both sides (since all quantities are non-negative):

AV

x+e +i+f) 2 g+ f-c
XPH2g + @+ 2+ 2 g Hfi—c
Cancelling g” and f°:
x12+2gx]+y]2+2fy, % -
Thus: x]2+y]2+2gx,+2fy1+c % 0

Example 11 Determine whether the point P(2, 3) lies outside, on, or inside the circle:
P2+y?+2x—-3y—-10=0
Solution: Substituting x = 2 and y = 3 into the left-hand side of the circle’s equation:
22 +(3)’+22)-33)-10=4+9+4-9-10=-—2<0
Thus, the point P(2, 3) lies inside the circle.
6.2.5 Intersection of a Line and a Circle
Let the equation of the line be

y=mx-+c ..(1)
and the equation of the circle be
2 +y?=a A
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The coordinates of the points of intersection are the simultaneous solutions of (1) and
(2). Substituting the value of y from (1) into (2):
x>+ (mx+c)y =a
Z+mPx+ 2mxc+ 2 —=a* =0
(1 +m?) + 2mex + (*—a*) =0 ...(3)
Equation (3) is a quadratic in x and gives two values of x say x; and x,. Corresponding to
these values of x; and x,, we get values of y as y, and y,. Thus, the line y = mx + ¢
intersects the circle x* + y? = @ in at the most two points (x,, y,) and (x,, )
For the nature of the points of the intersection, we examine the discriminant, D, of (3).
D = 2mc)? —4(1 + n?)(? — aP) = 4mP? — A(* — &* + mP? — m*dP)
= 42 — 4 + A — AP + A = — 4 + AP + dnia
=4a’(1 + m») -4 ==4d*(1 + m*) -]
Case-1: Two distinct real points
The two points of intersection of the line y = mx + ¢ and the circle x* + * = o are real
and distinct, if the discriminant > 0
thatis, if 4[a*(1 + m») - ?]>0 = A +m?)-c>0 = (1 +m)>c?
Case-I1: One real point (tangent)
The line y = mx + ¢ touch the circle x> + y*> = & at only one real point, that is, case of
coincident points if the discriminant = 0
thatis, if4[a*(1 + m®) —c*]=0 = N +m)-c*=0 = d(1+m?)=c?
Case-III: No real intersection
The line y = mx + ¢ cuts the circle x*> + y* = ¢? at two imaginary points (that is, does not
cut the circle) if the discriminant < 0
that is, if 4[a2(1+m2)—cz:| <0 = dl+m)-c’<0 = a(1+m’)<c’
Corollary-1: Condition of Tangency of a Line to a Circle

From Case II, the line y=mx+c is a tangent to the circle x° +y* =a’ if:
|c‘= aNl+m® or c=xa\l+m’

Therefore, the family of tangents to the circle is: |y = mx =+ av1+m’

c . . . .
Note that ] is the perpendicular distance from the centre (0, 0) to the line.
1+ m?
. . . g .
Hence, the condition for tangency is that the distance ll | - equals the radius a.
+m

[ (73 )
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Corollary 2: Coordinates of Point of Contact

For the tangent y = mx + a~/1+m”, the quadratic equation (3) has equal roots given by:

—2mc —mc
X = 3 = =
20+m°) 14+m”

= —m7 (a\/1+m2): —am

1+ 1+m

2

Substituting into the equation y = mx+av1+m’

—am —am —am” +a(l+m") a
=m| —— |+al+m’= +a1+m’ = =
d [\/l-}-mzj ¢ V1+m? ¢ N 1+ nm?

Thus, the point of contact is[ L , = ]
Vl+m? 1+

2

Similarly, for the tangent y = mx —a+/1+m" ,the point of contact ( am , < - ] .
\/ 1+m’ \/ I+m”

6.2.6 Tangents from a Point to a Circle
Theorem 2: Two tangents can be drawn to a circle from any point P(x,, y,). The

tangents are real and distinct, coincident, or imaginary according as the point lies
outside, on, or inside the circle.

Proof: Consider the circle x> +y* =a’. The line y = mx+ay|1 + m’ is a tangent for
all m. If it passes through P(x,, »,), then:

yy=mx,+a\l +m’ or y,—mx =a\l+m’

Squaring both sides:
(y,—mx)’ =a’(l+m’) = y°=2mx, y,+m'x’=a +a’m’

or (%’ —a’)m’ =2xym+(y’—a’)=0
This is a quadratic in m. Its discriminant, D, is:

D= (_leyl)z _4(x12 _az)(ylz _az)

= 4x12 yl2 _4(3(12)’12 _alez —a’ y12 +a4) = 40’2()512 + y12 - az)

The two values of m are:
e Real and distinct if D>0= x>+’ >a’ (point lies outside the circle)
e Real and coincident if D=0= x>+ > =a’ (point lies on the circle)

e Imaginary if D<0= x>+’ <a’ (point lies inside the circle).

[ @ )
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Example 12 Tangents are drawn from (4, 5) to the circle x* +* = 29. Find an equation
of the line joining the points of contact (The line is called the chord of contact).
Solution: Let the points of contact of the two tangents be P(x,, y,) and O(x,, ,)-

The equation of the tangent at P is xx;, + yy, =29 and at Q is xx, + yy, = 29. Since
both tangents pass through (4, 5): 4x, + 5y, = 29 and 4x, + 5y, = 29.

Thus, both P(x,, ¥,) and O(x,, y,) satisfy the equation 4x+5y=29. Hence, the
equation of the chord of contact is: 4x+5y=29.

Example 13 Find a combined equation of the pair of tangents drawn from (5, 0) to the
circle x* +y* =09.

Solution: Let P(A,k) be any point on either of the two tangents drawn from 4(5, 0)

to the given circle. The equation of line AP is:

k-0 k
- (x=5) = y—E(x—S) = y(h=5)=k(x-5)

= kx—(h=-5y-5%=0
This line is tangent to the circle x* + y* =9. The perpendicular distance from the
centre (0, 0) to the line must equal the radius 3: __DkL
JE +(h=5)°
Squaring both sides: 25k* =9[k* + (h—5)*]= 25k* =9k* +9(h—5)*
9(h—5)*—16k>=0
Since (h, k ) is any point on the two tangents, the combined equation of the pair of
tangents is:
9(x—5)"—163> =0
Example 14 Find the equations of the pair of tangents drawn from (4, —1) to the

y—0=

=3

circle x* +3° —2x+4y=0. Also find the points of contact.

Solution: Given: x* + y*—2x+4y=0 ...(1)

The circle has centre (1, —2) and radius +/(—1)> +(2)* = J5. The equation of a line

through (4, —1) with slope mis: y+1l=m(x—4)=>mx—y—-4m—1=0

The perpendicular distance from the centre (1, —2) to this line must equal the radius:

Im(1) = (=2)—4m—1| 5 = |m+2—4m—1] 5 = [-3m+1] 5

Jm +(=1)? m +1 m? +1

Squaring both sides:

= GBm-=1)*=5(m"+1) = Im’ —6m+1=5m"+5 = 4m’ —6m—4=0

= 2m’—3m—2=0 = 2m’ —4m+m—2=0 = 2m(m—2)+1(m—2)=0

[ (79 )
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= (m—-2)2m+1)=0 = m=2, mz_%

Substituting these slopes into the line equation gives the tangents:

Form=2:2x—y—-8-1=0 = 2x—-y-9=0 osl2)
For mz—l: —lx—y—4 L -1=0
2 2 2
= —%x—y+l=0 = x+2y-2=0 s sek3)

Now we proceed to find the points of contact.
From (2) y = 2x — 9 putting in (1), we have
¥+ (2x—9%-2x+4(2x-9) =0
x*+4x? —36x+81 —2x+8x—36 =0
5¢-30x+45=0
¥-6x+9=0 = (x-3=0 = x-3=0 = x=3
Puttingx=3iny=2x—-9, we have y =2(3)-9=-3
Therefore, one point of contact is (3, —3)

2
From (3) y=2_;x putting in (1), we have x’ +(2%x] —2x+4[2;xj=0

2
x2+44++x—2x+4—2x=0

2_

I 5 PR

42 +x—4x+4-16x+16=0

42 +x—4x+4-16x+16=0

5x2—-20x+20=0

¥—4x+4=0

x=2l=0 = x-2=0 = x=2
Putting x =2 in yzz;zx, we have y:2—52:0

Therefore, other point of contact is (2,0).

6.2.7 Length of the Tangent from a Point to a Circle
Theorem 3: The length of the tangent drawn from a point P(x,, y,) to the circle

X+ +2gx+2f+c=0is \/xl2 +y° +2gx, +2fy +c.

[ (80
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Proof: Let the centre of the circle be C(—g, —f) and

its radius be r=+/g”> + f* —c. Let PT be a tangent

from P to the circle, touching it at 7. Then, CT L PT.
In right triangle PTC:

|prf =|pcf ~[crf

P(x, )

Where, ’PC‘z =(x,+ g)2 + ( +f)2 Figure 6.9
‘CT‘zzrzzgz +f2 —¢
Therefore, ‘PT‘Z ={(x +g)° +(y + Y=g+ f2—¢)

=x12+28xl +g2 +y12+2ﬁ’1+f2 _g2 —f2+C
=x,2+y12+2gx1+2ﬁ/l+c

Hence, ‘PT‘ =\/xl2 +37 +2gx +2fy, +c.
6.2.8 Rule to Find the Length of the Tangent

(i) Write the equation of the circle with coefficients of x”and y”as 1.

(i1)) Make the right-hand side of the equation zero.

(i11) Substitute the coordinates of the point into the left-hand side expression.

(iv) Take the square root of the result.

Example 15 Find the length of the tangent from point P(2,—5) to the circle

5x*+5y* +10x+14y—-15=0.
Seolution: Divide the equation by 5 to get the standard form:

x2+y2+2x+%y—320

The length of the tangent is:

\/(2)2 +(=5)° +2(2)+%(—5)—3 —J4+25+4-14-3=+/16=4
Example 16 Length of a Chord of a Circle

- ! . y=mx-+tc
Find the length of intercept cut off from the line y=mx+c
by the circle x° + > =a’. P(x,, )
Solution: The circle is x*+y*=a* and the line is
y=mx+c.
Let the intersection points be P(x,, y,) and
Q(xz, yz). Substituting the line into the circle: 0t 7)
7) 2_ 2
X’ +(mx+c) =a Figure 6.10

[ (189 )
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XL +m’xT+2mex+ct =a’
(1 +m*)x* +2mex+(c* —a*) =0
The roots x, and x, satisfy:
1 2
2mc . _cz—a!2
l+m*” "7 14w

Since the points P(x,, »,) and O(x,, y,) lie on the line,

X +x, =—

yy=mx; +c and y,=mx, +c, 0 y, =y, =m(x —x,)
The length of the chord PQ is:

PQ Z\/(xl _x2)2+(y1_y2)2 :\/(‘xl_x2)2+m2(xl_x2)2
= \/(l+m2)(xl —x,)" = 1+ \/()c1 +x,)" —4x.x,

Substituting x, —x, and x, x,

\u

Y dm’c® A’ —a’) g
= l+m — In numerical problems, it

is often more convenient

(1+m*)’ 1+m’

to find the points of

9 between them.

2 2 IV
= 1+ m? Am’c” —4(d+ 1171 7)(c —a’) intersection directly and
(I+m™)” then compute the distance
PN m'c* —(c* —a* +m*c* —m*a’®)
(1+m’)
s Nm2c2—c2+a2-m2c2+m2a2
=2~1+m"
1 +m2

Hence, the length of the chord is: PO = \/lfm Ja2(+m2)c2
¥ EXERCISE 6.2 _J

1. Find the equations of the tangent and normal to the circles
() x*+y*=8at (2, 2) andat (2v2cosd, 2/2sin6).
(b) ¥*+y’—6x—2y—7=0at(4,5)

2. Show that the line 4x+3y—25=0 is tangent to the circle x* +y° =25and find

the point of contact.
3. Find the equations of tangents to the circle x* +1° =4,

(a) which are inclined at an angle of 45° to the axis of x.
(b) which are parallel to the line 3x+4y+1=0.

(¢) which are perpendicular to the line 6x—8y+3=0.

[ (13
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4.  Find the equations of the tangents to the circle x* + > —4x—2y—4=0, which
are parallel to the line 3x—4y+2=0.
5. Find the equations of the tangents drawn from:
(a) the point (-3, 7) to the circle x* +y” =8.
(b) the point (12, —4) to the circle x> +y* —4x—2y—20=0.
Also find the points of contact.
6. A circle has the parametric equations: x=3+5co0sf,y =—1+5sin6d

(a) Find the Cartesian equation of the circle.
(b) Find the centre and radius of the circle.
(c¢) Find the parametric coordinates of the point P on the circle corresponding to

gZ.

(d) Find the equation of the tangent to the circle at point P.
(e) Find the equation of the normal to the circle at point P.
(f) Find the equation of the tangent to the circle at the point where 6 = 7.

6.3 Parabola

A Parabola is the locus of a point which moves in a plane such that its distance from
a fixed point, called the focus, is equal to its distance from a given fixed straight line,
called the directrix.

6.3.1 Standard Equation of the Parabola AY

@
Let F be the focus and CD, the directrix of the parabola. M -{(x 3
Draw FZ perpendicular from the focus F to the directrix
CD. Let V be the mid-point of FZ and let FZ = 2a. Take

V' as the origin, the x-axis along the line ZF and y-axis 3(' ¢ )>(
along the perpendicular to VF at V, as shown in the ZV I\ F

figure.

Since V is equidistant from the focus and the directrix,

by definition, the point V lies on the parabola. The point DYy

Vis called the vertex of the parabola. Figure 6.1

Thus, the focus of the parabola is F(a, 0) and the
directrix is x =—a.
Let P(x, y) be any point on the parabola and draw PM perpendicular to CD.

PF| =\/(x—a)2 +(y—0)° =\/x2 —2ax+a’ +y°

|x+a

VIZ+0?
By the definition of a parabola, |PF| = |PM|

[ (183 )
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Therefore, \/)c2 —2ax+a*+y* = ‘x + a‘

Squaring both sides, we get

¥ 2ax+a*+y?=(x+a)

x2 —2ax + a® + y* = x* + 2ax + a* which simplifies to y* = 4ax
This is the standard equation of the parabola.
6.3.2 Elements of the Parabola

1.  Axis: The straight line through the focus and perpendicular to the directrix is
called axis of the parabola. In the figure, the axis is x-axis.

2. Vertex: The point where the axis meets the parabola is called the vertex. In the
figure, V'is the vertex with coordinates (0, 0).

3. Chord and Focal Chord: A line segment joining two distinct points on a parabola
is called a chord. A chord passing through the focus is called a focal chord.

4. Focal Distance: The distance of a point on the parabola from the focus is called
its focal distance. In the figure, |FP| is the focal distance.

5. Latus Rectum: The focal chord perpendicular to the axis of the parabola is called

the latus rectum. Its equation is x = a. It N
intersects the parabola y* = 4ax at points where MY ‘)&o»w P((tfltz(;ii?)t)
? = 44 that is, y = +2a. Thus, the end points "9 25 ’
L and L' of the latus rectum are L(a, 2a) and g 5"
L'(a, —2a). = ° )f
6. Parametric Equations: The equation V(o,loz) e \Iz(ﬁzéggs)
y? = 4ax can be expressed parametrically. Let (vertex) '3%/
N 7 C
2la=t and %zt. r=-da @\3@%"0
Figure 6.12

Then y = 2at and 2x = yt = (2af)t = 2af*,
So, x=at’
Hence, the parametric equations are
x=at’, y=2at
The point (at*,2at) lies on the parabola for all real ¢ and is often referred to as

the 7-point.
6.3.3 Other Standard Forms of the Parabola

By taking the directrix on the right side of the focus, or below or above the focus, we
obtain three more standard forms.

[ C )
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The table below summarizes the key features of all four forms.

Parabola
in
standard
form

y* =4ax v =l x" =4ay X" =—4ay

(a,0) (-4,0) (0.4) (0.—a)
Vertex (0. 0) (0. 0) (0. 0) (0. 0)

Equation of _ _
?ﬁrectrix =" =g F=TE e
Equation of _ _ _ _
i y=20 y=20 x=0 x =0
Equation of
latus x=a
rectum
Length of
latus 4a 4a 4a 4a

rectum

Focus

x=-a y=4a y=—a

Sketch of [ " " F(0, a) “
. parabola ‘ x \ | v \ l// X =
in standard o@, 0 F(_ayo 7 0 -

form =
Example 17 Analyze the parabola x* — 4x — 4y — 2 = 0 and sketch its graph.
Solution: x’—4x—4y—-2=0 <l 1)
Rewrite the equation as: x° —4x=4y+2

Adding 4 on both sides, we have
X—4x+4=4y+6

-2y =4(y+§) Q)

3 )
Let x—2=X and y+5=Y. Then the equation (2) becomes X™ =4Y ...(3)

which is a parabola whose focus lies on X = 0 and whose length of latus rectum is equal
to 4a = 4, thus coordinates of the focus of (3) are:

X =0,Y =1, thatis, x—2=0 and y+%=1 or x=2,y=——

1
Thus, coordinates of the focus of the parabola (1) are (2, _Ej
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Axisof 3)is X =0 = x—2=0 x =2 is the axis

of (1) \
Vertex of (3) has coordinates
X =0.¥=0

thatis, x—2=0, y+%:0

3 )
orx=2,y= 5 are coordinates of the vertex of

(1). Figure 6.13

Equation of the directrix of (3) is:
Y=-1 thatis, y+ % =—lory= —% is equation of the directrix of (1).

Length of the latus rectum of the parabola is 4.
The graph of (1) can easily be sketched and is as shown in the figure.

6.3.4  Tangents and Normals to a Parabola (Condition of the

tangency to Parabola)
To find an equation of the tangent to a parabola, we first determine the slope of the

tangent at the given point by calculating ? from the equation of the parabola. Using
he

the point-slope form of a line, the equation of the tangent can then be written.
Since the normal to a curve at a point is perpendicular to the tangent at that point, its
equation can be obtained readily from the equation of the tangent.
Let us consider the equation of a line
y=mx+c ...(1)
and the parabola
y? = dax ...(2)
To find their points of intersection, we solve equations (1) and (2) simultaneously.
Substituting the value of y from (1) into (2), we obtain:
(mx + ¢)* = 4ax
m*2 + 2mex + ¢* = dax
n’x? + 2mex — dax + ¢* = dax
m*x? + 2(me —2a)x + ¢* = ..(3)
Line (1) is tangent to (3) if roofs of (3) are equal. This implies discriminant D, of (3) is
Zero.
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[2(mc —2a)]* — 4(mH)(c?) =0

4(me —2a)’ —4m*c? =0
Dividing both sides by 4, we get:

(mc—=2aP? —m*c? =0

m*c? — dame + 4a* — m*c* =0

2 2 a
—4amc+4a” =0 = damc=4a = mc=a = c=—,m#0
m

Thus, the required condition for the line y = mx + ¢ to be a tangent to the parabola

. a
V' =dax is c=—.
m

. a .
Consequently, for any non-zero real number m, the line y =mx+— is a tangent to the
m

parabola y* = 4ax. Similarly, we can find condition of tangency for other parabolas
6.3.5 Similarly, we find condition of Tangency for other parabolas

Find the equations of the tangent and normal to the parabola j* = 4ax at the point (x;,

i)
Solution: Differentiating y? = 4ax with respect to x, we obtain

dx dcx y
d 2
Thus, the slope of the tangent at (x;, »,) is (—yj ==
Ky N

Using the point-slope form, the equation of the tangent at (x,, »,) is

2a
y=y==(x=x).
Y

1

Multiplying both sides by y,, we get

w,— " =2ax—2ax,.
Rearranging terms,

w, —2ax =y —2ax,
Since the point (X, ;) lies on the parabola, it satisfies ¥ =4ax,. Substituting this
value, we have

W, —2ax = 4ax, —2ax, = 2ax,.
Bringing all terms to one side,
w, —2ax—2ax,= 0.
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Which simplifies to yy, = 2a(x+x,).

This is the required equation of the tangent.
The slope of the normal is the negative reciprocal of the slope of the tangent. Hence,

Slope of the normal = ~ N
2a
Using the point-slope form, the equation of the normal is y —y, =— ; L(x—x).
a

¥ EXERCISE 6.3 _J

1. Find the focus, vertex and directrix of the following parabolas also sketch the

graph:
i =12« (i) ¥*=8y-1)
(iii) y*=-8(x—3) (v) ¥*—4x-8y+4=0

2. Write the equation of the parabola with given elements.
(i) Focus (-3, 2); directrixx=5 (i) Focus (3, 5), vertex (3, 2)
(i11) Directrix x =4 vertex (6, 3)  (iv) Axis y =0 through (2, 2) and (6, —3)
3. Find the equation of the parabola having its focus at the origin and directrix is
parallel to: (i) x-axis (i) y-axis.
4.  Show that the an equation of parabola with focus at (a cos 6, a sin ) and directrix
xcos@+ysin@+a=0is (xsinf—y cos 0)* =4a(x cos O + y sin 0)*.
5. Prove that in parabola a circle described on latus rectum as diameter touches the
directrix.

6. A parabola is defined by the equation y = x> — 4x + 3. Find the coordinates of its
vertex, focus, and the equation of its directrix.

7. The parabola y = ax® + bx + ¢ has a vertex at (3, —2) and passes through the point
(1, 6). Find the values of a, b, and ¢

8. Find the equations of the tangent and normal to the parabola y> = 4ax at the point
(at?, 2at).

9.  Find the equations of the tangent and normal to the parabola

x?—6x—2y + 11 =0 at the point (5, 3).
10. Find the equation of the tangent to the parabola y* =12x which is parallel to the
line 3x—y+4=0. Also find the point of tangency.

6.4 Ellipse

An ellipse is the set of all points in a plane for which 2
the sum of distances from two fixed points, called the
foci (plural of focus), is constant (see Figure 14).
Kepler’s first law states that the orbits of the planets Figure 6.14
in the solar system are elliptical.
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Derivation of the Standard Equation
To obtain the simplest equation for an ellipse, we Y

place the foci on the x-axis at the points F’(—c, 0) P(x, )
and F(c, 0), so that the origin is the midpoint of the / >R
segment joining them (see Figure 17). Let the —4 TP
constant sum of distances from any point P(x, y) on Q‘y 2
the ellipse to the foci be 2a, where a > 0.
Thus, for any point P(x, ) on the ellipse, Figure 6.15

|PF'|+|PF|=2a
Using the distance formula,
\/()c+c)2 +)° +\/(x—c)2 +y* =2a
To simplify, isolate one radical and square both sides:

Jx+e)Y +y° =2a—\J(x—c)’ +)’ v

Squaring, (x + 0)2 +3y’ =d4a’ —da\J(x—c)’ +y* + (x —c)z +y*

Expanding the squares,

¥ +2ex+c’ +y =d4a’ —4a(x—c)’ +y* +x" =2cx+c’ + )’

Cancelling the common terms x°, ¢*,and y” from both sides,

2ex=4a* —4ar|(x—c)* + y* —2cx

Bring the terms involving cx together:

dex=4a" —4ay(x—c)* +y*

Divide by 4 and isolate the remaining radical: Do You Know?

[ 2 2 2
a\(x—c) +y =a —cx The word “focus” means

Now we square both sides again:

"fireplace" in Latin.

2
a’ [(x—c) +y2] =a' —2d’cx+c’x’
Expanding the left side:
24 2 2 2 4 2 2.2
a(x"=2cx+c"+y)=a —2acx+cx
a’x’ -2dcx+a’c® +a’y’ =a* -2a’ex+ %’
a’x’ +a’c® +a’y’ =a* +x*
Rearranging, a’x’ —c’x’ +a’y’ =a' —a’c’
(o =) +a*y® =a*(a* —c?)
From triangle PF'F in Figure 17, we note that ‘PF" + ‘PF‘ > |F’F

a > ¢ and thus @®> — ¢ > 0. For convenience, we define a new constant » such that
B=d_

[ (189 )
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Substituting, the equation of the ellipse becomes
b2+ ay? = @b
Finally, dividing both sides by a’h” gives the standard form of the equation of an

ellipse:
2 2
x_z + y_ =1
a b
Since b’ = a>— ¢ and a > ¢, it follows that a > b.
6.4.1 Key Features of the Ellipse

e Foci: The foci are at (+c, 0), where ¢* =a” —b’.

e Centre: The midpoint C of the segment joining the foci is called the centre. For
the equation above, the centre is at the origin (0, 0).

e Vertices: Setting y =0 gives x =+a. The points A'(—a, 0) and A(a, 0) are the
vertices. The line segment 4’4 of length 2a is the major axis.

e Co-vertices: Setting x=0 gives y=+h. The points B'(0, —b) and B(0, b) are
called the co-vertices. The line segment B'B of length 25 is the minor axis. Since
a> b, the major axis is longer than the minor axis.

e Symmetry: The equation is unchanged if x is replaced by —x and y by —y; hence
the ellipse is symmetric about the x-axis, y-axis, and the origin.

e Eccentricity: The eccentricity e of an ellipse is defined as e = ‘.
a

Since a>c¢ >0, we have O<e<]1.

2
¢ Directrices: For the ellipse x_z + z—z
a

2

=1 with a > b, there are two directrices

v . § a
given by the vertical lines x =+—-
e

e Latus Rectum: Each of the focal chords perpendicular to the major axis is called

2

a latus rectum (plural: latera recta). The length of each latus rectum is

a
e Parametric Equations: For all real @, the point (a cos @, bsin 6’) lies on the ellipse
2 2

x—7+% =1. Thus, the parametric equations of the ellipse are:
.
x=acosf,y=bsind.

¢ Foci on the y-axis: If the foci are on the y-axis at (0, irc), the roles of @ and b are
2 2

. . X
interchanged, and the standard equation becomes 5 4

2

=1,a>b: with vertices

(O, J_ra), and covertices (J_rb, O).

[ 199 )
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e Relation between a, b and e:

. 2 2 . 2 2 2 2
Since b* =a” —c’,setting c=ae = b’ =a’ —a’e’ =a’(1-¢°).

¢ Circle as a Special Case: If the foci coincide, then ¢ =0 and a = b, so the ellipse

becomes a circle with radius » = a = b, and has equation: x* + y* = 4*. Clearly for

circle e=0.

e Second definition of ellipse: y
The ellipse can also be defined as, if a point P P o
moves such that the ratio of its distance from M
a fixed point F (the focus) to its distance from
a fixed straight line (the directrix) is equal to a
constant, e (less than 1), the locus of P is an 1!
ellipse of eccentricity e. Figure 6.16

. |pF]
That is, if =e, where 0 <e <1, the
[PM|

locus of P is an ellipse.

The equation of ellipse can also be derived using the above definition. ]

6.4.2 Summary of Important Results

T 2 2 2 2
:Empsemstandard x_+y_=1’a>b x_+y_=1’a>b
orm 2 b2 bZ aZ
Centre 0, 0) (0,0)
Equation of major axis y=0,—asx<a x=0,—a<y<a
Length of major axis 2a 2a
Equation of minor axis x=0,—b<sy<bh y=0,-b<x<bh
Length of minor axis 2b 2b
Vertices (ia, 0) (0, ia)
Covertices (0,£b) (£b, 0)
Foci (£c, 0),c = ae (0,%c), c = ae
2 g2 (2 32
Eccentricity B et b <1 e=£=a7b<1
a a a a
a c a c
Equations of directrices x=t—=+— y=t—=+—
e e e e
Equations of latera recta x=tae y =xae
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2
Length of latus rectum 2 2b°
a
Vi
“—r=7
y/
a
X =— E =
Sketch of ellipse T F' _m T\ B’ B
in standard form ’ Al x C x
! )
—fy=-1

axis.

Note : In both cases of ellipses, the major axis is the longer line segment and foci lie on the major

Theorem 1: (Translated forms of Ellipses)

(x=h)* =k
a’ ’ b’
with a>b describes a horizontal ellipse
with fociat F'(h—c, k)and F(h+ c, k),

where ¢ =+va* —b*.

The centre of the ellipse is at the point

The equation =1,

a2
=p-L
c

B(h.k + b)

b

x=h+-—
c

B(h+ ay)

w

a A

C(h,k) and the vertices are located at B'(h.k—b)
(h*a,k) on the major axis. Figure 6.16
The co-vertices are located at
(h,ktb). ,
< > y=k+ 4
Theorem 2: A(h + a) ¢
_ 2 . 2
The equation (x 2h) + & 7k) =1,
a ®
with a > b describes a vertical ellipse a4,

with foci at F'(h, k — ¢) and F(h, k +
a’ —b?
the ellipse is at the point C(4,k) and

c), where ¢ = . The centre of

the vertices are located at (4,k +a) on

the major axis. The co-vertices are

A'(hk

—a)

located at (h*b,k).

Figure 6.17
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Example 18 Find an equation of the ellipse 1
with foci (2, 1), (2, 7), major axis of length 10 T 42,9
and sketch its graph. S
Solution: Given the foci: (2, 1) and (2, 7).
Both foci have the same x-coordinate

oF(2,7)

: o : B'(-2,4)
= Major axis is vertical.

Major axis length=10 = 2a = 10 = a = 5.

m;wc\\x
—u— J—U——1r U
Q
N

7 2

~

N

—_

Centre is the midpoint of the foci: A s
o a7 4—3—2—19__\1\. 4567809
+2 1+ _ -
Centre = : =(2,4). 21 42D
2 2
. . Figure 6.18
Distance from centre to either focus:

c=4-1|=3
Foran ellipse: ¢ =a*—b* = 32=5>—p* =9=25-p* = b*=16 = b=4.
Thus, required equation of the ellipse with centre (4, k) = (2, 4), major axis vertical,
_ 2 _ 2 _ 2 _ 2
a=5 and b=4 iss T L OBy pas, (x162) PG M

a’ 25

Example 19 Find an equation of the A
ellipse with centre (0, 0), focus (5, 0) “B(O,\/ﬁ )
and vertex (6, 0). Sketch its graph.
Solution: Given centre is at (0, 0). 4'(-6,0) [ F(5,0) F(5,0)\ (6, 0)
Focus: (5, 0) = one focus is to the | T 0(0,0) - X
right; the other focus is (-5, 0) by
symmetry. B'(0,—~/11)
Vertex: (6, 0) = one vertex is to the T
right; the other vertex is (-6, 0).

; ; Figure 6.19
All points have same y-coordinate 0, so ¢

major axis horizontal.

From vertices: (6, 0) = a =6, so a* = 36.

From foci: (£5,0) = c¢=35, *=25.

To find b, using the ellipse relation:
=a*—b= 25=36-b*= b* =11 = b=+11

Required equation with horizontal major axis, centre at origin, a® =36 and b* =11 is
2 2 2 2

x_2+y_2 =1, that is, LA

a b 36 11

[ 193
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Example 20 Find the centre, foci, eccentricity, vertices and directrices of the ellipse
whose equation is 16x> + 9y — 64x + 54y + 1 = 0. Also sketch its graph.

Solution: 16x° +9y* —64x+54y+1 =0
(16x% —64x)+ (9 +54y)+1 =0
16(x* —4x)+9(y* +6y)+1=0 Y"A(z, .
16[(x* —4x+4)—4]+9[(y* +6y+9)—9]+1=0 , : ¢
16[(x—2)* —4]+9[(y +3)* —=9]+1 =0 ;—1 o F(z\j_3 ‘7
16(x—2)*—64+9(y+3)*—81+1 =0 ’ \S\__C(z,—3)
16(x—2)* +9(y+3)*—144 = 0 - \F/TJ3ﬁ)
16(x—2)*+9(y+3)* = 144 a2, =7)
Divide both sides by 144: Figure 6.20
16(x—2)* N 9(y+3)* 1
144 144
(x —9 2)* LW ;63)2 1
Comparing with £ gzh)z + & ;zk)z =1, we obtain

h=2k=-3,"=9 = b=3,a=16 = a=4.

Since @ >b and a’ is under y-term, major axis is vertical.

Centre: C(2,-3).

Using the ellipse relation: ¢> =a® —b*; ¢ =16-9=7 = c=+/7

ﬁ

s 3 c
Eccentricity: e=—=—
a 4

Vertices: Vertices are a=4 units above and below centre along vertical axis:
First vertex: A(2,—3+4)=A4(2,1).

Second vertex: A’ (2,-3—-4)= A'(2, 7).

Foci: Foci are ¢ =+/7 units above and below centre:

First focus: F(2,-3+ J7 ), Second focus: F' (2,—3— J7 ) 3

g . . . L . } . a
Directrices: For vertical major axis, directrices are horizontal lines: y =k +—
e

y=ktZo3:_* _ 3416
J7

e T4
[ 199 )
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Example 21 An ellipse has the following properties:

(1) Its major axis is vertical and has a length of 10 units.

(i) The distance between its foci is 6 units.

(iii) The centre of the ellipse is at the point (3, —2).
Find the standard equation of this ellipse.
Solution:
(i) The major axis is vertical and has a length 10, so: 2a=10=a=5=a’ =25
(ii) The distance between the foci is 6, 50: 2c=6=> c=3= ¢’ =9
(iii) The centre is at (h,k)=(3,-2)
For an ellipse, the relationship between a, b and c is: ¢* =a” —b’
Substitute a® =25 and ¢’ =9

9=25-b" = H' =25-9 = b'=16

Since the major axis is vertical, the standard form of the ellipse equation is:

— 2 = 2
. bzh) + zk) =1 Substitute #=3, k=-2, a* =25,and 5" =16:
a

=3, 0+ |

16 25
6.4.3 Tangents and Normals to Ellipse
2 2
We are given the ellipse: x—2+ ;7;2 =1 ...(1) andtheline: y=mx+c ...(2)
a

We want to find their points of contact and the condition for tangency.
Substitute y =mx+c into the ellipse equation:
2 2
x°  (mx+c
)
a b
Multiplying through by a’b” to clear denominators:

b’x* +a’*(mx+c)’ =a’h’

1

Expand: b°x° +a’ (m’x” +2mex+c*)=a’h’
b’x* +a’m’x’ +2a’mex+a’c* —a’h’ =0
(b +a’*m*)x* +2a’mex+a’ (c* —=b*) =0 s ek )
The equation is quadratic in x and it gives the x-coordinates of the two points where

line and ellipse intersect. The corresponding values of y are obtained by setting the
values of x obtained from last equation into y=mx+c . Thus line and ellipse intersect

in two points.

[ 193 )
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Tangency Condition

Tangency occurs when the quadratic in x has equal roots.
This means the discriminant D = 0:

Qa’mce)* —4(b* +a’m*)-a* (¢ —b*) =0
da*m’c? —4a* (b* +a*m*)(c* —b*) =0
Factor out 4a” :
4a’| am’c® —(b* +a’m’ ) —b") |=0
Since a #0: Do You Know?
am’c® —(b* +a’m*)(c* —b*) =0 If a glass of water is tilted,
Expand the second term: The surface of the water
a’m’c® —=b’c? +b* —a’m*c* +a’m’h* =0
a’m’h® —b*c* +b* =0
Divide through b* (b #0):

forms an ellipse.

am’ —c’+b* =0
So, the tangency condition is:

=’ +b| = c=t NP+ .4

Putting value of ¢ in y = mx+c , we obtain y =mxt+a’m’ +b> two tangents to ellipse

for all values of m.
Point of Tangency

For the tangent y = mx ++/a’m” —5 the Q.E (3) has equal roots given by

. —2a’mc - —a’me
200° +a’ +m’) c’
2
We have equation of = am
c
B —a’m
atm®* +b*
_ 2
Substituting ~ x = ——o "
am’ +b’
Into 0 (5) we have
2 2 2
So, point of contact of (5) and (1) y = b is [ am , b J
\/a2m2 + b’ \/a!zm2 +b? \/azm2 +b’

Similarly, point of contact of y = mx—~/a’m” +5b* and (1) is

[ a‘m b? j
\/azm2 +b* ' \/azm2 +b*

[ 199 )
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2 2

Example 22 Find equation of the tangent and normal to the ellipse x_v +g—2 =1at the
2

point (x;, ).
x2 2
Solution: Equation of the ellipse is: —+ Z ==]
2 B

) . ) 2x 2yady dy b* x
Differentiat licitly with e e e = [ s e —

ifferentiating implicitly with respect to.x: —7+=5— e
b’x,

_azyl

d
Thus, the slope at (x;, »,) is: [—yj =
(X1, 1)

dx

Equation of the tangent:
b’x
Y=—nn=—"— ] (x—x)
a y
2 2
N, Y K _ ¥ K
bZ bZ b'—_’. aZ aZ
oo x5 W

Rearranging: 2 +? - ?+b_2

Multiplying through

2 2

Since (x;, ¥,) lie on ellipse, x%+}l;—1,:1
JERAFY

: . XX
Hence, the equation of the tangent is —-+ % =1
a
Equation of the normal:
2
an

Bx;

The slope of the normal is

2
a
Thus, Y=y =t (x-x)
bx,

Multiplying b°x,y—b’x,y, =a’yx—a’x,y,
Rearranging: a’y,x—b’x,y =xy,(a’ —b")
2 b2 X
Dividing both sides by by x,», (assuming x, # 0, y, # 0): LA ST
X Y

¥ EXERCISE 6.4 _J

1. Find an equation of the ellipse with given data.
(1) Foci (0, +5) and minor axis of length 8.
(i1) Vertices (-2, 5), (-2, —3); foci (-2, 4) and (-2, -2).
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10.

11,

12.

13.

(iii)  Vertices (6, 0), eccentricity :%-

(iv)  Centre (=3, 1), major axis parallel to the x-axis and of length 10 units,
minor axis parallel to the y-axis and of length 6 units.

Find the centre, foci, eccentricity, vertices and directrices of the ellipse whose

equation is given and sketch its graph.

(i) 4x*+97°=36 (i) 4*+24x+97*-36y+36=0

Find the equation of the ellipse as the locus of points P(x, y) such that the sum of

the distances from P to the points (-3, 0) and (3, 0) is 10.

Find the equation of an ellipse centered at (5, 3) that is tangent to both the x-axis

and y-axis.

What are the dimensions of the smallest rectangle aligned to the axes that
2 2

completely contains the ellipse f—6 + % =1?

Find the dimensions of the rectangle with greatest perimeter that can be inscribed
2 2

in the ellipse * Yo
16 9

Find the minimum distance of the point P(3cosé,2sin &) on the ellipse from the

centre of the ellipse.
2 2

Find the minimum distance from the ellipse % + yj =1 totheline x+ y =6.

2
Find the value of & for which the line y = 2x+ k& is tangent to the ellipse % +y° =1,

Determine whether the line y =2x—3 is a tangent, secant, or external to the
2 2

ellipse AN N
9 4

Find the equation of an ellipse with centre at (0, 0), a horizontal major axis of

length 8, and that touches the line y = x+5.

Show that the family of lines given by: xcos@+ ysinf= \/az cos’ @+b’sin’ @
2 2

where #1s a parameter and a > b, are all tangent to the ellipse x—2+ y—2 =1.

a b

2 2
If a tangent to the ellipse x_z + y_2 =1 with centre C cuts the major and minor
a
a’ b
axes at P and Q respectively. Prove that ——+ —=1.
|CP[" [COFT
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6.5 Hyperbola

The definition of a hyperbola is similar to that of an ellipse. For P(x. y)
an ellipse, the sum of the distances between the foci and a point
on the ellipse is fixed, whereas for a hyperbola, the absolute  F' F
value of the difference between these distances is fixed. One
distinguishing feature of a hyperbola is that its graph has two

separate branches (see Figure 21). Figure 6.21

Derivation of the Standard Equation of Hyperbola
Thus, we can define hyper bola as a hyperbola is Y

the set of all points (x, y) for which the absolute

value of the difference between the distances from >/ %P(x’ )
two distinct fixed points called foci is constant. The X
hyperbolas with simplest equations are those with  F'(—, 0) o Flc, 0)
foci on one of the coordinate axes. To obtain the / \

simplest equation for a hyperbola, we place the foci

on the x-axis at the points F'(—¢, 0) and F(c, 0), so Figure 6.22

that the origin is the midpoint of the segment joining them (see Figure 22).

Let the absolute value of constant difference of distances from any point P(x, y) on the
hyperbola to the foci be 2a, where a > 0. Thus,

|PF'|—|PF|=2a or |PF|-|PF|=12a
Using the distance formula,

\/(x+c)2 +y° —\/(x—c)2 +y’ =+2a
To simplify, isolate one radical and square both sides:

JE+EY ¥ =R2at-j(x=c) +°

Squaring, (x+c¢)* +y* =4a’ +4a /(x—c)z 97 +(x—c) + 37

Expanding the squares,

¥’ +2cx+c’+y =4a" + daj(x—c) +y* + X’ —2cx+c +y’

Cancelling the common terms x”, ¢*,and y” from both sides,

2cx = 4a’ i4a\/(x—c)2 +y?* —2cx

Bring the terms involving cx together: 4cx =4a” +4ay|(x—c)* + y°
Divide by 4 and isolate the remaining radical:

F m/(x—c)2 +y’=a" —cx
( (199 )
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Now we square both sides again:

a’[(x—c)+y’]=a* -2d°cx+c’x°
Expanding the left side: o’ (x* —2ex+c +y*)=a' —2d°ex+c*x*

a’x’ -2a’cx+a’c* +a’y’ =a' -2a’cx +*x’
Adding 2a’cx to both sides:

a’x’+a’c’ +a’y’ =a* +c’x’
Rearranging: a’x’—c’x*+a’y’ =a' —a’c’

(@ =) +a*? =a* (@ —c?)
From triangle PF'F in Figure 2, we note that |PF'|—|PF|<|F'F

, that is, 2a < 2¢, so

a<c and thus a”* —¢” <0. For convenience, we define a new constant b such that
b =a -

Substituting, the equation of the hyperbola becomes (—b*)x* +a’y” =a’(—b")
Finally, dividing both sides by —a’h’ gives the standard form of the equation of a

2 2
hyperbola: = “;);2

2 2
5 =1 where ¢ =a* + b
a

6.5.1 Key Features of the Hyperbola

e Vertices: Setting y =0 in the equation of hyperbola, gives x =+a. The points
A'(—a, 0) and A(a, 0) are the vertices of the hyperbola.

e Transverse Axis: The line segment 4’4 connecting the vertices is the transverse
axis (or focal axis) of the hyperbola. Length of the transverse axis is 2a.

e Conjugate Axis: A line passes through the centre and perpendicular to the
transverse axis is called conjugate axis. Setting x =0 in the equation of hyperbola,

gives y* =—b", which is impossible, so hyperbola does not meet y-axis in real
points. If we take two points B'(0, —b) and B(0, b) on the y-axis, then the line

segment B'B is called the conjugate axis of the hyperbola. Length of the
conjugate axis is 2h.

e Foci: The foci are at (+c, 0), they always lie on the transverse axis. In case of hyperbola
¢’ =a’ +b*, so that, unlike the ellipse, we may have a>5b or a<b or a=b.

e Centre: The midpoint C (0, 0) of the segment joining the foci is called the centre
of the hyperbola. Note that it is same as the midpoint of the transverse axis.

o Symmetry: The equation is unchanged if x is replaced by —xand y by —y; hence
the hyperbola 1s symmetric with respect to both the axis, and the origin.

e Eccentricity: The eccentricity e of a hyperbola is defined as e = L
a

Since ¢ > a, we have e>1.

[ 2oy )
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2 2
e Directrices: For the hyperbola x_z_z% =1, there are two directrices given by the
a

. . a
vertical lines x =+—.
e

e Latus Rectum: Each of the focal chords perpendicular to the transverse axis is
2

called a latus rectum (plural: latera recta). The length of each latus rectum is —-
da

e Parametric Equations: For all real # such that 9¢(2n+1)§ (where »n 1s an

2 2
integer), the point (asecé,btan@) lies on the hyperbola x_z —;:—2 =1. Thus, the
a
parametric equations of the hyperbola are: x =asecé,y =btan6.
e Foci on the y-axis: If the foci are on the y-axis at (0, J_rc), the roles of x and y are

2 2

; . x ;
interchanged, and the standard equation becomes y_2 — 1, vertices (0, ia).
a

e Relation between a, b and e:

Since b> =c’—a’, settingc=ae = b’ =a’e’—a’ = b’ =a* (& -1).
2 2

e Branches: To analyze the hyperbola further, we write x_z =1+ ’Z—z >1. This shows

a

that x* > a* so |x‘ > a. Therefore, we have x> a or x £—a. This means that the

hyperbola consists of two parts, called its branches. Note that no portion of the
curve lies between —a < x <a, because in this interval y is imaginary.

e Asymptotes: An important feature of hyperbola that is not shared by ellipses is the
presence of asymptotes. An asymptote of a curve y = f(x) isaline y = g(x) such

that
lim, ., [f(x)—g(x)]=0

2 2

For the hyperbola x_2 — ; =1, we have
a

P =

2 2 2

X b .
z—zz ——1 or y* =—x"—b". Notice that
a a
2 2 2 2
. oo b- b b
lim_,, —==lm_,, |—5—-—|=—" i
xto 2 X—>Ho0 (az 2 j & Figure 6.23

[ 2oy )
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2 2 y

. b b
That is, as x—>ioo,y—2—> ~, so that ——+— and so, y=+—x are the (slant)
x a x a a

asymptotes as shown in Figure 6.23. The asymptotes of a curve do not meet the curve
but distance of any point on the curve from any of the two lines approaches zero.

Note. The joint equation of the two asymptotes is
2 2 2
(y+éxj(y—éx] =0, thatis, y° —b—z x> =0 or x_z_y_z =0.
a a a a b

2 2

Rectangular Hyperbola as a special case: If in x—z—)b)—z =1 the lengths @ and b
a

become equal then the resulting hyperbola x” — y* = @’ is called rectangular
hyperbola. In this case asymptotes are perpendicular to each other.

This is obtained by replacing the constant term 1 with 0 in the standard equation.

e Second definition of Hyperbola

The hyperbola can also be defined as, if a point P moves so that the ratio of its distance
from a fixed point F (the focus) to its distance from a fixed straight line (the directrix)
is equal to a constant, e (greater than 1), the locus of P is a hyperbola of eccentricity e.

PF
That is, if ”P]M“ =e, where e > 1, the locus of P is a hyperbola.

Note. The equation of hyperbola can also be derived using the above definition.
6.5.2 Summary of Important Results

Hyperbola in ¥ Y 4 ¥ 1
standard form a b @ b
Centre (0, 0) (0,0
Equatlonof. y=0,—a<x<a x=0,—a<y<a
transverse axis
L
e.ngth of transverse 24 20
axis
Equ'at10n0fv x=0,—b<y<h y=0,—b<x<h
conjugate axis
Le.ngth of conjugate 2 2%
axis
Vertices (ia, 0) (O’ ia)




(TR . Mathematics-12

Conjugate points (0, +b) (£b, 0)
Foci (£c, 0),c=ae (0, +c),c=ae
f 2 2 f 2 2
Eccentricity e=£=ﬂ>1 e:ﬁzai""b>1
a a a a
E-quatlf)ns of =8 g a
directrices e e
Equations of latera v = tae -
recta
Length of latus 2b* 2b*
rectum a a

Equations of
asymptotes

Sketch of hyperbola

in standard form

Theorem 1: Translated Forms of Hyperbola’s
The equation

=h’ —k)y _,
e B2
describes a hyperbola with foci at the points
F'(h—c, k) and F(h+c,k), where

c=\a*+h*.

The centre of the hyperbola is at the point

- b _
y= a(x h)+k

C (h, k) and the vertices are located at

(hta, k). Figure 6.25

b
The asymptotes are y =+—(x—h)+k.
a
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Theorem 2: The equation
W=k? _=h?
a bz_
describes a hyperbola with foci at the
points F'(h, k—c) and F(h, k+c), where
c=~a’+b*.
The centre of the hyperbola is at the point

(h, k) and the vertices are located at
(h, kta).

V<

b
The asymptotes are x=*—(yv—h)+k.
ymp a(y ) _OT

Example 23 A hyperbola has a horizontal Figure 6.26

) o D )
transverse axis of length 12, centre at (-2, 5), and eccentricity 5 Find the equation of

the hyperbola.

Selution: Since the transverse axis is horizontal, the hyperbola opens left and right.
(x=h’ =k’
a’ b’

Given centre: (h, k) = (-2, 5).
Length of transverse axis =2a=12 = a=6
5 c 5

Eccentricity: e=S=2 55225 c=10
a 3 6 3

Using the relationship ¢* =a” +b”:100=36+5" = b’ =64.
Substitute # =2, k=5, a*> = 36, b* = 64 into the standard form:

c+2 =3 _,

The standard form is:

=1, where (4, k) is the centre.

36 64
Example 24 Find an equation of the hyperbola with given data and sketch the graph.
() Foci: (=3, 5+5v2) (ii) Length 7
of transverse axis = 6.
Solution: Midpoint of foci 20t
(=3,5+5/2), (-3,5-542) is the centre: AC38)-e i(_ =54/2)
C(-3, 3). 4'(_3@1/(—3, 5) : X
Transverse axis is vertical, so hyperbola has the /—zﬁ/ 1.0(13 0
Ry
=k (x=hy ",
form: = B =1 20+ ‘/2\)
2a=6 = a=3
y Figure 6.27




TR . Mathematics-12

2¢ = distance between foci =10~/2
g= 5\/5 = ¢ =50
C=a"+b’=50=9+b"= b =41
(=5 _ @+ _,
41
Example 25 Find an equation of the hyperbola with given data and sketch the graph.

(i) Foci (4,-3), (4, 7) and (ii) one vertex (4, 5).

Required equation:

Solution:
Centre (h,k) is the midpoint of foci (4, —3) and (4, 7)
h=ﬂ=4, k= —3+7 =i=2
2 2 2
So centre: (4, 2).
Both foci have same x-coordinate, this implies NY
transverse axis is vertical.
¢ =Distance from centre (4, 2) to a focus (4, 7) 10+
=7-2=5. A4 10 )
Given vertex: (4, 5). 1. c4,2) X
a =Distance from centre (4, 2) to vertex (4, 5) g ,1:0 A'(4157® 0 &
=§—-2=3. ,?7'(4\—3\
cc=a’+b* —10+
5 =3"+b
b’ =25-9 '
Figure 6.28
=16
(-2 (-4 _
9 16

Example 29 Find the centre, foci, eccentricity, vertices and equations of the directrices
of the hyperbola:

9x* —36x—4y° +8y—4=0. Also sketch the graph.
Solution:
9x* —36x—4y° +8y—4=0
9x* —36x—4y’ +8y=4
9(x*—4x)-4(y*-2y)=4
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9(x* —d4x+4—4)-4(y —2y+1-1)=4 NY
9l (x—2)"—4|-4[ (y-1)*-1]=4
y 101
9(x—2) —36—4(y—1) +4=4
2 2 1)
9(x—2)" —4(y-1)" =36 FQ\\/E, AN .FWJT-"’
Divide bjy 36 i = ~10 \v\ 7 0 X
9x=2 4=l _| ¥ Y
36 36
2 2 -107
=2 =D _,
4 9
This is a horizontal hyperbola: ¥
(x=m)' =k’ _, Figure 6.29
a’ »

Here: h=2, k=1, a°=4= a=2, b>’=9 = b=3.

Using the relation: ¢’ =a*+b*: > =4+9=13 = ¢=4/13
Centre: (h, k) =(2, 1).

For horizontal hyperbola vertices are: (h*a,k)

That is vertices are A(2+2,1)=A4(4,1), 4'(2-2,1)=4'(0, 1)
Foci: (h*c, k)

That is foci are F(2++/13,1), F'(2—+/13,1)

Eccentricity e= = @
a 2
Directrices: For a horizontal hyperbola: x =h* a
e
= 2 = 4 = W3 . So directrices: x=2+ W13
e V13 13 13 13
2

6.5.3 Tangents and Normals to Hyperbola

2 2
We are given the hyperbola: l—q—Z—z =1 ..(1)

.

and the line: y=mx+c ...(2)
We want to find their points of intersection and the condition for tangency.
Substitute y =mx+c into the hyperbola equation:
x* (mx+c) _

2 2
a b

1
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Multiplying through by a’b” to clear denominators: b°x* —a’(mx +c)’ = a’h’
Expand:

b’x* —a’(m’x* +2mex+c*)=a’h’

b’x* —a’m’x’ —2a’mex—a*c’ —a’b’* =0

(B> —a’m*)x> =2a’mex—a’ (> +b*) =0 ...(3)
The equation is quadratic in x and it gives the x-coordinates of the two points where

line and hyperbola intersect. The corresponding values of y are obtained by setting the
values of x obtained from last equation into y =mx+c. Thus line and hyperbola

intersect in two points.

Tangency Condition

Tangency occurs when the quadratic in x has equal roots.
This means the discriminant D = 0:

(2a’me)* —4(b* —a’m*)| -a* (¢ +b) | =0
Aa'm’c® +4a* (B> —a’m*)(c* +b*) =0
Factor out 4a’ : 4a’ [azmzcz +(b* —a’m®)(c? +b2)] =0
Since a #0: a*m’c* +(b* —a*m*)c* +b*) =0
Expand the second term:
a’m*c? + b’ c? + bt —a*m*c? —a*m*b* =0
—a’m*b* +b*c’ +b* =0
Divide through b° (b # 0):
—a’m’ +c*+b* =0
So the tangency condition is:

|c2 =a’m® —bz‘ = c=+Ja’'m’—b* provided a’m’ > b’

Putting value of ¢ in y=mx+c, we obtain y =mxt+a’m’—b*> two tangents to
hyperbola for all values of m.

Points of Contact

The line y=mx+c intersects the hyperbola in two distinct points given by solving:

(b* —a*m*)x* —2a*mex —a* (c* +b*) =0

- —(—2a*mc) + \/ Qa*me)? —4(b* —a*m*)-(—a*(c* + b))
B 26— a’m?)

[ 2oy )
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B 2a*mce + \/4a!4n12(:2 +4a* (b* —a*m*)(c* +b*)
2(b*— a’m?)
3 a*me+ \/a"mzc2 +a’ (b* —a*m*)(c* +b%)

b*— a'm’
The y-coordinates follow from y=mx+c.

2 2

Example 27 Find equation of the tangent and normal to the hyperbola x_z —% =1 at
a

the point (x,, 3,).

xl 2
Selution: Equation of the hyperbola is: —— Z—Z =1,
a

Differentiating implicitly with respect to x:

2 ydv_o v _Bx
a b dx dc a'y
d b’
Thus the slope at (x;, y,) is: [—yj =2_x,
dx (. m) a yl

b’x,
Equation of the tangent: y—y, =——(x—Xx,)
ay
2 2
9 N DAL 4 s W |
Multiplying through==: =L -1 -1
p y g g b2 b2 b2 a2 aZ
2 2
. X I _5N N
R : =l &l - =
earranging T R HS
X 2 y 2
Since (x,, »,) lie on hyperbola, so a—lz—b—‘z =1
S
a b '
Hence, equation of normal at (x—y,) is:
2
a
The slope of the normal is — bzyl

Hence, the equation of the tangent is:

X

a?_'
Thus, y—y, =— zy’ (x—x,)
b x,
Multiplying: b°x,y —b’x,y, =—a’y,x +a’x,y,
Rearranging: @’ y,x+b°x,y =xy,(a’ +b%)
2 2

b >
Dividing both sides by x, ¥, (assuming x, #0, y, #0): A2V 2+ b

( D —
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Example 28 Find the equations of the tangents to the hyperbola 2x* — 3)? =24 that
pass through the point (2, —4).
Solution: 2x* — 3)” = 24

2 2

Divide through by 24: f—z—% ~1.S0 a* =12, b* =8.

2 2

For x_z_ ;))2 =1, tangent with slope m is: y =mx++a’m” —b’
a

Substitute a® =12, b> =8: y=mx£~12m" -8

Substitute x=2,y=—4: 4=2m+\12m* -8 = —4—-2m==+12m* -8
Square: 16 +16 m +4m*=12m*> -8 = 8m?> - 16 m - 24=0 =>m> - 2m-3=0
==m-3)(m+1)=0 = m=3 or m=-1.
Form = 3:

y=3x%,/129)—8 = y=3x%+108—8 = y=3x++100 = y=3x=%10.
Check which sign satisfies the point (2, —4):
Check: y=3x+ 10:

Atx=2,y=3(2)+10=16. So (2, —4) do not lie on y = 3x + 10.
Check: y =3x - 10:

Atx=2,y=3(2)—10=—4. S0 (2,—4) lieon y =3x— 10.
So tangent is 3x—y—10=0.

Form=-1:
y=—x1.J12()-8 = y=—x212-8 = y=—x+/4 = y=—x+2.

Check which sign satisfies the point (2, —4):

Check: y=—x +2:
Atx=2,y=-2+2=0.S0(2,—4)donotlieony=—x+2

Check: y =—x—2::
Atx=2,y=-2-2=-4.S0(2,-4)lieony=-—x—2

So tangent is x+ y+2=0.

¥ EXERCISE 6.5 _J
1. Find an equation of the hyperbola with the given data. Also sketch the graph.
(i) Centre (0, 0), Focus (0, 10), Vertex (0, 8)
(i1) Foci (0, £8), Eccentricity =4 (iii) Foci (0, £10), Directrices y =+5
2. Find the centre, foci, eccentricity, vertices and equations of directrices of each of
the following. Also sketch the graph.

2 2 2 2

G Z-L= iy CHY_OD g XX

36 64 5 4 25 16
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3.

10.

11.
12.

13.

14.

15.

16.

17.

A hyperbola has its centre at the origin, transverse axis of length 14 along the y-
axis, and conjugate axis of length 10 along the x-axis. Find the equation of the
hyperbola.

A hyperbola has a horizontal transverse axis of length 8. One of its foci is at the

point (1 +2 V5, 3) and its eccentricity is g Find the equation of the hyperbola.
A hyperbola has a vertical transverse axis of length 8, centre at (2, —1), and
eccentricity g . Find the equation of the hyperbola.

A hyperbola has its centre at (-1, 4), a focus at (5, 4), and the corresponding
directrix given by the line x = —3. Find the equation of the hyperbola.

. . . 19
A hyperbola has a vertical transverse axis, eccentricity 2 and latus rectum of

length % The hyperbola passes through the points (2, 8) and (2, 0). Find the

equation of the hyperbola.
Find the equation of the hyperbola in standard form (centred at the origin) that

passes through the points (\/%, 4) and (\/ﬁ ,2).
2 2

Y =1 at the

Find equations of the tangent and normal to the hyperbola — =
a

point (asec@,btan ).
Find the length of the latus rectum of the hyperbola 9x* —16y° =144,

Find the eccentricity of the hyperbola whose asymptotes are perpendicular.
If the transverse axis of a hyperbola is 8 and the latus rectum is 9, find its

eccentricity.
2 2

The foci of a hyperbola coincide with the foci of the ellipse %Jr% =1. If the
eccentricity of the hyperbola is 2, find its equation.
Find the eccentricity of the hyperbola whose latus rectum is half its transverse axis.

2 2

Find the equations of the normals to the hyperbola %—f—:l which are parallel
to the line 2x — y = 5.

If the distance between the foci of a hyperbola is 16 and the distance between its
vertices is 12, find its eccentricity.

Find the length of the transverse axis of the hyperbola 4x> — 9)” = 36.
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18. A hyperbola for which a = b is called rectangular. Show that a hyperbola is
rectangular if and only if its asymptotes are perpendicular to one another.

19. Find the equations of the tangents to the hyperbola 7x* — 3y* = 105 that pass
through the point (3, 1).

20. Find the condition that the line /x + my = 1 is a tangent to the hyperbola
2 2

X _y _
a—z b2 - 1.
6.6 Applying Concepts of Conics To Real Life World
Problems
Example 29 A comet has a parabolic orbit with the earth at the focus. When the comet

is 4 km from the earth, the line joining the comet and the earth makes an angle of 30°
with the axis of the parabola. How close will the comet come to the earth?

Selution: Let equation of the parabolic orbit be y* = 4ax. Let the centre of Earth

E (a, 0) be the focus. As point a parabola that is closest to the focus is it vertex. So,

we need to find |OE|=a

. xX—a \/5 xX—a N
F ht AEQP, c0s30° = =>—= )
rom rig OP, cos P 5 P PG
:>x—a=—3h:>x=a+£. h/ |y
2 2 ) 30° | x
cae ¥ 1y h X O\ E@,0 :
also sin30 =; :>5=;:>y=5 |<(—ax—)a->Q|
Since (a+£h,ﬁ] lies on the parabola y* =4ax, it must VY’
2 2 Figure 6.30
satisfy it.
2 2
(EJ =4a a+£h = A 23k
2 2 4
2
4d® +2\/§ah—? =0
2\3h |(243h) —4(4)[_hzj 0
o 4 ) 2BhEN12R® + 40

2(4) 8
_ 2BhN16h*  —2\Bh+4h
8 8
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2(—v3£2)h (—3£2)h i+

= = Since,
4

(—\/§+2)h

4

2 .
< 0so, neglect it.

Since minimum value of a is required, we have a = km

Example 30 Elliptical Electron Orbit

In the Bohr—Sommerfeld model of the atom, electrons move in elliptical orbits around
the nucleus, which is located at one focus. Consider an electron in an elliptical orbit
with a semi-major axis a = 5.29 x 107'! m (the Bohr radius) and an eccentricity e =
0.20.

(a) Find the distance from the nucleus to the centre of the ellipse.
(b) Determine the minimum distance (perihelion) and maximum distance
(apoapsis) of the electron from the nucleus.
Solution: (2) For an ellipse, the distance from the centre to each focus is ¢ = ae.

c=(529%x10")%x0.20 =1.058 x10""'m
Thus, the nucleus is 1.058 x 107" m from the centre of the ellipse.

(b) The minimum distance (periapsis) occurs when the electron is closest to
the nucleus at the focus:

roo=a(l—e)=(529x10"") x (1 - 0.20)=(5.29 x 10 ") x 0.80=4.232 x 10" m
The maximum distance (apoapsis) occurs when the electron is farthest from the
nucleus:

P =a(14+€)=(5.29 x107") x (1 + 0.20)=(5.29 x 107) x 1.20=6.348 x 10" m

Example 30 The cable of a suspension bridge is parabolic. The roadway is 10 m,
below the lowest point of the cable. The span of the bridge is 200 m, and the tops of
the piers are 50 m above the roadway. Find the equation of the parabola. If the load is
supported by vertical chains at intervals of 10 m, find the length of the chain that is 20
m away from either pier.

Solution: Let BAC be the cable, A(O, 0) the Y
origin at the lowest point of the cable (vertex of the
parabola), and DE be the road way.

Taking Ax as the x-axis the parabola opens
upwards with vertex at (0, 0) and its equation is of
the form:

x* =4ay (D
Since HB=100 m and AH =50—-10=40 m, the Figure 6.31
coordinates of B are (100, 40) which lie on (1).
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Therefore, (100)* =4a(40) = 10000 =4a(40)

4q=10900 _ 550,
40

Hence equation of the parabola is x* =250y -2

If PR be the chain at a distance 20 m from the pier BE, then
AQ=100-20=80m

Since P(80,PQ) lies on (2), (80)* =250-PQ = 6400=250-PQ

= po=20=256m

Thus, the required length of the chain (= PR) is the vertical distance from the cable

to the road way:

Length = PR = PO+ QR =25.6+10 =35.6m.

Example 32 The moon revolves around Earth in an elliptical orbit, with the centre of
Earth located at one focus. The major and minor axis of the orbit have lengths of
768,800 km and 767,600 km, respectively. Find the greatest and least distances (the
apogee and perigee) from Earth’s centre to the moon’s centre.

Solution: Begin by solving for a and b:
2a=768,800 = a=384,400 and 2b=767,600

—  5=383,800 b
c=+Ja* —b* =/(384400)’ —(383800)’ /e *
= /147763360000 — 147302440000 |

=+/460920000

=21469.047 ~ 21469 km

The greatest distance between the centre of Earth and
the centre of the moon is
a+c~384,400+21,469= 405,869 km
and the least distance is X . e
a—c ~384,400—21,469=362,931km. Figure 6.32
Example 33 Satellite Orbit
The apogee (the point in orbit farthest from Earth) and the perigee (the point in orbit
closest to Earth) of an elliptical orbit of an Earth satellite are given by 4 and P,
A—P
A+ P
Solution: Consider an elliptical orbit with Earth at one focus. Let:
a = semi-major axis of the ellipse, ¢ = distance from the centre to each focus,

respectively. Show that the eccentricity of the orbitis e =

c -
e =— = eccentricity
a
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The perigee P is the closest distance from the satellite to Earth. Since Earth is at
one focus, this distance occurs when the satellite is at the vertex nearest that
focus: P=a-—c

The apogee A is the farthest distance from the satellite to Earth. This occurs

when the satellite is at the opposite vertex: 4=a+c

A=a+c
We have the system: {
P=a-c

Add the two equations: A+P=(a+c)+(a—c)=2a = a= S

Subtract the second equation from the first:

A-P=(a+c)—(a—c)= 202c=A;2P
By definition, eccentricity is: e = c
a
A-P
Substitute the expressions for ¢ and a: e = 2 = o
A+P A4+ P
2
5 o o 5 A-P
Thus, the eccentricity e of the elliptical orbit is given by: e = ey
+

Remark
» This formula holds for any elliptical orbit where the central body is at one

focus
Example 34 A cross-section of a parabolic reflector is C
shown in the figure. The bulb is located at the focus and y /
the opening at the focus is 20 cm. g

(a) Find an equation of the parabola. o

(b) Find the diameter of the opening ‘CD , 20 cm 7 20cm...>

from the vertex. =

Solution: From Figure description: §
* Cross-section of a parabolic reflector is a parabola B\
+ The bulb is at the focus F D
* The opening at the focus is 20 cm Figure 6.33

This means the width perpendicular to the axis at the focus is 20 cm
* 10 cm appears on each side of the axis in the diagram at the focus level
+ Take vertex at the origin, axis horizontal (opening to the right)

Thus, the standard form is: y* = 4ax
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where 4a = |AB‘ = length of latus rectum

Equation of parabola is y* =20x

20 cm from vertex means x =20 (since vertex at origin, axis along x-axis)

From y° =20x: At x=20: »*=20x20=400 = y =120

Half-width =20 cm

Diameter |CD| =2(20)=40 cm.
Example 35 A parabolic flashlight reflector has the shape given by the equation:

1,
207

where should the lightbulb be placed so that the reflected rays emerge parallel to the
axis?

Solution: The equation is given as: x = % ¥ = y* =20x

This is a parabola that opens to the right with its vertex at the origin (0, 0).

The standard form of a parabola opening to the right is: y* = 4ax

Where:

* ais the distance from the vertex to the focus

¢ The focus is at (a, 0)

* The directrix is the vertical line x=—a

Compare y* =20x with y* =4ax: 4a=20 = a=>5

For a parabola y* = 4ax, the focus is at (a, 0)

Substituting a = 5: Focus = (5, 0)

The lightbulb should be placed at the focus of the parabola. By the reflective
property of parabolas, any light ray emitted from the focus will reflect off the
parabolic surface and travel outward parallel to the axis (the x-axis).

Thus, the bulb should be located at: (5, 0).

Remark:
The reflective property ensures that light from the focus reflects parallel to the axis, a
principle used in flashlights, headlights, and satellite dishes.

¥ EXERCISE 6.6 _J

1. A comet has a parabolic orbit with the sun at the focus. When the comet is 100
million km from the sun, the line joining the sun and the comet makes an angle
of 60° with the axis of the parabola. How close will the comet get to the sun?

2. Find an equation of the parabola formed by the cables of a suspension bridge
whose span is £m and the vertical height of the supporting towers is A m.

3. A parabolic arch has 120 m base and height 25 m. Find the height of the arch at a
point 42 m from the centre of the base.
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An athletic field features an elliptical running track. The track is 120 meters long

along its major axis and 80 meters wide along its minor axis.
(a) Find the distance from the centre to each focus of the ellipse.
(b) If two water fountains are placed at the foci, how far apart are they?

A landscaper wants to create an elliptical flower bed with a major axis of 10
meters and a minor axis of 6 meters. Using the gardener's method, two stakes are
placed at the foci, and a loop of string is stretched around them to trace the ellipse.

(a) How far apart should the two stakes be placed?
(b) What should be the total length of the string loop?

An architect designs a bridge with an elliptical arch. The arch has a span (width)
of 24 meters and a height of 8 meters. The ellipse is centred at the origin with the
major axis horizontal.

(a) Write the equation of the ellipse representing the arch.

(b) A boat needs to pass under the bridge. The boat is 6 meters wide. What is
the maximum height of the boat that can pass through the arch if it must stay
centred?

In the Bohr—Sompmerfeld model, an electron in an elliptical orbit around a
nucleus obeys a modified form of Kepler’s third law. For a hydrogen-like atom,
the square of the orbital period T is proportional to the cube of the semi-major
axis a.

Consider an electron in an elliptical orbit with a semi-major axis

a=2.12x10""m (four times the Bohr radius) and an eccentricity e= 0.30.
The constant of proportionality for hydrogen is k& =2.96 x 107'%s* /m’.
(a) Determine the distance between the nucleus (at one focus) and the centre of

the ellipse. (b) Calculate the orbital period T of the electron.

(¢) Find the maximum and minimum distances of the electron from the nucleus
during its orbit.

LORAN (long distance radio navigation) for aircraft and ships uses synchronized
pulses transmitted by widely separated transmitting stations. These pulses travel
at the speed of light (186,000 miles per second). The difference in the times of
arrival of these pulses at an aircraft or ship is constant on a hyperbola having the
transmitting stations as foci.
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10.

11.

Assume that two stations, 500 miles apart, are positioned on a rectangular
coordinate system at (—250, 0) and (250, 0) and that a ship is traveling on a path
with coordinates (x,120) (a horizontal line 120 miles above the x-axis). Find
the x-coordinate of the position of the ship when the time difference between the

pulses from the transmitting stations is 1200 microseconds (0.0008 second).

A satellite orbits Earth in an elliptical path. The apogee (farthest distance from
Earth) is A = 42000 km, and the perigee (closest distance to Earth) is P =
30000 km.

(a) Find the semi-major axis a of the orbit.

(b) Find the distance from the centre to each focus c.

(c) Calculate the eccentricity e of the orbit.

The end towers of a suspension bridge are 100 meters high and 540 meters apart.
The suspension cable hangs from the top of the towers in the form of a parabola
and the lowest point of the cable is 25 meters above the horizontal road. Find the
length of the supporting vertical cable at a horizontal distance of 81 meters from
the centre of the bridge.

An architectural arch is built in the shape of the upper half of an ellipse with semi-
major axis 8§ meters and semi-minor axis 5 meters. A horizontal beam 1s to be
placed across the arch at a height where the width of the arch is exactly 10 meters.
Calculate the exact height above ground level where this beam should be installed.




Kinematics of Motion in “
a Straight Line

INTRODUCTION

Kinematics is the branch of mechanics that describes the motion of objects without
considering the causes of motion. In this unit, we will explore how objects move along
a straight line by studying key physical quantities such as displacement, velocity, and
acceleration. Through sketching and interpreting displacement—time and velocity—time
graphs, we will develop a visual understanding of motion. The unit also introduces the
use of rates of change to analyze how displacement, velocity, and acceleration vary
over time. Using differentiation and integration with respect to time, we will solve
simple problems related to motion. For situations involving constant acceleration, we
will apply appropriate kinematic formulae to determine unknown quantities. Finally,
the concepts learned will be applied to real-life situations, such as the motion of
vehicles, free fall, vertical projectile motion, relative motion, and the creation of
realistic movement in animation.

7.1 Rectilinear Motion

The motion of a particle along a straight line is called rectilinear motion.

7.1.1  Scalars

Scalar quantities are those that are completely described by magnitude only (size or
numerical value). Scalars do not have direction.

Examples:

e Distance: Total length of the path travelled, regardless of direction.

e Speed: Rate at which distance is covered per unit time, irrespective of direction.
7.1.2 Vectors

Vector quantities are described by both magnitude and direction.
Examples: « Displacement: Displacement is change in position of a particle
represented by a vector from initial to final position.

* Velocity: Rate of change of displacement with respect to time in a
specified direction (i.e., speed in a given direction). It is vector
quantity and its magnitude gives speed.

¢ Acceleration: Rate of change of velocity with respect to time,
including direction.
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7.1.3 Displacement, Average Velocity and Acceleration

When a particle undergoes rectilinear motion, its displacement, velocity, and
acceleration can have only one of two possible directions, along the line of motion.

In such cases, we do not use arrows or other vector symbols to represent direction;
instead, we use positive and negative signs to indicate it:
. One direction along the line is taken as positive.
. The opposite direction is taken as negative.
This simplifies the representation of displacement, velocity, and acceleration in
rectilinear motion.
Average Velocity: The average velocity (v) of an object is defined as the total
displacement divided by the total time taken:
. Total displacement  Ax
Vg = Average velocity = - =—
Total Time At
Average Speed: The average speed of an object is
defined as the total distance travelled divided by the
’ a body goes and come back
total time taken: starting position
Total distance travelled e Displacement =0
Total Time e Distance 0
Example 2 A man walks 100 meters east in 2 minutes,
then turns around and walks 60 meters west in 1 minute. Find his speed and velocity.
Solution: Total distance = 100 + 60 = 160 meters
Total time =2 + 1 = 3 minutes
Total distance travelled 160

Total Time
Taking east as positive and west as negative:
Displacement eastward x;, = 100 meters

Average speed =

= 53.3 meters/min

Average Speed =

Displacement westward x, =— 60 meters
Total displacement = x, + x, = 100 — 60 = 40 meters

Tatl displacement _ 40 =13.33 meters/min (eastward)

Total Time 3

Instantaneous Velocity: The instantaneous velocity is the rate of change of
displacement with respect to time at a given instant. If x(7) is the displacement of a
particle at any time 7, then instantaneous velocity v(¢) at any time 7 is given by:

V.~ Average velocity =

dx
W) = —
(1) =
Instantaneous Speed: Instantaneous speed is the magnitude of instantaneous velocity:
dx
Instantaneous speed = ‘v(t)‘ = ~
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Example 2 Let x(7) = £ — 6¢ be the position of a particle moving along a straight line
at any time ¢, where x is in meters and ¢ is in seconds. Find the velocity and the speed
of the particle at any time ¢ and at 7 = 1 second.
Solution: Given: x(7)=7 — 6
Differentiate with respect to 7:

o 32— 12¢

dt
Therefore, the velocity at any time 7is: | Speed at any time 7 is:

w(t) =3 — 12t .. (D Speed = [v(1)| =3 - 12¢| ... (2)
Substitute =1 into equations (1) and (2):
v(1)=3 — 12 =-9 meter/second and Speed = |[v(1)| =|-9| =9 m/s

Acceleration: Rate of change of velocity with respect to time is called acceleration. If
v(?) is velocity of a particle at any time #, then its acceleration a(#) is given by:

dv
f)=—
a(t) o

; dx . :
Since v= = the above expression can also be written as:
t

dv d [dx} d’x
a(t) s eyl 2
dr dt\ dt dr
If velocity v of the particle is given as a function of displacement x:
Using the Chain Rule:
e dav(x) ﬂ _ ﬂ
dt dx dt

. dx
But since v = 7 we get:
t

dv
a=v—

dx
Units of Acceleration: If displacement is measured in meters and time is in seconds,
then unit of acceleration is meters per second square i.e m/s*.
7.1.4 Displacement-Time Graph
Displacement-time graphs are important tools in kinematics, because they provide
a visual representation of an object's motion. Here’s why we discuss them:

. They give a clear picture of how an object’s position changes over time.
. They help us easily determine whether an object is moving, stationary or
accelerating.

In a displacement-time graph, the displacement (x) is plotted on the y-axis, and time (¢)
is plotted on the x-axis.
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Key Features of a Displacement-Time Graph

1. Slope of the graph = [%j , represents velocity of the particle.

e Ifvelocity is uniform i.e.,

y= % = Slope of the graph = constant,
!

the displacement-time graph is a straight line.

o Ifv= ? = 0, the particle is at rest and the

! R
displacement-time graph is a horizontal line, D
which reflects that displacement remains
constant with time. In Figure 7.1, the particle is |4 Figure 7.1
at rest from point B to point C.

Byv=0C

~

dx .
o If v=— = constant > 0, the particle — -
dt e Positive slope  forward motion,

moves forward, and the displacement- | ¢ Negative slope backward

time graph is a rising straight line; that Ml

is, displacement increases as time

increases. In Figure 7.1, the particle is moving with positive uniform velocity
from point 4 to point B.

dx . . o
o Ifv= I = constant < 0, the particle moves in the opposite direction, and the
t

displacement time graph is a falling straight line; that is, displacement
decreases as time increases. In Figure 7.1, the particle is moving with uniform
negative velocity from point C to point D.

Example 3 A cyclist rides

~ /\Y
in a straight line for 20 |[£ g
minutes. He then stops and o5
waits for 30 minutes, after § 4 A B
which he returns in a straight | € ;
. . . . 9 |
line to the starting point in 10 % 1 . X
minutes. Figure 7.2 shows |& 5 >
: ; 10 20 3040 50 60 70
the displacement-time graph #(minutes)
for his journey. Figure 7.2

(a)  Calculate the average velocity for each stage of the journey in km/h.
(b)  Calculate the average velocity for the whole journey.
(¢)  Find the average speed for the whole journey.
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Solution: (a) Journey from O to 4:

Time = 20 mins, displacement = 4 km

Average velocity = Displacment _ 4 _ 1 km/min =12 km/h

Time 20 5

Journey from 4 to B:

Time = 30 mins, displacement = 0 km

Average velocity = w = % =0 km/min
ime

=0x60=0km/h = objectis stationary.

Journey from B to C:

Time = 10 mins, displacement =—4 km

Average velocity = W = = _2 km/min =-24 km/h
Time 10 5
(b) The displacement for the whole journey is 0, so average velocity is also 0.
(c) Totaltime =60 mins=1h ; Total distance=4 +4 =8 km

Average speed = M = 8 km/h =8 km/h
Total time 1
Example 4 Javed drives from his home to glY
Murree. He drives for 2 hours at an average | _8 C
velocity of 50 km/h. He then stops for lunch | Z A
before continuing to Murree. Figure 7.3 E 5 B
shows a displacement-time graph for his % 4
journey. é ; .
(a) Work out the displacement of é 1 Y
Murree from Javed’s home. O 1 1 1 1 —
(b) Work out his average velocity for Time(hours)
his whole journey. Figure 7.3

Solution: (a) Journey from O to 4:
Time =2 h ; average velocity = 50 km/h

) . Displacement

Since, average velocity= ———
Time

50 = Displa;:cment

Displacement = 50 x 2 =100 km

[ 2
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Scale on vertical axis from graph:
6 units = 100 km

So, 1 unit = —=—km
6 3

Journey from B to C:
vertical rise = 2 units

Displacement = 2 x 53—0 = % km

Total displacement of Murree from Javed’s home = 100+ %
= % =133.3 km

(b) Average velocity:
Time = 2 h (first drive) + 1 h(lunch stop) + 1 h(second drive) =4 h
Total displacement = 133.3 km
Average velocity = %

~33.33 km/h
115 Velocity-Time Graph

Velocity-time-graph helps us visually understand how the velocity of an object changes
with time. It is used to:

*  Analyze uniform or non-uniform motion

. Determine acceleration . Calculate displacement

. Study motion in different time intervals clearly and effectively
In a velocity-time graph, the velocity (v) is plotted on the y-axis, and time () is plotted
on the x-axis.
Key Features of Velocity-Time Graph

1. Slope of the graph (%j , represents acceleration of the particle.

e If a particle is moving with constant acceleration, its velocity-time graph is a

straight line. Ax

o If a:%:O, the velocity-time graph is a Fr=0¢ -
horizontal straight line. In Figure 7.4, the (jg 5
particle is moving with uniform velocity D
from point B to point C. 4 Figure 7.4 ;
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dt
the velocity of the particle |,

Displacement = Area under velocity- time graph
is increasing with increase | e Acceleration = Slope of velocity time graph

in time, and the velocity-
time graph is a rising straight line. In Figure 7.4, the particle is moving with
positive uniform acceleration from point 4 to point B.

dv : ; fq 3
o Ifa= = = constant < 0, the velocity of the particle decreases with increase
t

in time, and the velocity-time graph is a falling |4V
straight line. In Figure 7.4, the particle is moving

with uniform negative acceleration (retardation)
from point C to point D.

e [faparticle is moving with variable acceleration, then its
velocity-time graph is not a straight line. (See Figure 7.5) Figure 7.5

~VY

2. If A is the area under the velocity-time graph and above the time-axis from ¢ = #;
to ¢ = 12, then from integral calculus:

A= [v)dt
¥ Ify=f(x) > 0 for a <x < b, then the area under
' the curve y = f(x), above the x-axis, and between
. dx b
Since v= E 3 the vertical lines x = a, x = b is equal to J.ydx .
we have:

L5} 15}
dx

A= |—dt = |dx =x(t,) —x(1,)
[ = i =06,

Thus, 4 = displacement of the particle during the time interval from ¢, to z,.

Note: If velocity-time graph lies both above |4V
and below the time axis, and A4, is area

above time axis and graph, while 4, is the KA t
area below time axis and graph, then: V{ / :

Displacement =4, -4, Figure 7.6

Distance =4, +4,
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Example 5 Figure 7.7 is the velocity-time graph | 1V

for a cyclist traveling in a straight line. (The time | ¢4
is in minutes and velocity is in meters per minute). )
(a) Calculate the total displacement of the
cyclist from his starting position at the |2
end of the 12 minutes. o
(b)  Determine the uniform deceleration [0 2 4 6
during the final 4 minutes of motion. Figure 7.7

Solution: Let x be the total displacement.

The displacement is equal to the area under the velocity—time graph, which is the area
of trapezium OABC:

. 1 Area of Trapezium
x = Area of trapezium OABC = s (a+b)h vi 1)
Where: Area of Trapezium
a = length of lower side ocC =12, A trapezium (trapezoid) is a

four-sided plane figure that has
exactly one pair of parallel

h = vertical distance between OC and AB=6 sides. If a and b are the lengths

Substitute the values of @, b and / into equation (1): BE Dl id R
perpendicular distance between

b = length of upper side 4B =8, and

= l (12 + 8) % 6 = 60 meters them, then the area is given by:
2 1
. . Area =—(a+b)xh
(b) Let a be the acceleration during the final 4 { 2 y
minutes of motion, then:
a=slopeofﬁ _ =8
12-8

L
4 2

Example 6 Ali drives a car 400 km in a straight line. Figure 7.8
is a sketch of a velocity— time graph representing his motion. Ali
starts with a velocity of # km/h and accelerates to a velocity of
70 km/h in 3 hours. He then maintains his velocity for 3 hours,

. . 1
after which he slows down uniformly to rest over the next 3

hour. Find:
(a) The value of u
(b) The acceleration of Ali during the first 3 hours of his drive.

[ @23 )
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Solution: (a) Given that the total displacement is 400 km.
Since the displacement is the area under the velocity-time graph:
x = area of trapezium OABE + area of trapezium BCDE

x=%(aﬂb)xh]+%(c+a’)xh2 .. (D)
Where: a=|0A|=u b=|BE|=70 h,=[OE|=3
c=|BC|=6-3=3 d=|ED|=6.5-3=3.5 h,=b=170

Substitute these values into equation (1):

x=%(u+70)><3+%(3+3.5)><70

:%(3u+210+455) =%(3u+665)

From equation (1) substitute x = 400:
400 = é(?,u +665)

_1s

3u=135 u =45km/h
(b) Let a be the acceleration during the first 3 hours of his drive:
5 _ | BE]
=slope of AB=—— .. (1
a=slop AF | (D

Where | BF| = |BE|— |EF| =70 —u, |BF|=70—45 =25, |AF|=|OE| =3
Substitute | BF | = 25 and |AF| = 3 into equation (1):

a= ? ~ 8.33 km/h?

7.1.6 Motion with Constant Acceleration

To study the motion of a particle moving with constant acceleration, we consider four
quantities: displacement, time, velocity, and acceleration. Usually, some of these
quantities are known and the remaining are to be determined. To relate these quantities,
we use the equations of motion. Suppose a particle moves along a straight line with
constant acceleration a. At time 7 = (), the particle is at point O (i.e, x = 0) and has initial
velocity u. Since acceleration is the instantaneous rate of change in velocity with
respect to time, we have:

av a = dv=adt
dt
Integrating both sides:
[dv = [adt
v =at + ¢ (where c is the constant of integration) (1)

[ 229 )




Unit-7 Kinematics of Motion in a Straight Line Mathematics-12

Using the initial condition v = « at ¢ = 0, substitute into equation (1):
u=0+ec = c=u
Substitute back into equation (1):

v=u-+at ...(2)
Since velocity 1s the instantaneous rate of change of displacement with respect to time:
dx  dx
V= —=>—=u+at=>dx=(u+at)dt
dt dt

Integrating both sides:
[dx = [(u+at)dt

3

x=ut+a%+c, ...(3)
Using the initial condition x =0 at # = 0, substitute into equation (3):

0=0+0+85 = ¢=0
Substitute back into equation (3):

x=ut+ %at‘2 ...(4)
Now from equation (2):

v—u
=

a
Substitute this into equation (4) to eliminate ¢:

2
v—u) 1 (v—u
xX=u +—a
[aj 2[ a]
By simplification, we get:

2ax =v* —u? ...(5)
The three equations of motion for a particle moving with constant acceleration are:

1
. v=u-+at . x=ut+§at2 . 2ax=v* —u?

These equations are frequently used to describe and analyze the motion of a particle
under constant acceleration.
Example 7 A car starts from rest and accelerates uniformly at 3 m/s?. Find the velocity
of the car after 5 seconds.
Solution: Given that = 0 (car stats from vert) a =3m/s* t=35, v="1
To find v, weuse v=u + at
By substituting the values of #, a and #, we get:
v=0+3x5=15m/s.
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Example 8 A car accelerates from 10 m/s to 30 m/s in 4 seconds. Find the distance
covered during this time.

Solution: Given that v=30ms,u=10mss,r=4s.
First, we find its acceleration, using:
v =u-+at

Substitute the known values: 30=10+a x 4
To find distance x, we use
2ax =Vv? — .. (1)

=4a=20 = a:%:S m/s?

By substituting the values of #, @ and v in (1), we get:

2x5x=30"-10>=800 = x:810—00:80meter

Example 9 Find the position and the velocity of a particle moving along a straight
line at any time 7 seconds, given that starts from rest at z =0 and is subject to an

acceleration a(r) =1 +cost.

Solution: Given: a(r)=1>+cos?

dv
E=t2+cost = dv=(t2+cost)dt:> fdvzf(tercost)dt va(t)=—

v(t)zéts +sinf+c

Using the initial condition v=0 at 71 =0:
0=0+0+c =c=0

SO, v([):%tj‘f'slnt
ﬂ:lt3+sint:> fdx=f{ll‘3+8im)df "'a(t):'d_v
dr 3 3 dt

x(z‘)=%t“—cost+cl

Example 9 =0 at 1=0:

0=0-1+¢,= ¢ =1 So, x(t):éf—costﬂ

Example 10 The acceleration (in m /s*) of a particle is given by a(f) = cos ¢ + sin ¢.

Given that the velocity is 2m/s at =0, find the expression for velocity v(t) .

Selution: Given: a(f) = cos ¢+ sin ¢
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dv
'~’a(f)=;;

%=cost+sint:>,[a’v=_[(cost+sint)dt
t

v(#)=sins—cost+c¢
Using initial condition v=2 at r=0: 2=0-1+c= ¢=3
So, v(t)=sint—cosz+3

7.1.7 Motion of a Free Particle Moving Along a Vertical Line
When a particle moves under the influence of gravity alone and air resistance is
neglected, the motion is called free fall or free vertical motion. This motion takes place
along a vertical straight line, either upward or downward. The acceleration due to
gravity is denoted by g and is approximately:

g=9.8 m/s’
If a particle is projected upward, its velocity decreases uniformly due to gravity and
becomes zero at the highest point. If the particle moves downward, it accelerates
toward the ground at the rate g. The equations of motion for constant acceleration can
also be used in vertical motion by replacing @ with g for downward motion and with —
g for upward motion.

Example 11 (Free Fall from Rest) Example 12 (Upward Throw)

A stone is dropped from the top of a
tower 45 m high. Find the time taken to
reach the ground and the final velocity
on impact.

Solution: Given: w=0,x=45m,
a=g=9.8 m/s’

Use the equation of motion:

1
x=ut+ —gf
2g

Substitute values: 45 =0 + % (9.8)7

Solve for ¢

1= |2%2 3035
V9.8

To find the final velocity on impact, use
the equation:
v=u-+gt
Substitute the known values:
v=0+9.8x3.03 =29.7m/s

A ball is thrown vertically upward with
a speed of 20 m/s. Find, the maximum
height attained and the time to reach the
maximum height.
Solution: Given: »=20m/s, v=0m/s
(at top), a = g =—9.8 m/s*
Use the equation of motion:

v=u-+gt
By substituting the values of #, v and g,
we get:

0=20+ (-9.8)
=20 20048
9.8

To find maximum height, use the
equation of motion:

1
x=ut+ —gf
28

By substituting the values of #, # and g,
we get:

x=20x2.04+ % (—9.8)(2.04)
~20.4 m

D
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¥ EXERCISE 7.1 _J =
1. Junaid covers 100 km in the first 2 hours, stops for 1 hour, %
and then drives 60 km in the next 2 hours. The 2100
displacement-time graph is shown in Figure 7.9. g '
(a) What is Junaid’s average velocity? % »
(b) What is his velocity during the last phase of the |& 20
SO / . Timze (hoéltlrs) -
2. The displacement-time graph of a moving car is shown in Figure 7.9
Fig. 7.10. The car changes its direction during the s
journey, and its motion occurs in three distinct =
phases. =
(a) What is the car's velocity in each phase? £ 20
(b) When did the car pass its starting point g
again? mlol 121416 N [7
(c) What is the total distance travelled? & Time (9 | \
(d) What is the average velocity? Figure 7.10
3.  Figure 7.11 is the velocity-time graph of Aslam’s motion as he runs along a
straight track.
\ A B

For the first 5 seconds, he accelerates uniformly from |8}*------- ; ]
rest to a velocity of 8 m/s. He then maintains this : .
velocity for a further 8 seconds. Find: .
(a) The rate at which Aslam accelerates. '

(b) The displacement from the starting point of | + 1'3C

~V

Aslam after 13 seconds. Figure 7.11
4. A caris travelling along a straight road. At # = 0 seconds, the car passes a point 4
with a velocity of 12 m/s, and this velocity is maintained up to # = 35 seconds.
The driver then applies the brakes, and the car decelerates uniformly, coming to
rest at the point B at = 40 seconds.
(a) Sketch a velocity—time graph to illustrate the motion of the car.

(b) Find the displacement from 4 to B. v
5. Figure 7.12 shows the velocity—time graph of o g
an object moving in a straight line over a

12-second time interval. ) i
(a) At what time did the object change its | 0 305 2\ 1012

direction of motion? _Qfsancamenere s <. E
(b) Calculate the total distance travelled and Figure 7.12

the displacement of the object during the 12 seconds.
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6.

10.

11.

12.

13.

A vehicle moving with a speed of 36 km/h is stopped by applying brakes and
comes to rest in 10 seconds. Find the retardation and distance covered during this
time.
A train moving at 54 km/h is accelerated uniformly to 90 km/h in 20 s. Find the
acceleration and the distance covered in this time.
A particle moving in a straight line starts from rest and is accelerated uniformly
to attain a velocity of 30 km/h in 5 seconds. Find the distance travelled by the
particle in the last three seconds.
A particle is projected vertically upwards with a velocity 100 m/s, and another is
let fall from a height of 200 m at the same time. Find the height of the point where
they meet each other.
A ball is thrown vertically upward with a velocity of 20 m/s. Find, the maximum
height reached, and the time taken to return to the thrower’s hand.
A rock is dropped from a cliff. One second later, another rock is dropped from the
same height.
(a) What is the distance between the two rocks 2 seconds after the first rock is

dropped?
(b) At what time will the distance between them be 14.7 m?
The acceleration of a particle is a(?) = 11? for £ >0. If the velocity is 0 m/s when
t =0, find the velocity at =5 seconds.
The motion of a robotic arm moving along a straight track is described by
the velocity function

Wi)=6+1t—1

where v(7) is in meters per second and ¢ is the time in seconds, valid for
0 < <5. Find the distance travelled by the arm.




Numerical Solutions of i,
Nonlinear Equations

INTRODUCTION

Nonlinear equations, where variables appear with powers exceeding one or within
trigonometric, exponential, or logarithmic functions, are ubiquitous in mathematics,
science, and engineering. Since most such equations resist exact algebraic solutions,
numerical techniques are essential for approximating their real roots. The Graphical
Method offers a visual foundation by plotting functions and identifying x-axis
intersections. More sophisticated numerical methods—the Bisection Method, Regula-
Falsi Method, and Newton-Raphson Method—systematically refine approximations to
achieve desired accuracy through iterative procedures grounded in function continuity
and the intermediate value theorem. This chapter explores solution techniques for
nonlinear equations and introduces the Trapezium Rule, a numerical integration
method for estimating definite integrals when analytical integration is impractical.
Beyond theoretical importance, these methods have substantial practical applications
in determining chemical equilibrium concentrations, regulating cardiac rhythms,
analyzing nonlinear electronic circuits with diodes and transistors, and solving
cryptographic problems.

8.1 Basic Principles of Approximating Real Roots of
Nonlinear Equations

y=fx)=x-4
Before learning methods to find roots of AY
nonlinear equations, it is important to +
understand some basic definitions. A root (or 3

zero) of a function y = f(x) is a value of x for
which y = 0. In other words, a root is the
solution of the equation f(x) = 0. Since the
equation y = 0 represents the . x .-axis and a |<
root is a common solution of the equations y =
f(x) and y = 0, the geometric representation
of a root of the function y = f(x) is the point on
the Cartesian plane where the graph of the
function intersects the x-axis. For example,
if fx)=x* -4 thenf(x) =0 = x¥¥—-4=0 A
= x=2orx=-2.So0, 2 and -2 are roots of the Figure 8.1

function (see Figure 8.1). A nonlinear equation is an equation of the form, y = f(x) =
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0, where f'is not a linear function in the variable x, that is, f(x) cannot be expressed in
the form ax + b for some real numbers a and b with a # 0. In such equations, the
variable may appear with powers greater than one or inside trigonometric, exponential,
logarithmic or other nonlinear functions. For example:

@ #£-1=0 (i) ¥®+2x+5=0 (i) x—cosx=0
Note that x =1 is a root of the cubic function y = x’ —1 which can easily be found

analytically. Consider another cubic function y =x"+2x+5. This equation has an

\/ 5 [707 5 [707
X=F—t Y —
2\ 108 2 V108

which can be obtained analytically using algebraic methods but the expression is
complicated and difficult to handle in practice. On the other hand, its approximate root
(correct to two decimal places) x ~—1.33 can easily be obtained using graphical or
numerical methods. In fact, formulas for solving quadratic, cubic, and quartic equations
do exist but no general algebraic formula is available for quintic or higher-degree
polynomials. Therefore, numerical methods are essential for finding approximate roots
in such cases. Before exploring these methods, we need to introduce a basic result
known as the Location of Root Theorem (LRT).

8.1.1 Location of Root Theorem (LRT)

Theorem 1: Let f be a real-valued function

exact root given by

which is continuous on a closed interval [ a,b ] If AY
f (a) Vi (b) <0 then f has at least one real root ¢ WEE)

. ) (b, 1(b))
in the open interval [ a,b]

The geometric idea of the Location of Root

Theorem (LRT) comes from the behavior of a

continuous graph. If a function is continuous on an Il | 5 P

interval [a,b] , its graph can be drawn without flo~1o

lifting the pencil from the paper. Since
f(a)f(b)<0, the values of f(a) and f(b)

have opposite signs. Without loss of generality,
assume that f(a)<0 and f(b)>0. In this case ta-f(a))

the point (a ,f(a)) lies below the x-axisandthe | |

point (b JF (b)) lies above the x-axis as shown in Figure 8.2

Figure 8.2. Since f is continuous on [a ,b], the graph can be drawn continuously
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from the point (a " (a)) to the point (b v (b)) without any jump or break, in
particular, at x -axis.
As the graph moves from below the x - axis to above the x - axis, it must cross the x -
axis at some point c¢ in the interval [a, b]. At this point, f (c) =0. Which shows that
c is a real root in the interval [a, o], Which shows that at least one root must exist. We
call the interval [a,b] an interval of sign change for the function f, because the
function changes sign from positive to negative or vice versa.
Example 1 Show that the function f (x) = x* —200x—50 has at least two real roots
by finding its intervals of sign change.
Selution: The given function is f'(x)=x"—200x—50
Continuity:
Note that, 1\1£1;1f(x) = ‘1513 (x*=200x—50)=f(c) VceR

= f is continuous at every real number.
Interval of sign change:

At x=-3, f(—3)=81+600—50=631>0

At x=-2, f(-2)=16+400—50=366>0

Similar calculations are given in the table below.

X -3 | 2 | - 0 1 2 3 4 5 6
f(x) | 631|366 | 151 | 50 | 249 | —434 | —569 | 594 | —425 | 46
Sign

+ + + — — — — — — +
of f(x)

Note that, f(—l)f(O) < 0. It means that, [—1,0] is an interval of sign change for 1.
Similarly, f(5)f(6)<0. Thus, [5, 6] is another interval of sign change. We have

shown two intervals of sign change for /. Since f is continuous on these intervals, it

has at least two real roots.

8.2 Graphical Method for Approximating Real Roots

After learning the Location of Root Theorem (LRT), we can use a graphical method to
approximate roots of nonlinear equations. This method provides a visual way to locate
where a function crosses the x -axis.

The graphical method is mainly suitable for obtaining the root correct up to one or two
decimal places and is used to provide an initial estimate for numerical methods such as
the Bisection Method, Regula-Falsi Method, and Newton—Raphson Method.
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Steps of Graphical Method:
1. Identify the interval of sign change where f (a) - f (b) <0, if not provided.

2. Draw the graphof y=f (x) on xy-plane within the interval of sign change only.
3. Observe where the graph crosses the x -axis.

Example 2 Find a root of the equation x—cosx =0 graphically, approximate to two
decimal places.

Solution:

Fixing Calculator: Fix the calculator to two decimal places.
Let y =f(x) = X—COsXx

Continuity:
Note that, f(c¢)= lim(x—cosx) VceR

= f'is continuous at every real number.
Identify Interval of Sign Change
Note that (0)=0—cos0=—1<0 and f(1)=1—cos(1)=0.46>0. Thus, [0,1] is the

interval of sign change and hence by LRT, a root lies within this interval.
Draw the graph
Calculate some functional values 05
on some points inside the interval

NY

[0, 1] as given in the following :::: i
table. _ | !
. 7 0.2 :
0.1 0.89 | ! X
0.2 —0.78 0 112 7
0.3 0.66 o
0.4 0.52 | jj
0.5 0.38 | ™
0.6 0.23 | ™
0.7 0.06 =
0.8 0.10 06
0.9 0.28 07

Draw the graph of y=x-—cosx 08

on the interval [0, 1] as shown in
Figure 8.3. ¥

Figure 8.3
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Read the root ( ]
Itis clear from the figure, that the curve is crossing | while performing calculations with
the x-axis at x=~0.74. Hence, the required root | trigonometric equations, always keep

; . : your calculator in radian mode.
approximate to two decimal places is

¥ EXERCISE 8.1 _J

1. Find the real roots of the following functions correct to two decimal places using
the graphical method, within the specified interval of sign change.
(i) f(x)=3x+sin(x) e [0,1] (i) fx)=x*-x—-10[1,2]
2. Find the real roots of the following functions correct to two decimal places using
the graphical method, by finding some interval of sign change.
i) f)=x-x-1 (i) f(x)=xe"—2 (i)  f)=In(x)—2
8.3 Numerical Methods for Solving Nonlinear Equations
To find roots accurate to two or more decimal places, we need systematic numerical
methods. These methods use the concept of intervals where the function changes sign
to progressively narrow down the root. In this section, we will study three important

numerical techniques—Bisection Method, Regula-Falsi Method, and Newton—
Raphson Method.

8.3.1 General Rule of Accuracy, Tolerance and Calculator Setup

Before applying any numerical method for solving nonlinear equations, it is important
to decide the desired accuracy of the root. This is done using a tolerance value, which
determines how close the approximate root should be to the actual root to achieve the
required number of decimal places.

Decide tolerance based on desired decimal places:

There are several methods to check the accuracy of a root in numerical methods, such
as reducing the interval length and checking the function value. In this chapter, we will
follow the function value criterion and consider the root accurate when |f(x)| is
sufficiently close to zero.

If n 1s the number of decimal places required for the root ¢ of the function f(x), then

107™
cll<—-.
() <2
Examples: . For 2 decimal places (n = 2): | f(¢)| < 0.005 = 0.01

*  For 3 decimal places (n = 3): | f(c)| < 0.0005 = 0.001

[ @9 )
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Calculator Setup

e To obtain a root correct to » decimal places, fix the calculator to at least n + 1
decimal places through all the intermediate calculations and round the final
answer to the required accuracy.

e Use radian mode if trigonometric functions are involved.

8.3.2 Bisection Method

The Bisection Method is a simple and reliable
numerical technique to find roots of nonlinear
equations in one variable. It is based on the
Location of Root Theorem (LRT): if a continuous

f(b)

N

function f (x) changes sign over an interval [a,b]

,thatis, f(a)f(b)<0,then at least one root exists 1@

within that interval. The method systematically Figure 8.4

halves the interval to narrow down the location of the root until the desired accuracy is
reached.

Steps of Bisection Method:

1. Check that continuity of fon [a, 5] and the condition f(a) f(b) <0.

2. Compute the midpoint: ¢ = %b .

3. Check the function value f(c):
o If| f(c)| = 0, then c is the desired root.
e Otherwise, determine the subinterval containing the root:
o Iff(a)- f(c) <0, the root lies in [a, c]. Set b=c.
o Iff(c)- f(b) <0, the root lies in [c, b]. Seta=c.
4. Repeat Steps 2-3 until | f(c)| is near zero.
Note: the by section method guarantees that, after a finite number of steps, there must
exists ¢ € |a, b[ such that | f(c)| = 0 up to the desired accuracy.
Example 3 Use bisection method to find a root of f(x) = x> — 3x — 10 within the interval
[2, 3] accurate up to two decimal places.
Solution: Check Initial Interval and Continuity:

Note that, f (c¢)= lim(x’—3x-10) V ce[2,3].

= f1s continuous on |2, 3].
Clearly, / being a polynomial in x is continuous on [2, 3].

F(2)=23-3(2)-10=-8<0,73)=3*-33)-10=8>0
Sign change occurs: f(2) /(3) <0 = root exists in [2, 3].
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Apply Bisection Method: (Intermediate values rounded to 4 decimal places)
Iteration 1: a=2,b=3
243

2
Since f(2.5)<0 and f(3)=8>0, the root lies in ]2.5,3[. thus, consider a=c.

(&

2.5 f(2.5)=15.625-7.5-10=-1.875<0

Iteration 2: a=25.5=3 ( w

£(2.75)=20.7969-8.25-10 = 2.5469 > 0

In the iteration table, the signs
written inside the brackets along
with the values of a, b and ¢
means their functional values are
negative or positive accordingly.

Root lies in ]2.5,2.75[ and so, consider b=c.

Iteration 3:

2.5+2.75
c=———

a=25,b=2.75 =2.625

f(2.625) =18.087-7.875-10=0.212>0
Root lies in[2.5, 2.625] and so, set b=c.

Continuing the same process, similar calculations are performed for the next iterations.
The results are summarized in the following table.

Iteration a b e="2 ; 4 f(e) New Interval
1 20) 3(H |  250()| -1.875 [2.5,3]
2 2.5(-) 3H) | 275(H | 2.547 [2.5,2.75]
3 25(-) 2.75 () 2.625(+) | 0.212 [2_5,2_625]
4 25(=)| 2625 | 2.5625(-) | —0.8611 [2.5625,2.625]
5 2.5625(-) | 2.625(+) | 2.5938(-) | —0.3308 [2_5938,2,625]
6 2.5938 (-) 2,625 (+) | 2.6094 (-) | —0.0609 [2.6094,2.625]
7 2.6094 (—) | 2.625(+)| 2.6172(+) | 0.0755 [2.6094,2.6172]
8 2.6094 () | 2.6172(+) | 2.6133 ()| 0.0072 Stop

Approximate Root: | f(2.6133)/=0.0072~0.01

Final Root: |x ~2.61 (correct to 2 decimal places)|

[
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8.3.3 Regula-Falsi Method (False Position Method)

The Regula-Falsi Method (False Position) is a numerical method used to find a real
root of a nonlinear equation f(x) = 0. Like bisection method, this method also based
directly on the Location of Root Theorem (LRT). Suppose the function y = f(x) is
continuous on an interval [a, b] ¥ ~ i 7

and f(a) f(b) <0, then there exists VeI / // Secant Line

at least one root in [a, b]. Without
loss of generality, we assume that
f(a) <0 and f(b) > 0. The idea of
Regula-Falsi is to approximate
the root by drawing a straight line
through the points (a, f(a)) and
(b, f(b)) (called secant line) and
finding where this line crosses the
x-axis. This intersection is used
often as a better approximation of

N

(a, f(a))
the root than the simple midpoint ///
c=2r b used in the Bisection Vv ¥/
Figure 8.5
Method (see Figure 8.5).
Slope of the secant line passing through the points (a,/(a)) and (b, 7 (b)) is
f(b;ﬂ . Thus, the equation of secant line is given by:
—a
S(b)—fla
y—f(a)Z%(x—“)

For the x -intercepts of the secant line, we substitute y =0 and x=c in the above
equation to get:

On simplifying:
_df(b)=b/(a)
C=——— 2
f(b)=7(a)
Steps of the Regula-Falsi Method:
1. Check that continuity of fon [a, b] and the condition f(a) f(b) < 0.

[ @39 )
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2. Compute the value of ¢ using the Regula-Falsi ] \|
formula: The Regula-Falsi method
af (B)=bf(a guarantees that, after a
= M finite number of steps,
f (b) o f(a) there exists some ¢ € ]a, b[
3. Check the function value f(c): such that | 7(c)| = 0 upto
o If |£(6)| =0, then ¢ is the desired root. S

e Otherwise, determine the  subinterval

containing the root:

o Iff(a)- f(c) <0, the root lies in [a, c]. Set b =c.

o Iff(c)- f(b) <0, the root lies in [c, b]. Set a = c.

4. Repeat Steps 23 until | /(¢)| is less than the desired tolerance.

Example 4 Use Regula-Falsi method to find a root of (x) = x> — 3x — 10 within the
interval [2, 3] accurate up to two decimal places.
Solution: We set a =2, b =3 and apply the Regula-Falsi Formula:
f(2)=—8<0and f(3)=8>0 = fhasarootin[2, 3]
Continuity: Note that, f(c)= lim (x’=3x—10) V ce[2,3].

= f1s continuous on [2, 3].

af (b)—bf (a)

f(b)=1(a)

Iterations (Intermediate 4 decimals)

Iteration 1: a=2,56=3
fla)=f(2)=2°-3(2)-10=-8<0
fb)y=3)=3>-3(3)-10=8>0

LA B=b(@) _Q®-CNY) _,
fb)—f(a) (8)—(=8)
fO=f2.5=02.51-32.5-10=-1.8750<0

Since f(2.5) f(3) <0, root lies in the interval [2.5, 3].

Iteration 2: Now, a=2.5, h=3

fla)=f(2.5)=-1.8750<0, f(b)=f(3)=8>0

A (B)=bf(@) _ 25O -G8 _ 0.0
Sb)—-f(a) (®)—(-1.875)

fe)=f(2.5949)=-0.3119<0

Since f(2.5949) f(3) <0, root lies in the interval [2.5949, 3].

[ 24 )
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Iteration 3: Now we take, ¢ =2.5949, h=3
f(a)=£(2.5949)=-0.3119<0, f(b)=f(3)=8>0
_af(b)=bf(a) (2.5949)(8)—(3)(—0.3119)
S fB)-f@  (®)-(-03119)
f(c)= f(2.6101) =—0.0487 < 0
Since f(2.6101)f(3) <0, root lies in the interval [2.6101, 3].
Iteration 4: Take, a =2.6101, =3
f(a)= f(2.6101)=—-0.0487 <0, f(b)=f(3)=8>0
oo T (B)=bf (@) _ (2.6101)(8)—(3)(-0.0487)
S(®)-f(a) (8)—(-0.0487)
f(e)= f(2.6125)=—-0.0068 < 0
Since | /(2.6125)| = |-0.0068 = 0.0068 ~ 0.01 =>2.6125is a root.

=2.6101

=2.6125

Final Root: ‘x ~ 2.61 (correct to 2 decimal places)‘

8.3.4 Newton—Raphson Method

Mathematics-12

The Newton—Raphson Method is a numerical method used to find an approximate real
root of a nonlinear equation f(x) = 0. This method works by drawing a tangent to the
curve y = f(x) at a point near the root and using the point where this tangent crosses the
x-axis as a better approximation of the root. The initial guess chosen is based on a

sign-change interval.

Since this method requires the function to
be differentiable (having a slope of
tangent), it wusually reaches a good
approximation faster than the Bisection or

W)

Regula-Falsi methods. The derivative of f/° | +—+—+—¢
should not be zero near the root. This :
method does not rely directly on the .z
Location of Root Theorem (LRT). !
b
|

Suppose x, is an initial guess for the root

of f(x)=0, where: e fx)

1 Pl
T=2C '

W)

1. fis differentiable near x,,, and Figure 8.6

2. /' (x) # 0 near x,.

The slope of the tangent line to the curve y = f(x) at the point (xo,f(xo)) is given

by f'(x,). Draw a tangent to the curve at this point (see Figure 8.6).

[ @4y
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The equation of the tangent line is:
.V_f(xo) :f’(xo)(x—xo)

This tangent intersects the x -axis at x = x,. Substituting y =0 and x = x, gives:

O_f(xo) :f’(x())(x] _xo)

Solving for x;:

_ /(%)
X=X~ o\
f'(x)
Similarly, if we draw a tangent at x = x,, its x-intercept x, is:
_ i (x])
X, =X — ’
f'(x)
Repeating this process produces a sequence of x-intercepts:
X
Xy =X, — f,( ) m=0,12,..., f(x)=0
f'(%)

This is the Newton—Raphson formula, used to approximate the root of f (x) 0

iteratively.

From Figure 8.5, it is clear that each new approximation x, , is closer to the root,

n+l

X = ¢, than the previous one x, . If there exists some non-negative integer m such that

Xm+1 — Xm 18 closed to zero, then x, will be the desired root, i.e. |/ (xm)| = 0
Steps of Newton-Raphson Method:

1. Prepare the equation: Write the given equation in the form f (x):O
Choose an initial approximation x, from the interval where the function

changes sign and ensure that:
(i)  f(x) is differentiable within this interval. (i) f"(@) # 0 near x,,

f,(x") L n=0,1,2,...
/(%)

Use this to compute successive approximations.
3. Check for convergence: If |f(x )|z0 , then stop.

n+l

2. Set up the formula: x , =x, —

4. Conclude the root: x=x

n+l

Example 5 Use Newton-Raphson method to find a root of £ (x)=x"+2x* +10x-20

is the root correct to the desired accuracy.

correct to two decimal places.
Solution: Prepare the function, Given:

f(x)=x"+2x> +10x-20

[ &) )
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Choose initial approximation:
Note that: f(1)=—7 <0 and f(2)=16> 0.
« Note that, f(c)=lim(x’ +2x* +10x—20) Vce[l,2].

= 1is continuous on the interval of sign change [1, 2].
= Root lies in the interval [1, 2].
« Take initial guess: x, = 1.500.
» Calculator fixed to 3 decimal places (for accuracy).
Derivative: /' =3x* + 4x + 10
« Note that, f” exists and f'(x) # 0 around x, = L.5.

¢ = Newton—Raphson method can be applied.

/(x,)

Newton—Raphson formula: (x =x ———%| n=0,1,2,...

n+l n f,(x”)

Perform iterations: We have, x, =1.5.

£(x,) = £(1.5)=(1.500)" +2(1.500)* +10(1.500) — 20 = 3.375+4.500+15—20 = 2.875 % 0
Tteration 1: £(1.5) = 3(1.500)" + 4(1.500)+10 = 6.750+ 6+ 10 = 22.750

g L)y - 2875
f'(x,) 22,750
S(x)=f(1.374) = (1.374)* + 2(1.374)* +10(1.374) =20 ~ 0.110 = 0

Iteration 2: /7(1.374) ~3(1.374)° +4(1.374) +10 ~ 21.160
S ~1374— 0.110
f'(x) 21.160
£(r,) =/(1.369) = 1.369° + 2(1.369) + 10(1.369) — 20 = 0.002

Stop iterations: | /(1.369)| = 0.002 < 0.01

Conclude the root: x = 1.37 (accurate to two decimal places)

¥ EXERCISES.2 _J

1. Find the real roots of the following functions correct to 3 decimal places using the
bisection method, within the specified interval of sign change.

() fe)=x*sin(x)—1:[1,2] (i) f(x)=3x—cosx—1:[0, 1]
(i) f(x)=x*=2x=10 :[1,2] (iv) f(x)=x>=3x—10 :[2,3]

[ 243 )
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2. Find the real roots of nonlinear equations correct to 2 decimal places using the
Regula -Falsi method, by finding some interval of sign change if not specified.

(i) 3P -9x+8=0;[2,3] (i) P +4sinx=0;[22-1]

(i11) xex=2 (iv) 3x+sinx=¢"
3. Find the real roots of nonlinear equations using the Newton-Raphson method.
(i) x*+x*=3 (x+ 1) near x =1 accurate to 2 decimal places.
(ii) e“=4x near x =2 accurate to 3 decimal places.
(iii) x* +2x 5 = 0 accurate to 4 decimal places.
(iv) 3x +sinx = ¢e" accurate to 3 decimal places.
(v) tan(x)=x around x, =4.3 accurate to 4 decimal places.

8.4 Estimating the Value of a Definite Integral

In many practical problems, however, the objective is to evaluate a definite integral of
a function over a given interval. Similar to nonlinear equations, definite integrals are
not always easy to evaluate analytically, and in some cases exact solutions are
impossible to obtain using standard integration techniques.

For example, the integrals

@ | ‘e drand Q) | “sin(x”)dx
0 0

cannot be evaluated easily by elementary methods. In such situations, numerical
methods are used to estimate the value of definite integrals with reasonable accuracy.
One of the important numerical methods used for this purpose is the Trapezium Rule,
which will be developed and applied in this section.
8.4.1 Trapezium (Trapezoidal) Rule
Consider a continuous function f(x)=0 on [a,b].
_b-a
o
subintervals of equal length 4 as follows:

[a,a+h],[a+h,a+2h],[a+2h,a+3h],... ,[a+(n—l)h,a+nh =b]

Let &

for some positive integer n. Divide the interval [a,b] into n

Let x, =a+ih ;i=0,1,2,...,n. In this way the above subintervals can be written as
follows:

CEEEA NEAEY NESE ) R L. ] )
The function values f (xo), b3 (xl), f (xz), — (x”) at the end points of each

subinterval represent the lengths of parallel sides of » trapeziums as shown in the

[ e4q )
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R4 y=re 60
e

s od

a=x, X X, X, X, X5 X, X,
Figure 8.7
Figure 8.7. Length of the base of each trapezium is /4, that is, the distance between the

parallel sides of these trapeziums. Thus, the areas of these trapeziums are given by:

A =g[f(x”)+f(x,.)] ;i=12,...,n

Since the value of the definite integral J-bf (x) dx is approximately equals to sum of

areas of the trapeziums, we have:

b n
[ feode=d 4 =4+ 4,+4,++4,
“ i=1

=g[f(x0)+f(xl)}+g[f(xl)+f(x2)}+g[f(x2)+f(x3)}+.,.+§[f(x”,)+f(x”)J
2L () + 20 ()21 () #0427 (5, + £ (5,)]

Hence,

ij(x)dng[f(xo)Jrz_f(x,)+2f(x2)+---+2f(x”l)+f(x”)]

Note:

1. From Figure 8.6, it is clear that the accuracy of the approximation improves as
n is taken sufficiently large, because increasing the number of trapeziums
reduces the gap between the exact area and the approximated area.

2. While applying the Trapezium Rule, the values obtained from the calculator
should be rounded to at least four decimal places to maintain accuracy in the
final result.

3. Although the rule is motivated using a positive function only to represent area,

it is generally true for any continuous function on [a,b] including those that

[ 243 )
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take negative values. In such cases, each trapezium approximates the signed
area, and the sum provides a reliable estimate of the integral. The proof of this
generalization is beyond the scope of the book.

Example 1 Use trapezium rule to approximate the definite integral j (l)e_"zdx
by dividing the closed interval [0,1] into 7 subintervals of equal length.

Solution: Here, /(x)= ¢ ™

Given: a=0,b=1, n=7
Continuity:

Note that, f (c) = }E‘I: (e"‘z) Vce [O,l] :

= f(x)= e is continuous on [0.1].

b_“=ﬂ=%;0.14z

Step size: h=
n

Trapezium Rule: ij(x)dxzg[f(x0)+2(f(x,)+f(x2)+---+f(x6))+f(x7)].

We have, f(x)=e"

Compute function values (round to 4 decimal places):

x, =0, /(0)=1
x] =0+l=l’ f[lj— —1/49 09798 x7 _l_’_l:g f(gj=e4/49 20.9216
7 7 7 77 7 7
x3=3+1=3, f[gj e =08322 x, = =L f,f(i) e =0.7214
771 7 7 7 7 17 7
4 1 1 g
xs——+—=£, f(fj_ 14 = 0.6004 x, = L E,f(éJ e =0.4797
77 17 7 7 7 7 7
x, —g% =1, £(1)=0.3679

Apply Trapezium Rule:
J-OI e dx ~ ﬁ[l +2(0.9798+0.9216+0.8322+0.7214 +0.6004 +0.4797) + 0.3679]

- ﬁ[1+2(4.5351) +0.3679] =0.7456

Hence, J-Ol e dx ~0.7456

[ 249 )
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Example 2 Use Trapezium Rule to approximate the definite integral
J-G ol —dx
01+ x
by subdividing the closed interval [0,6] each of length 1.

Also compare the answer by solving the integral using the Fundamental Theorem of
Calculus.
Solution: Given: a=0,b6=6, h=1

Number of subintervals:

:b—a:6—0:6
h 1
Points: x,=0,x,=1,x,=2,x,=3,x,=4,x,=5,x,=6
X
Function: x)=
f() 1+ x°

Continuity: Note that, f(c)= lim [1 ol 2] Vce[0,6].
soe 14 x

x . .

= f(x)= 1s continuous on |0,6|.
f( ) 1+X2 [ ]

Trapezium Rule Formula:

J-f ‘: x0)+2(f(x)+f(x2)+f(x3)+f(x4)+f( ))+f(x6):|
Compute functlon values (4 decimal places):
/(0)=0/(1+0)=0.0000

£ (1)=1/(1+1)=0.5000
£(2)=2/(1+4)=0.4000
£(3)=3/(1+9)=3/10=0.3000
f(4)=4/(1+16)=4/17~0.2353
F(5)=5/(1+25)=5/26~0.1923
/(6)=6/(1+36)=6/37~0.1622
Apply Trapezium Rule:

~ %[0+2(0.5+0.4+0.3+0.2353+0.1923)+0.1622:|

ZIU 1+x°
=0.5[2(1.6276)+0.1622 |
=0.5(3.4174) =1.708 7

[ e
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Trapezium Rule Answer: J.G dx ~1.7087

0]+ x?

Exact Value using Fundamental Theorem of Calculus:
We have:

du
dx =—ln|1+x‘ Iﬁdx:1n|u|+c
u

I°1+x __-[ 1+x

| 1
=—In(1+36)—=In(1+0
in(1+36)~LIn(1+0)

(By Fundamental Theorem of Calculus)

=%ln(37) =0.5%3.6109 ~1.8055

Comparison:

dx =1.7087| (By Trapezium Rule) I Zl x —dx ~1.8055| (Exact Value)
+x°

J-01+)c

Note: The difference between the approximate value and the exact value of the definite
integral is |1.708 — 1.806 |=0.098 which can be decreased by increasing the number of

subintervals.

¥ EXERCISE 8.3 _J

Use Trapezoidal Rule to approximate the value of the following definite integrals.

1. Jj cos(x)dx taking n =4 2. j; e'dx taking n="7

7 s 2 3 s
3. J.l In(x)dx taking n==6 4, jo X dx taking n =8
3, j: Jxdx taking n =4 6. jj[ e dx taking ~=0.4

3

J',(x* =x+1)dx wking h=02 8. [sinG)dr  taking =7

9. Show by the trapezium rule that the approximate area bounded by the curve

y=+8-2x—x" and the x—axis using n=81s 13.5 square units. Calculate the
exact area by using the formula for finding the area of semi-circle.
10. Setting #=0.5, use the trapezium rule to find the approximate area bounded by

the curve y =" from the line x =0 to the line x = 4.
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8.5 Real-Life Applications of Nonlinear Equations

In real life, many physical, biological, chemical, and technological problems lead to
approximate real solutions to nonlinear equations. In such situations, solving equations
by algebraic methods becomes complicated, and sometimes no exact formula exists.
Therefore, numerical methods provide a practical and systematic way to obtain
approximate solutions with desired accuracy.

For example, in chemical reactions, scientists need to determine equilibrium
concentrations of substances, which often leads to nonlinear equations. In biology and
medicine, the regulation of heart beats and nerve signals involves nonlinear
mathematical models. Similarly, in electronic circuits, components such as diodes and
transistors follow exponential laws, producing nonlinear equations that must be solved
numerically. In cryptography, nonlinear equations play an important role in designing
secure communication systems and encryption algorithms.

8.5.1 Chemical Reactions

In many chemical reactions, equilibrium concentration or reaction rate leads to
nonlinear equations. These equations are often difficult to solve analytically, so
numerical methods are used to find approximate values.

Example 1 In a chemical reaction, the concentration x (in moles per liter) of a

product at equilibrium satisfies the relation xe' =1.

Find the equilibrium concentration correct to two decimal places using Newton-
Raphson Method.

Solution: Define the function: f (x) =xe" —1
Derivative:  f'(x)=e"+xe" exists at every real number x.
= . f(xl'l)
Newton-Raphson formula: x,  =x, ——
/(%)
X867 —]
X =R, =
n+l n e.\” + x” e.\,,
f(0)=-1

f(h=ie'-1=1.718
So, root lies between 0 and 1
Initial guess:
Note that £(0.5)=0.5¢"* —1=—0.1756, which is closed to zero.
Also f is differentiable near x, =0.5 and hence continuous as well. Thus, we take

x, =0.5 as the initial guess and Newton-Raphson Formula is applicable.
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First iteration:

f(O.S) =0.5-¢" —-1=-0.1757, £1(0.5)=¢" +0.5.e> =2.4730

] 2.4730 /() f( ) ¢

Second iteration:
/(%) =/"(0.5711)=€"7"" +0.5711- > ~ 2.7813

x, =0.5711- 01
) 2.7813

=~ 0.5673

S (x)=/(0.5673)=0.5673-¢"*" —1 ~1.0004 -1~ 0.0004~ 0
That is,

£(0.5673)|~0

‘x ~ (.57 moles per liter

8.5.2 Regulation of Heartbeats

The human heartbeat is regulated by electrical signals that control the contraction and
relaxation of the heart muscles. The variation of these signals over time can often be
modeled by nonlinear equations.

Example 2 The electrical activity of the heart is represented by a variable x, which
measures the signal strength of the heartbeat. At steady-state, the signal satisfies the
nonlinear equation:

¥ =x=1=0
Find the real steady-state value of the heartbeat signal near x =1 using the Bisection
Method, correct to two decimal places.

Solution: Identify the function: f(x)=x"—x—1
Continuity: Note that, /' (c) = l_irn(x3 —x—l), VeceR

= f is continuous at every real number.

Interval of sign change:

f(l)=13—1—1=—1<0 f(2)=8—2—1=5>0
=3 [1,2] is an interval of sign change

= f hasarootin[l, 2].
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Iterations Table: (Intermediate 4 decimal places)

Mathematics-12

Iteration a b a+b f(c) New Interval
=
2
1 1 2(+) 1.5 (+) 0.875 [1,1.5]
B 1) 1.5 () 125() | —0.2969 [1.25,1.5]
3 1.25(-) 1.5 () 1.375 (+) 0.2246 [1_25,1_375]
4 1.25 () 1.375 (+) | 1.3125 () | —0.0515 [1.3125,1.375]
5 1.3125 () | 1.375(+) | 1.3438 (+) 0.0828 [1.3125, 1.3438]
6 1.3125 () | 1.3438 (+) | 1.3282 (+) 0.0149 [1.3125, 1.3282]
7 1.3125 (—) | 1.3282 (+) | 1.3204 () —0.0183 [1.3204, 1.3282]
8 1.3204 (—) | 1.3282(+) | 1.3243 () | —0.0018 Stop
Note that, |/(1.3243)|=|-0.0018| < 0.01

Final Answer: (correct to two decimal places)
Thus, the steady-state value of the heartbeat signal is approximately 1.32 units.
8.5.3 Electronic Circuits
Electronic components such as diodes and transistors often produce nonlinear voltage-
current relationships. In circuits, the voltage or current at certain points may satisfy
nonlinear equations.
Example 3 Diode/AC Circuit
In a circuit, the voltage V' across a component satisfies the equation:
sin/'—0.5V" =0
Find a non-zero real value of ¥ correct to two decimal places using Regula-Falsi

method.

Note: V' represents the voltage in volts.

Solution: Define Function: f (V) =sinV' —0.5/

Select Interval: f(1)=sinl—0.5~0.3415>0

f(2)=sin2—-1=-0.0907<0
=[1, 2] 1s an interval of sign change.
Continuity: Note that, f(c) = lim (sinV—0.5V) Vee[l,2].

= fis continuous on the interval of sign change [1, 2].
= Regula-Falsi Method is applicable with the interval [1, 2].

Regula-Falsi Iterations: V. =

af(b)-bf(a)

/(b)=f(a)

[
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Iterations Table: (4 decimal places)

; _ af(b)_bf(a) New
Iteration a b o= I3 (b)— 7 (a) f (VC) Tuteroal
1 1(+) 2() 1.7901 (+) 0.0810 [1.7901, 2]
2 1.7901 (+) 2 1.8891 (+) 0.0052 [1.8891, 2]
3 1.8891 (+) 20 1.8951 (+) 0.0003 Stop

Checking: | /(1.8951)| = 0.0003 <0.01

Final Answer: |}J/ ~1.90 volts| (two decimal places)
8.5.4 Cryptography

Cryptographic algorithms sometimes involve high-degree nonlinear equations to
generate secure keys or pseudo-random numbers.
Example 4 Key Parameter
In a cryptosystem, a key parameter x satisfies the equation:

x*—10x+5=0
Find a real value of x correct to two decimal places using the Regula-Falsi method.
Note: x represents a component of the encryption key; its approximate value is crucial
for secure key generation.

Solution: Define Function: f(x)=x"—-10x+5
Select Interval: /(1)=1-10+5=—4<0, f(2)=32-20+5=17>0
Continuity: Note that, f(c) = lim (x ~10x+5) Vce[1,2].

fis continuous on the interval of sign change [1, 2].
Regula-Falsi Iteration Table: (4 decimal places)

af(b)-bf(a
Iteration a b x, = f( ) f( ) f (xc) New Interval
f(b)-7(a)
1 1.0 () 2.0 (1) 1.1905 () —4.5136 [1.1905, 2]
2 1.1905 (1) | 2.0(H) 1.3603 (1) ~3.9453 [1.3603, 2]
3 1.3603 (-) 2.0 (+) 1.4808 (—) —2.6880 [1.4808, 2]
4 1.4808 (-) 2.0 (+) 1.5523 (-) —1.5098 [1.5523, 2]
=] 1.5523 () 2.0 () 1.5888 (—) —0.7641 [1.5888, 2]
6 1.5888 (1) | 2.0 (+) 1.6065 (-) —0.3645 [1.6065, 2]
7 1.6065 (-) | 2.0(H) 1.6148 () —0.1682 [1.6148, 2]
8 1.6148 (1) | 2.0(H) 1.6186 () —0.0764 [1.6186, 2]
9 1.6186 (-) 2.0 (+) 1.6203 (-) —0.0350 [1.6203, 2]
10 1.6203 (-) 2.0(+) 1.6581 (+) +0.9520 [1.6203, 1.6581]
11 1.6203 () | 1.6581 (+) 1.6216 () —0.0031 Stop
Checking: |£(1.6216)=0.0031<0.01
Final Answer:
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¥ EXERCISE 8.4 _J

1. In a certain chemical reaction, the concentration of a substance at equilibrium is
governed by the relation x> +0.2x—0.04=0 , where x is the equilibrium
concentration (in moles per liter). Use bisection method to find the positive
equilibrium concentration of the substance accurate to two decimal places.

2. The flow rate of blood in an artery is modeled by the nonlinear equation

P

0= k[P %{ j, where Q is the flow rate (mL/s), P = 100 mmHg is the blood

pressure, k = 0.05, and R = 10. Determine the possible real values of the flow rate
Q accurate to two decimal places.

3. Inanonlinear LC circuit, the equilibrium charge ¢ on the capacitor satisfies

g’ —4g+2=0. Find the equilibrium values of charge stored on the capacitor

lying in the interval [0, 1] using Regula-Falsi method accurate to three decimal
places.
4. In a certain cryptographic system, the decoding speed v (in units per second) is

2
related to the security delay function d(v) :#,where d(v) represents the
+v

decoding delay in milliseconds. For secure transmission, the system requires a
decoding delay of 50 milliseconds. Use Newton—Raphson Method with initial

guess v, =35 to determine the decoding speed v that satisfies d(v)=50,
correct to three decimal places.

5. Ina secure communication system, the phase shift # (in radians) of an encrypted
signal is modeled by the nonlinear function

f(6)=sin6—-0.5.
For proper synchronization of the encrypted signal, the phase shift must satisfy
f (9) = 0. Use the Newton—Raphson Method with initial guess &, = 0.5 to determine
the required phase shift &, correct to three decimal places.

6. In anonlinear electric circuit, the voltage x (in volts) across a component is
modeled by

f(x)= —0.1x" +2x+1.
Use the Newton—Raphson Method with initial guess x, =15 to estimate the

operating voltage at which the circuit reaches equilibrium. The equilibrium
voltage is the voltage at which the net change in the circuit becomes zero, i.e., the
circuit reaches a stable operating point.
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Inverse Trigonometric !

INTRODUCTION

In earlier classes, we studied trigonometric functions and their real-life applications.
Now, we extend that knowledge by exploring inverse trigonometric functions which
help us to find angles when function values are known. This is essential in solving
equations and modeling periodic behavior in calculus of inverse trigonometric
functions. In this unit, we will define inverse trigonometric functions, their domains
and ranges, examine their graphs within the given interval and understand their key
properties and uses.

9.1 Inverse Trigonometric Functions and their Graph
We have studied about inverse of a function. We learned that only a one-to-one and

onto function will have an inverse. If a function is not one-to-one, it may be possible
to restrict its domain to make it one-to-one so that its inverse can be found.

Let f'be a bijective function from a set X to a set Y. The inverse function of /, written as [, isa
bijective function from a set ¥ back to set X such that

x=F"'().Yye¥ & y=f(x), YxeX

Here domain of f e range of / and range of [ ~'= domain of £ This mean that f ! reverses the

correspondence of fi.e.,
f7'(»)=x, when f(x)=y,also their composition gives:

(JF1 c’f)(x)zf1 (fX)=f"()=x, VxeX
. md (o)) =F(FW)=F) =y, VyeY /

The equation sin 90° = 1 clearly shows that 90° is the angle whose sine is 1. Sometimes,
we know the value of sine, cosine or tangent, but not the angle itself. In such cases, we use
the inverse trigonometric functions to find the angle. For example, the inverse of sin 90° =
1 can be written as 90° = sin (1) or 90° = arcsin 1, and read it as 90° is equal to sine
inverse of 1 or arcsin of 1. Generally, the equation x = sin y gives value of x for a given
angle of y. To find the angle y when x is known, we use the inverse function, that is,
y=sin'x

This means y is an angle whose sine is x and the symbol sin ! x is read as sine inverse
of x or arcsine of x. In other words, y = sin”'x iff x = sin y. Similarly, we can write the
other equations as y = cos 'x iff x = cos y and y = tan”'x iff x = tan y, etc.

We know that trigonometric functions sine, cosine and tangent are periodic, meaning
they repeat their values at regular intervals. Due to this periodicity, trigonometric
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functions are generally not bijective (i.e., they are not both one-to-one and onto over
their entire domain). As a result, their inverses do not naturally exist without
restrictions. However, by carefully restricting their domains and codomains, we can
make these functions bijective that allows us to define their inverses, known as inverse
trigonometric functions. Next, we discuss these functions one by one in details.

9.1.1 Inverse of Sine Function

Consider the function /: R — [1, 1] define by f(x) = sin x. The graph of the function
is shown in Figure 9.1.

Graph of f(x) =sin x

Figure 9.1
Clearly the graph of sine function is not bijective because it touches the line y = 1 and

y = —1 at many points due to the domain of sine function which is the set of all real
numbers. However, if we restrict the domain of f(x) = sin x to the closed interval

[—%, %} , then the function with restricted domain i.e., f:[—%, g}e[—l, 1]
becomes one-one and onto (bijective) that is invertible and is called principal sine
function. Then the inverse sine function is defined by

y=sin xiffx=siny

where the domain of sin 'x is [-1, 1] and range of sin 'x is [—%,%} .

The graph of the function sin: {—%, %} — [—1, 1] is shown in Figure 9.2(a). and graph

of sin”:[-1,1]—> {—g ﬂ is shown in Figure 9.2(b).
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Graph of y = sin x from 5 to3 Graph of y = sin™' x from —1 to 1

Figure 9.2(a) Figure 9.2(b)
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The graph of sin”'x is also obtain by reflecting the graph of principal sine function
y = sin x along the line y = x as a mirror image shown in Figure 9.3. Observe that the
graph of y = sin x is symmetric about the line y = x.

N
E--Y 2.
2 N
1 MY
T /7=
//%x & g'm(ﬂ
y
LI 1z
2 2
1=
L L
2
Figure 9.3

The sine function can be restricted to any one of the infinitely many intervals

RV s T T 37 3z Sx T b
- \|-=, =, |=,— |, | —, —|orgenerally | nx——, nr+— |, neZ
2 2 2°2 22 22 2 2

with range [—1, 1] and length of each interval 7 where it is strictly increasing or

decreasing, to make the sine function one-to-one. If

interval is not specified, then sin! x is a function with
sin! x # (sinx) ' or

sin x

domain [—1, 1] and range —E, Z\.
2 2

9.1.2  Inverse of Cosine Function

Consider the function /: R — [—1, 1] define by f(x) = cos x. The graph of the function

is shown in Figure 9.4.

Graph of f(x) = cos x
Figure 9.4
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Like the graph of sine function, the graph of cosine function is not bijective because
again it fails the horizontal line test. It touches the line y = 1 and y = —1 at multiple
points. However, if we carefully restrict the domain of /(x) = cos x to the closed interval

[O, 7r] , then the function with restricted domain i.e., f :[O, 7[]—)[—1, l] becomes

one-one and onto that is invertible and is called principal cosine function. The inverse
cosine function is defined by

lx iff x = cos y

y=cos
The domain of cos 'x is [-1, 1] and range of cos 'x is [0, 7].
The graph of the function cos: [0, 7] —[—1, 1] is shown in Figure 9.5(a) and graph of

cos ' :[-1,1] [0, z] is shown in Figure 9.5(b).

Ny AY
(1, m)

oy nt
E
i

2
14 (1,0) {

(7'5, _1) _ (1} i
v
Graph of y = cos x from 0 to nt Graph of y = cos ™' x from -1 to 1
Figure 9.5(a) Figure 9.5(b)

The graph of cos lx is also obtain by reflecting the graph of principal cosine function
y = cos x along the line y = x as a mirror image shown in Figure 9.6. Observe that the
graph of y = cos x is symmetric about the line y = x.

NY

(_15 Tl:)

T+

LI
Il
=

y=cos (x)

2
0,1)¢

AR R 3
2
Pt (m, =1)

y = cos(x)

W=

4

Figure 9.6
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Like, sine function, the cosine function with range [—1, 1] can be restricted to any one
of the infinitely many intervals [—272', —7[] . [—72', O] g [0, 72'] s [77, 27r] or generally

[n7, nw+ 7], ne Z to make the cosine function one-to-

one. If no interval is specified, then cos ' x is a function

with domain [-1, 1] and range [O, 7[]. cos™' x#(cosx) " or

1

Cos x

9.1.3 Inverse of Tangent Function

Consider the function define by f(x) = tan x with domain is the set

{x |XER AX# (2n+l)%,n € Z} and range is the set of all real numbers. The graph

of the tangent function is shown in Figure 9.7.

S

s bz e ORI HEY 3 SEmSpa
X i Ao xS0 @
- 7 2
yEI.

: v !
Graph of f(x) =tanx

Figure 9.7
Clearly the graph of tangent function is not bijective because the line y = 2 intersect the
graph at multiple points. However, if we restrict the domain of f(x) = tan x to the open

interval (—%, %j , then the function with restricted domain i.e. f: (—%, %) - R

becomes one-one and onto that is invertible. This function with domain (_E Ej and

2

range (—oo, oo)is called principal tangent function. The inverse tangent function is

defined by y = tan 'x iff x = tan y.

The domain of tan™'x is (—oo, o0)and range of tan™'x is (—g, %j .

The graph of the function tan: [—g, %j — R is shown in Figure 9.8(a) and graph of
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tan ™" : (o0, 00) - (-%, %} is shown in Figure 9.8(b).

24 NY
1 ] E
i T R 2
= % r x| | ; 2

i A N .

' ; 2

I v I v

Graph of y = tan x from — % to % Graph of y=tan™ x
Figure 9.8(a) Figure 9.8(b)

The graph of tan 'x is also obtain by reflecting the graph of principal tangent function
y = tan x along the line y = x as a mirror image shown in Figure 9.9. Observe that the
graph of y =tan x is symmetric about the line y = x.

y = tan(x) a
! .

[
I
1
: L e
1 L] I’
1 K4
------------- el it "’"-'---'-'--'
| T 20
' 2 Lo~ y=tan (x)
, i a :
i nl nl
3 7 X
1 73 |
|," :
_____________ S AT L S
) 1
= :
s 1 1
54 1 1
i i
] v ]
Figure 9.9

Like sine and cosine functions, the domain of tangent function can be restricted to any

-y . 3z =& T T A Iz 5x
one of the infinitely many intervals | -——, —— |,| ——, = |, | =, — |, | —, — |or
2 2 2° 2 22

generally [mr —% , T +§), n e Zwithrange R to make the tangent function one-to-

one. If no interval is specified then tan™" x is a function with @ PSP 0

T

domain (—o0, 00)and range (—%, Ej ; AL et (a2, o

tan x
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Example 1 Find the principal value of

o g 1 y S 3 N O
(1) sin [E] (1) cos {_TJ (iii) tan [_ﬁ)

Solution:
: (1
() Let sin '(ij (i) Let cos” [-?]z y

We want to find the angle y, whose sine We want to find the angle y, whose

is — ..
cosine 1s —7

= Shp= 1 , Where the principal 3 o
2 = cosy == where the principal

A we s T 7T
value of sin”'x lies in [—5, 5} value of cos 'x lies in [0, 7]
. 1 .z NE) S5z
—_ —gin> AS cosSy=——"=C0S—
As siny g sin 5 y > p
T 57
— = —_—
— y 5 y 6
Thus, sin™ [1] £ Thus, cos™ —ﬁ = 5—”
2 6 2 6

Gi)  Let tan” £_%j -,

Then, tan y = _ 1 , where the principal value of tan 'x lies in [—% : %)

V3
1 T
As t =——=t -
s tany \/5 an( 6)

T
= y:—g

Hence, tan"' [—Lj )

3 6

9.1.4 Inverse of Cosecant Function
The graph of the function f(x) = csc x with domain {xlxe]R/\ximz, ne Z} and
range is the set R — (-1, 1) is shown in Figure 9.10.
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NY

Graph of y =csc x from —27 to2n

Figure 9.10
Clearly from the graph it follows that cosecant function is not bijective because the line

y=1and y =— 1 touches the graph at many points. However, if we restrict the domain

of f(x) = csc x to the interval [—%, %} —{0}, then the function with restricted domain

ie. f:[—%,Oj U[O, %}—)(—oo, 1)U(l, o) becomes one-one and onto that is

invertible and is called principal cosecant function. The inverse cosecant function is
defined by

y=cscx iff x=cscy

The domain of csc "'x = R—{—1, 1) and range of csc'x :[—g,oj U(O, %} )
The graph of the function csc :[—%,O) U(O, g] — (-0, —=1)U(1, ) is shown in

Figure 9.11(a) and graph of csc ' :(—o0, —1) (1, o0)—: [—%,OJ U(O, %il is shown

in Figure 9.11(b).
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€ % >
T
(o
' \
Graph of y = csc x from —2n to2n Graph of y=csc' x
Figure 9.11(a) Figure 9.11(b)

9.1.5 Inverse of Secant Function
The graph of the function f(x) = sec x with domain {x |lxe Rax#(2n+ 1)%, ne Z}

and range R— (-1, 1) is shown in Figure 9.12.

|
l )
Graph of y = sec x from — 57 4o 1

2
Figure 9.12
Clearly from the graph it follows that secant function is not bijective because the line

y=1and y=-1 touches the graph at many points. However, if we restrict the domain

of f(x) = sec x to the interval [0, 72']—{%} , then the function with restricted domain

e [ {0, %JU(%, 71'} — (—00, —l]u[l, 00) becomes one-one and onto (bijective)
that is invertible and is called principal secant function. The inverse secant function

is defined by

y=sec xifx=secy
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The domain of sec 'x is R—(—1, 1) and range of sec™'x is {0, %J u(%, ;r:|.
The graph of the function sec:[O, %)u[%, ;r}—>(—oo, —l]u[l, oo) is shown in

Figure 9.13(a) and graph of sec™ :(—00, —l]u[l, o) —> [0, %)u(%, 7Z':| is shown in

Figure 9.13(b).

-1,m

o1 !

=)
]
E ]

-+ ! (1)
2 E !
Graph of y =sec x from 0 ton Graph of y=sec' x
Figure 9.13(a) Figure 9.13(b)

9.1.6 Inverse of Cotangent Function
The graph of the function f(x) = cot x with domain {x |xeRAax#nr,ne Z} and range

(—oo, oo) is shown in Figure 9.14.

i e e o o

- ok

> v

Graph of y = cot x from 27 to2n

Figure 9.14
Clearly from the graph it follows that cotangent function is not bijective because the line

vy =2 intersects the graph at many points. So, we restrict the domain of /(x) = cot x to the

[ 263 )




Unit-9 Inverse Trigonometric Mathematics-12

interval (0, 77) , then the function with restricted domain i.e., f:(0, 7)— (—0, )

becomes one-one and onto that is invertible and is called principal cotangent
function. The inverse cot x function is defined by
y=cot 'xiffx=coty
The domain of cot 'x is (—o0, o) and range of cot 'x is(0, 7).
The graph of the function cot :(O, ﬂ') —>(—oo, oo) is shown in Figure 15(a) and graph

of cot™ :(—o0, @) —(0, ) is shown in Figure 9.15(b).

Y ; Y

SR I USSR
== ' T
2,0) ; b\
g T
T e n (0’_]
g ' 2

N

N
TS
)

A\ 4 E v
Graph of y=cotxfrom0to n Graph of y=cot™ x
Figure 9.15(a) Figure 9.15(b)

Example 2 Find value of:
(i) sec[tan*' (—\/5)] (i) cot [cosl [—%H (iii) cs{sinl [?ﬂ
Solution: (i) S(—;-c:[t.':m_l (—\/g )]

Let tan™ (—\/g) =y

First, we find the angle y, whose tangent is =3

tan y =—/3 , where ye(—z, E]
2 2
Now tany:—\/gztan[—gJ =5 y:_g
So, tan'(—/3)=-Z
o, tan (~3) -
Now, sec|:tam*l (—\/g)j| = sec[—gj =9

Therefore sec [tan’I (—\/5 )] =2
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. af 1
(11) cot[cos [ 2]}
Let cos” (—lj—
2 =¥

First, we find the angle 7, whose cosine is

3.

cosy= —%, where y e [0, 72']

Now, cos ——l—cos 2—” = _2r
) Yy 5 3 y 3

27

So, cos”' (—lj il
2 3

Now, cot| cos™' (—l) cot(z—”j:_i

2 3 NG

Therefore cot| cos™ [—lJ :_L
)

(B3
(111) csc[sm ETH
Let sin'[ﬁj

2

= sin ——3 where y e =L £
y 2 2 y 2! 2
Now, sin —ﬁ—sin z = =%
. y > 3 y 3
So, sin™ £ =7
2 3
2

G

Therefore, csc [sin' [?ﬂ —

2

=

The table below summarizes the domains and ranges of the principal trigonometric and

inverse trigonometric functions.

Function Domain Range Function Domain Range |
sin x T T T
{—Ea E} [-1,1] sin”! x [-1.1] [—5 5}

o8 [09 7[] [_15 1] COSiI X [_la l] [05 72']
tan x

53 | e [ | o | (5
o [—f O]U(O f} (=0, —1]U[1, )| | csc x| (o0, —1]U[1, ) [—E oju(o EJ

2’ '2 ’ S R ’ : 2 '2
N 341V E0% E IS | S (S ) R S

> 3 2,71' A . sec ' x s s ’ 5 2
cotx (0’ ﬂ) (—oo, oo) et x (—oo, oo) (0, ﬂ)
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Example 3 Find the domain of the following functions

(i) f(x)=cos'Gx—1) (i) g(x)=sin" [xz _Sj (iif) A(x)=sec ' (Inx)

1

Solution: (i) The inverse cosine function, f{x) = cos 'x is defined for all x such that
—1<x<I1.

Thus, the domain of f(x) = cos !(3x —1) is defined for all x that satisfy

—1<3x-1<1 = 0<3kx<2 = 0£x$§ = xe[O,%}

Hence, the domain of /(x) = cos !(3x —1) is [0, %] such that =1 <x <1.
(ii) The inverse sine function, f{x) = sin "’
2

x is defined for all x in the interval [—1, 1].

Thus, the domain of g(x)=sin"' [x ]is defined for all x that satisfy

~1< 7 <l = —4<x¥*-5<4 = 1<x*<9
= x> 1 and x’<9
= x>lor x<-1 and (x—3)(x+3) <0

= xe(-o, —1]U[l, ) and xe[-3,3]
The intersection of two result gives [-3, —1]U[L, 3] = xe[-3,-1]U][L, 3]

X _5)13 =3, ~1]U[L 3]

(iii) The inverse secant function f (x) = sec 'x is defined for all x in the interval
(o —1]]1, ).
Thus, the domain of A(x) =sec™' (Inx)is defined for all x that satisfy

Thus, the domain of f(x)=sin™" [

N 1
= Inx>lor lInx<-1 = x2e or x<e' = x2e or x<-

= xe[—OO, l}u[e, ) e

e

Hence, the domain of /(x) =sec™' (Inx) is (—oo, l]u [e, )
e

Example 4 Prove that:

(i) csc 'x=sin" l, x & (—o0, =1]U[1, o0)
X

(ii) sec'x=cos" l, xe(—o0, —1JU[l, ®) (iii) cot'x=tan" l, x €(0, )
x x

[ 29 )
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Solution:
Proof: (i) Let csc'x =y then x =csc y Proof: (ii) Letsec 'x =y thenx=secy
) 1 1
= siny=— = CoOsy=—
X X
(3] (%)
= y=sin | — =% y=cos |—
X X
e amsar]
Hence, csC x=sin | — Hence, sec” x=co0s | —
x %

Proof: (iii)  Letcot 'x=ythenx=coty

= talnyzl = y=tan'(l]
X

X

1
Hence, cot' x=tan" (—]

X
Example 5 Prove that

(i) sin™ x+cos_’x=§, xe[-1,1] (i) csc_lx-l—sec_'x:%, x & (=00, —1]U[1, )

_ _ T
(iii) tan™ x+cot™ x ==, x &(—o0, 0)
2

Solution: (i) Letsin 'x=y

= x=siny= cos| ——y + cos| =—a |=sina
2 2
= x=cos(£— ) = cos_1x=(£— J
) 7 2 7

1 T

= cos x+y= 5z cos lx +sin 'x =

Ny

1 1

. _ s
Hence, sin 'x + cos 'x = 5

Similarly, we can prove (i1) and (iii)

7 7
Solution: Let cos' —=a = cosa=—, ae|0, z and
2 25 2

25

2
sin@ =+ 1—(1) =+ 625-49 ( sina:ixfl—cosza)
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_y P76 24
625 25
= sinag =— ( ae[O, —
25 25
= csc a=— = a=csc!l=—
24
Thus, cos™' I csc ' 22
25 24

Example 7: Without using calculator find the value of sin [% tan "' g} '

Solution: Let tan ' g =« = tana = g

Here,x=3,y=4
= r= ¥+ = P4 =25=5

So, sinaz% and cosazi

Using half angle identity

Thus, sin [% tan ' 4

98]
~—
Il

=

75
¥ EXERCISE 9.1 _J

1. Find the principal value of the following:

()

(%)

(i) sin' ﬁ} (ii) cos™ [—QJ (iii) tan”
2 2
(iv) sec™ %] (v) csc! (—JE) (vi) sin™
(vii) tan™ cot(%ﬂ (viii) sec™ [ZCOS[%H (ix) cscl[ﬁcos%)

[ 23
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(x) tan” {3 cos{?: cos™ (?JH (xi) esc” E Cos{tan_l [%]H

2. Find the domain of the following:

(i) f(x)=sin"'(5x=3) (i) g(x)=cos'vx—=3
(iii) A(x)= csc ' (x*=3) (iv) k(x)=sin"' (Inx)
(v) p(x)=tan"'V4-x (vi) q(x)=sec”'(x+2)
(vii) u(x)=sec™ [3’“2_ IJ (viii) v(x) =sin”' (Inx)+ csc!(e")
3. Show that:

) cost S g1 i esc S —oos 13
(1) cos Th sin T (i1) csc 4 cos 5
(iii) 2tan”’' 3 tan " 24 (iv) 2sin”’ 7 sin”' 336

4 ) 25 625

4.  Without using calculator find the value of the following:

. . 1. _
(i) cos lcot*'i (ii) sec(—sm 'lj (iii) tan lcotqﬁ
2 12 2 25 2 7
(iv) tan lsin”ﬁ (v) cot lsec*& (V) csc lcot’li
2 2 2 3 2 3

9.2 Sum and Difference Formulas for Inverse Trigonometric

Functions
In this section, we will derive the addition and subtraction formulas for inverse
trigonometric functions. These identities can be derived by applying the fundamental
trigonometric identities along with algebraic manipulation. These identities are valid
only within the principal value of the respective inverse trigonometric functions. We
will now establish the sum and difference formulas for the inverse sine, cosine and
tangent functions that are given below.

(i) sin”'x+sin” y=sin"’ (x\/l -y +y\/] —x’ )

S sin? x—sin” v s ,,( 1— 7 — /1= 2) Remember!
() sin"x—sin’ y=gmn x\/ Y y\/ * sin(a + #) = sina cos ) + cos a sin f3

L e
(iii) cos x4 cos™ y = cos™ (xy B '—(l v yz)) cos(a * 8) cost:rfgsfta:;a sin /3

tan(a £ f) =

(iv) cos ' x—cos ' y=cos’' (xy +4(1=xM){1 _yz)) 1+ tano tan j

(v) tan”'x+tan”' y=tan” Xty (vi) tan'x—tan"'y=tan"’ A=y
1 1+xy

[ 2oy )
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To prove (i), we proceed as follow:

Letsin'x=a = sina=xandsin' y=f = sinf=y

Now cos e = +v/1—sin @ =+1—x

Since a,ﬁe|:—%, %}, so cosa,cos fF > 0

cosax =/1—x*

Similarly, cos f = \/l—y2

Now sin(a + f) =sina cos S+ cosa sin

sin(a+ﬂ)=x\/1—y2 er\/l—x2 = a+f=sin" ()c\/l—y2 +y\/1—x2)

Thus, sin ' x+sin"' y =sin"' (x\/l -y +y\/1 —x’ )

Similarly, we can prove (ii), (iii) and (iv).

Next, we proceed to prove formula (v) as follows:

Let tan 'x=a => tana=xand tan ' y=f = tanf=y
tan o + tan 3

Now tan(a+ f) =
(@+f) I-tanea tan

X+ X+
tan(a+ﬁ)=1 LA a+ﬁ=tan’]—y
X+
Thus, tan ' x+tan' y =tan"' xry
1—=xy
Further by putting y = x in (v), we get
3 4 4 X+Xx 4 ., 2x
tan  x+tan  x =tan = 2tan x=tan D
1—xx l-x

Similarly, we can prove (vi).
In a similar way, the following results can be derived from (i) and (ii)
2sin”' x =sin"' (Zx\}l —-x ) and 2cos ' x=cos (2)62 - 1)
2

Example 8 Prove that cos™ x=sin~' v1—x" .

Solution: Let & =cos™ x, then cosax=x

Now sina =v1—cos? @ =+/1— x>

= a=sin' (ﬁ) ( cos ' x=sin" (ﬂ))

[ ey
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. 5 . 12\ =«
E 1 Prove that sin'| — |+sin”'| = |==.
xample 9 (13} = 5
Solution: Let x = 2 and y = 12
13 13

Using the identitysin ™' x+sin~' y =sin E()c\/l y +y\/l x* |, we have

12
13 13
144
+— 1-
169 169}
- 5 /25 }144 55 12 12
= Ssin + IR S Y S
169 169 3 3 13 13
=sin"' 144) sin”’ [—9 =sin"' (1):£
169 169 169 2

Therefore, sin' [i]+sm (12 _r
13 13 2

Example 10 Prove that tan' [£) —tan' [x —Y J = % )
Y

.45
sin ' —+sin"'
13 {13

5
=sin | —

—_

Solution: L.H.S = tan ' [E}—tanl [uJ
y

X+y
xX_x—y x* +xy—yx+y*
=tan ' w —=tan ! y(jc-'-.};)
14 X.X7Y x+y°+x7 +xy
Y T y(x+y)
2 _ 2 2 2
(e (2]
xy+y° +x+xy X4y

Thus, tan™ (i)—tanl (x—yj .
y x+y 4

( 271)
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Example 11 Solve the equation tan ' x1 +tan”' i .
x+1 x+ 4
; N afx—1 4 2x T
Solution: Given that tan™ | — |+tan” | — |=—
x+1 x+1 4
x—1+ 2x 3x—1
Al x4+l x+1 ([_7 -1 x+1 _z
T L T T " TaxGeD [T
x+1 x+1 (x+1)2
3x—1

— 2%
— 2x+1 T Gx-1) (2x+1) _tan "
—x"+4x+1 4 (x+1) (—x"+4x+1) 4

(x+1)°
Gx=1)  (x+l)?

= 5 =
(x+1) (—x"+4x+1)
= 3% 42x=1==x*4+4dx+1 = 22—x—-1=0
= (x-D2x+1)=0 = x-1=0or 2x+1=0
1
= x=1or x=—

2
1 ; 5
Here, x =—— does not satisfy the equation.

Thus, x = 1 is the only solution.

¥ EXERCISE 9.2 _J

Prove the following:

1 o g T . g 15 B ., 87 4 7 1 _ ., 323
. sin'—+sin' —=cos' — . cos ' ——cos ' —=cos ' ==

25 17 425 25 13 325
3.  tan’' 2 +tan™! 3_ tan ™! L 4. sin? 12 —sin! 3 sin™! 33

4 19 4 13 5 65
5. sin’' % +cos™ B sin”! Bt . sin’ 2 +2tan" 1 cos ' il

5 13 65 5 4 85

) 1 . 1 . 1 T 1 41

7. sin'—+sin'—=+sin'—=="18. tan'—+2tan ‘===

3 45 Jio 2 7 3 4

[ 2
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1 9

~_—tan'
5

9. tan’' E—tan’] l+ tan~ 2.z
3 13 7 2

10. sec’ tarfll +csc? cot’lg _ B8 11. tanz(sec*' 3)+c0t2(csc7' 4)=23
4 5

400
12. 2tan]x=sin][ zx,), 1<x<1  13. tan(sin ' x)=——, —l<x<I
I+x° 1=22
1-%* ,
14. 2‘[an_1x=cos_l(1 xzj 14, cos(sin™ x) =1 —x?
+X

15 tan”' x+cot” (x+1)=tan"'(x* +x+1)

16. 2tan][tan§tangj=cos'(wj 17. cot'[ﬂj r_x

1+cos@cos @ I—sinx

Il

18. If tan ' x+tan ' y+tan 'z =7, then show that x+y+z=xyz

19. Find the value of x if, tam'[Z)C_IJthan1[2)C-f_1J=E
31 3x+1) 4

+
S >, show that y:M

ol
20. If sin" —2P_ +cos™ l—qj — tan™ —2¥
1+ p° 1+q° -y 1—-pg




Solution of Trigonometriz‘,
Equations

INTRODUCTION

Trigonometric equations involve functions like sin €, cos @ and tan @, and are solved to
find the angle(s) that satisfy a given condition. In this unit, we solve such equations
using the periodic, even/odd, and translation properties of trigonometric functions. For
instance, equations such as sin # =k, cos 8=k or tan 8 = k are solved by considering the
periodic nature of these functions. Next, we also explore graphical methods to solve

equations like sind = g , cos =@ or tan @ =26 within specific intervals. The general

solution of these equations incorporates the periodic behavior of trigonometric
functions to identify all possible values of 0. Finally, we apply the concepts of inverse
trigonometric functions to real-life problems in engineering and architecture, such as
determining heights, calculating angles of elevation and depression, and designing
accurate scale models.

10.1 Trigonometric Equation

A trigonometric equation is an equation that involves one or more trigonometric
functions such as sine, cosine, tangent etc. and their inverses. For example,

. 1
sinx=—=
V2
are trigonometric equations. An unknown value of the angle that satisfy the given

trigonometric equation is called a solution of the equation. The solutions that lie within
the interval [0, 27| are called the principal solutions. Due to the periodic nature of

, 2cos’@—5cosf@+1=0,2tan™ ngand V3eotx—secx—1=0

trigonometric functions, these equations have infinitely many solutions. Once a
solution 1s found within one period, adding or subtracting multiples of the period
generates all possible solutions called the general solution. For example, Consider the
equation:

1
COsX=—
Since cosine is positive, so x lies in the I and IV quadrant.
x:% and x:2ﬁ—§:5?” where x €[0, 27]

So, % and 5?71' are the solution of the equation cosx =% and are called the principal

[ erg )
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Solutions. Since 27 is the period of cos x.

So, all possible solutions of cosxzé are §+ 2n and 5?7[+2mr, neZ . Hence,

general Solution is given by x = {%4‘ 2]’171'}\.){ %T + 2mr} .

B

Example 1 Solve sinx:—7
Solution: Since sine is negative. So x lies in III and IV quadrants with reference
angle ~

= 3

4 5
Hence, x=7r+%=?ﬁ and x=27[*%=?ﬂ- where xe[O, 2717]

as 2 is the period of sin x.

So, all possible solutions of sinx = —73 are 277[+ 2nmr and 5?7r+ 2nr, nel
) 4 S

General solution = T+ 2nm r\U ?+2mr ,neZ

Example 2 Solve 2sec’ x —g = ).

Solution: 2sec’ x —g =0

= 25ec2x=§ = secxziri
3 NE)
= secx—i or secx——i
3 NE)
3 3
= COSXZT or COSX =—

|

3
When cosx=—
2
Since cosine is positive, so x lies in I and IV quadrants with reference angle =

Hence, x = % and x =27 — %= H?ﬁ where x &[0, 277]. Period of cos x is 27

So, all possible solutions of cosx = 73 are %+ 2nm and % +2nm,ned.

[ ey )
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3

When cosx =———
2

Since cosine is negative, so x lies in II and III quadrants with reference angle —.

5 7 . .
Hence, x=7r—% =?ﬂand x:ﬁ+%=?ﬁ. Period of cos x is 27 .

\/g Sx

So, all possible solutions of cosx = =5 are ?'f‘ 2nz and 7?” +2nmw, ne

General solution = {%+ Znﬂ}u{ %T - 2mr} u{ %T + ZHE}U{ % -+ 2mr}, net

Example 3 Solve+/3cotx—cscx—1=0.
Solution: /3 cotx—cscx—1=0 venl 1)

\/gcosx_ 1 =0

sinx SsSinx

= 3cosx—1—sinx=0 Remember!

. Sometimes it is necessary to square both
= 3cosx—l=sinx sides of a trigonometric equation to
Taking square on both sides solve it. However, this operation can

5 introduce extraneous roots i.e., solutions
(\/5 COS X — 1) =sin’ x that appear valid but don't actually
satisfy the original equation. Therefore,
= 3cos? x+1_2\/§cosx —sin? x it is -essentlal to yer}fy every pptentlal
solution by substituting it back into the
=  3cos’x+1— 2\/§ cosx=1—cos” x original equation before accepting it as
5 kvalid. y
=  dcos’ x—2+/3cosx =0
= 2cosx(2cosx—\/§) =0
= 2cosx=0 or Zcosx—\/§=0
= cosx=0 or COSX =—
2
When cosx =0

= ngand x:377r where x €[0, 27]

T, ;
To check extraneous roots, put x = 5 in equation (1)

\Ecotx—cscx—lzo

[ @9 )
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L.H.S=\6C0t%—csc%—l —3(0)~1-1=—2#0=R.H.S

/4 . . T
= x= 3 does not satisfy the equation, so £l is extraneous root.

Now put x = 377[ in equation (1)
L.H.szﬁcot%”—csc%”—1=J§(0)—(—1)—1 =—1+1=0=R.HS

3z . . . . .
= x= 5 is the solution of the equation. Period of cos x is 27 .

So, general values of x are 37” +2nm,ned.

When cosx = 73

= Since cosine is positive, so x lies in I and IV quadrants with reference angle ra

So, x:%and x=2ﬂ—%=% where xe[O, 27[]

. . .
again, to check extraneous roots, put x = 5 in equation ...(1)

\/gcotx—cscx—1=0
L.H.szﬁcot%—csc%—l:ﬁ.ﬁ—z—l=3—3=0=R.H.S
= x= % is solution of equation (1).
1lx. )
Now put x = ?m equation (1)
L.H.S:\/gcot“?”—csc%—1=\/§(—\B)—(—2)—l=—3+2—1=—2¢O=R.H.S

117z . ; 117z . .
= x= & does not satisfy the equation (1), so £ is an extraneous root. Period
ofcosxis 2.

T
So, general values of x are €+ 2nw ,ned.

Hence, general solution = {377[+ 2n7r}u{ %+ 2mr} ,ned

[ ery )
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¥ EXERCISE 10.1 _J

Solve the following trigonometric equation:

1
1. sinx=—f4= 2. 2cosx=-—1
2
3. 3tan’x=1 4. 9-—3csc’x=5
5. 2cos’x—3cosx+1=0 6. sin’x—3cos’x=0
7. /2 cosxsinx—sinx =0 8. 3cot’x+3csc’x=5
9. sin2x—x/§cosx=0 10. cos2x=cosx
11. tanzx—(\@+l)tanx=—\/§ 12. tanx=sin2x
13. sin3x=cos2x 14. +/2sin’ x+1 =sinx+cosx
15. sin® xcosx+cos’ xsinxz% 16. sin’2xcos2x—cos’ 2xsin2x=?2
17. sin3xcosx+cos3xsinx=L 18. S x +l+.cosx:4
J2 l+cosx  sinx
tan(7x+%j+tan3x cot(2x+%)—cot[5x+%) .
19 21 20 ZT
| —tan 7x+E tan3x 1+ cot 2x+£ cot 5):-1—£ 3
6 12 12
. 3 3 .
gy, S xtcosx Snx¥ 1 95 sin3w—sinSysinTx=0
sinx+cosx  +fl+tan’x 2
23. cos2x—cos6x =sindx 24. sinx+sm3x+sinSx+sin7x=0

10.2 Graphical Solution of Trigonometric Equation

The graphical solution of trigonometric equations involves plotting the graphs of both
sides of the equation and identifying their points of intersection. Each point where the
curves intersect represents a solution to the equation.

When dealing with trigonometric equations of the form f(x) = g(x), it can be
challenging to find exact solutions. While some equations can be solved algebraically
using trigonometric identities and properties, many are too complex for such methods.
In these cases, graphical methods serve as a valuable alternative. By plotting both
functions y = f(x) and y = g(x) on the coordinate plane, we can visually observe their
points of intersection. The x-coordinates of these intersection points are the solutions
that satisfy f(x) = g(x). This graphical approach not only helps in determining the
number of solutions but also provides deeper insight into the behavior of the functions
and the nature of their interactions.

[ ey )
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Example 4 Solve the equation sinx :g graphically over the interval [—7[, ﬂ]

Mathematics-12

Solution: To find the values of x that satisfysinx = %, we identify the points where

the graphs of y=sinxand y = g intersect.

Now, graph of both the functions in the interval [—72', JT] represented as follows:

Y

Y

SIEE-

o

ot mmmmmmn

Figure 10.1

From the graph (see Figure 10.1), we observe that the curves intersect at three points

_ : . . X .
within the interval [—7r, JT]. Thus, the solutions to sin x = > in [—7[, 72'] are:

x=-1.89, 0 or 1.89 radians

¢

]

LThe exact values can be refined using numerical methods, but the graphical approach provides

a clear visual approximation

J

Example 5 Solve the equation cosng graphically.

Solution: To find the values of x that satisfy cosx = %, we identify the points where

the graphs of y=cos xand y = % intersect.

First, note that the range of cos x:

_l1<cosx<l = —13%51: _8<x<8

Next, we plot both functions over the interval [—8, 8]

[

D
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NY

Figure 10.2
From the graph (see Figure 10.2), we observe that the curves intersect at six points
within the interval [-8, 8].

. X . .
Thus, the solutions to cos x = = in [—7‘[, 72'] are approximately:

x=—4.16, —1.8, 0, 1.39, 546 and 6.82 radians

Example 6: Solve the equation tan x = % graphically in [—37”, 3771 .

Solution: To find the values of x that satisfy tanx = % , we identify the points where

the graphs of y =tan x and y =§ intersect.

! ; 37 3z
Now, we plot both functions over the interval [—7, 7}
AY
4+ y=tanx _
a4 )
2 §
-~ v
3n 427/ n K n % 4273 X
2 A 2 =lep 2 2
H Ll
34
4=
Figure 10.3 ) ) o
From the graph (see figure 3), we observe that the curves intersect at three points within
; 3z 37
the interval | ——, — |.
Z 2

. X . 3z 37 )
Thus, the solutions to tanx=5 in [—7, } are approximately:

2
=—4.27, 0 and 4.27 radians

[ 20 )
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Example 7 Solve the equation 3cosx =2sinx—1 graphically in [27, 27].

Solution: To find the values of x that satisfy 3cosx = 2sin x—1, we identify the points
where the graphs of y = 3cos x and y = 2sinx—1 intersect.

Now, we plot both functions over the interval [—27r, 27r] ;

A 4
Figure 10.4
From the graph (see Figure 10.4), we observe that the curves intersect at four points

within the interval [-27, 27].

Thus, the solutions to 3cosx=2sinx—1 in [—27[, 27r] are approximately:

x=-5.02, —2.43, 1.26 and 3.84 radians.

Example 8 Solve the equation 2sin” x =1—3cosx graphically in [0, 27].
Solution: To find the values of x that

Y
satisfy 2sin” x =1—-3cosx, we identify the

points where the graphs of y =2sin” xand
y=1-3cosx intersect.

Now, we plot both functions over the
interval [0, 27].

From the graph (see figure 5), we observe
that the curves intersect at four points within

the interval [0, 27].

Thus, the solutions to 2sin®x =1-3cosx Figure 10.5
in [0, 27] are approximately:
x=1.855 and 4.427 radians

[ a8y )
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10.3 Real Life Problems

Example 9 A lighthouse with a 15 meter tall lantern stands atop a cliff. From a
ship 120 meters offshore, the lantern subtends C
the same angle as a 1.5 meter buoy placed at the :
base of the cliff.

(a) Find the exact height of the cliff.

(b) Calculate the subtended angle (6).
Solution: Let / be the height of the cliff then from
triangle ABD

tan 6, 2 o 6, =tan"' (ij
120 120
Also, from triangle ABC

tanﬂzw = f=tan"’ ht13
120 120

The subtended angle for the lantern

6,=60—6, =tan™ kel ] =t e
- 120 120

RIS h
0,=tan | —— |—tan | —
120 120

height of the buoy = 1.5 m, then from triangle ABE

Figure 10.6

. .
tan93=—5 = 0,=tan"' 15
120 120

given that the lantern subtends the same angle as a 1.5-meter buoy placed at the base
of the cliff, that is, &, =6,

o h+15 o h 4 1.5
tan —tan” | — |=tan” | —
120 120 120

h+15_i
= '[an_' M =tan—| E
1+h+15.i 120

120 120

.. PR L a—=p
[. tan” o —tan S =tan [l+a-ﬂD

[ 2 )
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15
120 =0.0125

14400+ h* +15h
14400
15 14400
120 14400+ 4 +15h
= h*+15h—129600=0
Using quadratic formula

 —15+4J152 —4(1)(=129600) —15++/225+518400

=0.0125

= h

2(1) )
L 15t 2518625 :—1512720.2 . h=L§2=352'6

Thus, height of the cliff'is 352.6 m.
(b) The subtended angle for the lantern

6, =tan"' [ﬂj—tanl [ﬁj =71.93 -71.21° =0.72°
120 120

= 6,=0.72

Thus, the subtended angle for the lantern is 0.72°.

Example 10 A projectile is launched from the ground with an initial velocity
2

[

g
0 is the launch angle to the horizontal and g = 9.8 m/s? is the acceleration due to gravity.

v. =30m/ s . The range R of the projectile is given by the formula R =—-sin 26, where

(a) Find the angle @ (in degrees) required for the projectile to hit a target exactly 80

meters away.
2

(b) If the maximum range achievable is R = Y , determine the angle @ that gives

max

the maximum range. Justify your answer mathematically.

Solution: (a) Given that: v =30m/s, R=80m, g =9.8m/s".

2

. ; v, .
Substituting these values in R =—-sin 26, we have
g

(30)* sin 26
9.8

[ ) )

80 = 80x9.8=900sin 26
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= 784 =900sin 26 = 784 =sin26
900

=  sin20=0.8711 —  20=sin"'(0.8711)
= 20=60.5° - 9:607'5=3o.25°

Since sin & =sin(180° — @, , second possible solution in [0, 27] is:

= 20=180°-60.5°=119.5°

119.5 _ 59 750

or d=

Thus, the projectile will hit the ground 80 meters away at angles 30.25° or 59.75°.
(b) The range is maximized when sin 26 is maximized. Since the maximum value of
sin28 is 1, so we have:

sin26 =1 = 26 =sin (1)

= 20=90° = 6= %
= 8 =45
Now, the maximum range can be calculated as:
2
% 2005 gam
9.8

Thus, the maximum range is achieved at 45°, as sin 20 reaches its maximum value of
1 at this angle, and no other angle yields a greater range.

¥ EXERCISE 10.2_J

Solve graphically:
1. 3sinx=§+1, xe[-n, x| 2. cos(Zx—l):g,xe[O, 7]
3. 3tanx=2x+1,xe[—%,%} 4. sec(x+3)=—2x+%,xe[—7r, 71']

5. 2cosx=x’+2x—1,xe[-z, 7] 6. sin3x=§

7. sin2x=2cos3x, x€[0, 7] 8. sinx+cosx=-2cosx, x [0, 7]

9. A hiker pulls a sled using a rope that exerts a force of 80 newtons over a distance
of 25 meters. The total work done is 1200 joules. At what angle to the direction
of motion is the force being applied?

[ 2 )
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10. A radio tower stands on flat ground with a small antenna mounted at its top. From

11.

a point 50 meters away from the base of the tower. The antenna subtends

the same angle as a | meter vertical rod placed at the base of the tower. The total

height of the tower and antenna is 10 meters.

(a) Find the height of the tower (without the antenna).

(b) Calculate the subtended angle.

A person standing 20 meters away from the base of a tree measures the angle of

elevation to the top of the tree as 30°.

(a) Find the height of the tree.

(b) If the person walks 10 meters closer to the tree, what will be the new angle
of elevation to the top of the tree?




INTRODUCTION

Vector-valued functions return vectors with both
magnitude and direction to model multidimensional
quantities such as position, velocity, or force in 2D or
3D, unlike scalar functions which give a single value.
Their derivative provides the instantaneous rate of
change, yielding the velocity vector essential for
analyzing motion, with applications in engineering,
computer graphics, and physics, from robotic arms to
planetary orbits. This chapter covers definitions,
component forms, operations, and differentiation
techniques for analyzing curves and solving real-
world problems involving velocity and acceleration.

Vector Valued FunctionsA‘,
and Their Derivatives

Figure 11.1

For example, a particle moving along a path in 2D might have its position at time t

given by:

r(t)=ti +¢*j. This means at time ¢, the particle is at the point (t,tz) (Figure 11.1).

A real-world example of a vector-valued function in three-dimensional space is the
position of a satellite orbiting Earth. Suppose the vector-valued function describes a

satellite's position at time t (in hours): r(t) = (4000 Cost)f+ (4000 sint )f +3000k

Here, the components represent
the satellite's coordinates in space:
x=4000cost, y=4000sin?,

and z=30007 (in kilometers). The
x- and y-components model the
satellite's circular orbit in the
xy-plane with a radius of 4000 km,
while the z-component indicates a
linear ascent along the z-axis at a
rate of 3000 km per hour. This
function maps time to a position
vector, describing the satellite's
trajectory through space, which is
essential  for  tracking and
communication in  aerospace
engineering (Figure 11.2).

3500
3000
25000
20000
15000
10000
5000

Figure 11.2
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11.1 Scalar And Vector-Valued Functions Of A Single Variable

11.1.1 Scalar Function

A scalar function is a function that assigns a single real number (a scalar) to each
point in its domain. Think of it as a rule that assigns one value to a position in space,
like measuring temperature at a specific point.

Mathematically, if to each value of a scalar variable 7 in the domain of a function f(7),
there corresponds a unique scalar /', then fis called a scalar function of 7. A real-valued
function is commonly called a scalar function. For example, f (t)=3t+2cost is a

scalar function.

11.1.2 Vector-Valued Function (Vector Function)

A vector-valued function in a single variable is a function that takes one variable as
input and returns a vector as output. Each component of the output vector is itself a
scalar function of the input. Typically, a vector-valued function is written as:

r(6)=(1(t).g(t).h(t))=71 ()i +g ()] +n(t)k
Where 7 ,},lg are the unit vectors associated with the rectangular coordinates

7(2),g(t) ,and h(z) are scalar functions of #, are the components of the vector-
valued function r(r).

11.1.3 Constructing A Vector-Valued Function

Step-1: Determine the Components: Identify how each coordinate changes with
respect to 7.

Step-2: Combine into Vector Form:

Express the components as a single vector using either component notation

r(s)= <f(t),g(t),h(t)) or unit vectors r(t)= £ (£)i +g(t) ] +h(t)k .
Step-3: Specify the Domain: Define the range of 7 where the function is valid (e.g.,
t 2 0) for time-dependent motion.

AY
Example 1: Projectile Motion 12

When a ball is thrown at an angle, its
position over time follows a parabolic
path under the influence of gravity. If the
initial velocity is v, at an angle @ , the

position vector is:

5§ 10 15 20 25 30 35 40 45

Fioure 11.3
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A

o . ]. 9
r(¢)=(v.cosO)ti + ((v sin @)1 —ng)j
Where, (vc cos H)t =x-component (horizontal motion at constant speed) and

; 1 . . . ) :
(v,sin@)1 -3 gt’ = y-component (vertical motion with gravity deceleration).

This model simulates the trajectories of objects like soccer balls, arrows, or rockets
in 2D.

Example 2: Flight Path of a
Drone

A drone taking off and moving in a
helical search pattern can be
modeled as:

r(t)= 5costi +5sing) +0.5tk

Where x- and y-components
represent the circular motion with a
5-meter radius, and the z—

component represents the steady
ascent at 0.5 meters per second.
This describes real-world
applications  like  surveillance, Figlni 11.4
search missions, or aerial photography.

11.2 Domain and Range of a Vector-Valued Function
The domain of a vector-valued function r(7) = f (¢)i +g(¢)j+h(t)k is the set of all

real numbers 7 for which every component function f(¢),g(¢) , and k(¢)is defined.

11.2.1 Steps to Find the Domain of a Vector-Valued Function
Step-1: Determine the domain of each component separately.
Step-2: Find the intersection of the domains of each component f(r),g(¢) , and

h(r). The domain of r(¢) is the intersection of the domains of f(¢),g(r) , and h(r)
The range of a vector-valued function is the set of all possible output vectors r (t) as t

varies over the domain.
Example 1 Find the domain and range of the vector-valued function

r(:)=ﬂf+tljj .
[ 28y ]
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A 1 A
Solution: Step 1: The domain of r(7)=+v4—¢%i +—lj is the set of all ¢ for which
t_

both components are defined.
For the first component v/4—¢> , the square root requires 4—¢> >0 .
=1 <4=-2<1<2 =re[-2,2].

1 :
For the second component 1 the denominator cannot be zero.
t

e t—1#0=1t#1
Hence, the final domain: 7 € [—2,1) U (1,2] )

The range is the set of all possible output vectors r(7) = (x(t), y (1‘))

For 4—1¢*, range is [0,4] . Thus, the range of x(r) is [0,2], and y(z) can be any
real number except 0 (since ﬁ never equals zero).

Finally, range: {{x, y)|0 <x<2y€eRy=+0x+3}
11.3 Identifying Scalar and Vector Valued Functions

Understanding the distinction between scalar and vector-valued functions is crucial
for advanced studies in calculus, physics, and engineering. These functions are
fundamental in describing quantities that vary with respect to one or more variables,
such as time or position.

11.3.1 Key Identification Criteria
Scalar Function
(i) Scalar-valued functions produce a single numerical value (e.g., a real number).

(ii) Scalar-valued functions are typically denoted by lowercase letters (e.g., f(x)).

(iii) Scalar-valued functions describe quantities like temperature or potential energy.

Example 2 In a heat transfer problem, the temperature 7(x, y,z) =100—x" —y* —z°
describes the temperature at a point (x, V, z) in a three-dimensional space.
Identification: The function takes a position (x, y,z) and outputs a single number

T (temperature in degrees), making it scalar-valued.

Engineers use such functions to model heat distribution in materials, such as in
designing cooling systems for electronic devices.

Vector-valued function:

[ 289 )
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(i) Vector-valued functions produce a vector, often written as an ordered tuple or in
terms of component functions (e.g., f(r)= (fl (1), 1, (t)> (2D) or

g(1)=(g (). (). (1)) GD)).

(i1) Vector-valued functions are often denoted by boldface letters or with an arrow

(c.g., £(r) or f(z) ).
(iii) Vector-valued functions describe quantities such as position, velocity, and force.

Example 3 Consider the function r(t)=<cos (r),sin (t),t) . Here, the input is a

single scalar variable 7 (often representing time), and the output is a 3-dimensional

vector. For instance, if t:E then r(zjz cos[zj,sin[z ,£ = O,I,E . The
2 2 2 2)2 2

output is a vector, indicating a point in 3D space. This function traces out a helix.

¥ EXERCISE 11.1_J

Give two real-life examples where vector-valued functions are necessary.

Construct a vector function for a particle moving in a circle.
Write a vector function for a car moving along a parabolic path.
Create a 3D vector function for a drone flying upward in a spiral.

Givenx(H) =r>+ 1, y(f) = Jt , construct r(?).

el B

6. Given x(t) = ﬁ,y(!) =In \/;,z(t) =sec ' (t) , construct r(z).

7. Find the domain and range of the following vector-valued functions.

() r(1)=vii+Ing (i) r(¢)=cos(r)i +sin ()]
(iii) r(r)=t+7]+ek (iv) r(¢)=sin(t)i +cos(t)j+rk

8. Determine which of the following functions are scalar functions or vector-
valued functions. Give appropriate reasoning to support the answer.

0 f()=(3-5) i) h(r)=(r.¢Inr)
(iii) g(r)=tan(r)+csc(7) (iv) j(t):<t21+1’t21+1>

[ @) )
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11.4 Derivative Of A Vector-Valued Function
A vector-valued function of a single variable is a function that maps a scalar (usually
time /) to a vector in R™. For a function in three-dimensional space, it is typically

written as:
r(0)=(£ (01015 ()= £ @)+ 1, @)f+ 1
Where ,},/2 are the unit vectors associated with the rectangular coordinates and
£(2). /2(¢) ,and f;(7) are scalar functions of # are the components of the vector-
valued function r(7).
The derivative of a vector-valued function r(t) with respect to ¢ is defined as:
dr r(¢+Ar)—r(z)

il

If the limit exists, then r’(t) is computed by differentiating each component:
JORVAONAONAO)
=10+ 1 (1) j+ £ (0)k

Example 4 Find the first derivative of r(r)=#"7 +sing +¢'k with respect to 1.

Solution: Differentiating each component separately, we have,

dis d, . d;
E(t ):21‘,E(smt)=cost,a(e )ze
=r'(1)= 2ti +costj +e'k

Example 5 Find the first derivative of r(7)=secti +tans —costk at t =% ;

Solution: Differentiating each component separately and finding the value at 7 = % ,

we have,
i(secr) =sect.tant = M = sec(than[fj =2 =42
dt ' di | « 4 '
4
d(tan t)

d 2
—(tant) =sec’ =
dt dt




Unit-11 Vector Valued Functions and Their Derivatives Mathematics-12

i(—cost):sintzm :Sm[szL
dt dt 4 \/5

i=

FNE]

:r'[%)=\/§tf+2}+ié

2
¥ EXERCISE 11.2 _J

1. Find the first-order derivatives of the following vector-valued functions with
respect to z.

@) r(t):(t2+1)f+(r3+t"‘+3t)j
(ii)  r(z)=(rsinz—cost)i+(cot (r)+Inr )+ (ln (1 +t 2))15
e 2 ~ ‘\/?: 2
(iii) r(t):ﬂl+l+t2k
2. Find the first-order derivatives of the following vector-valued functions with
respect to ¢ at the specified values of 7.

: _ £ +1), AR _T
(i) r(t)—( Jz+(\/;e )jatt—2

sint

i) r(r)=(r t+2)f+]n(z+\/m)j'at 1=0

. sin(#?) "
(iii) r(t):arctan(t)i+¥()j+\/3l+tkatt=0

(iv) r(r)=re”f+cos(3t)f+hl(l+t2)l€at t=0

11.5 Velocity and Acceleration

If r 1s the position vector of a particle moving along a smooth curve in space, then

d . . L .
;r t) represent the velocity vector of the particle, which is tangent to the curve, i.e.
!

d _ . . . .
—r t) = v(t) , and the derivative of the velocity vector with respect to time # is the

dt

2

acceleration of the particle, denoted by a i.e. %v (1)=a(r)= %r (7).

Example 6 Vibrating conveyor belt in a factory sorting system
A small metal part moves on a conveyor belt in a factory. The belt transports the part
eastward (x-direction) while simultaneously vibrating sideways (north-south, y-

[ 2 )
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direction) to help sort items into bins. The position of the part at time ¢t seconds is
given by r(¢)=3¢"/+2sin# in meters. At a specific moment, tz% an engineer
needs to analyze the part's motion to ensure it enters the correct bin. Hence, find the
following quantities at 7 = z.

(a) velocity (b) acceleration (c) speed (d) direction of motion.
Solution:
(a) Velocity: The velocity vector is the first derivative of the position function.

v(1)=r'(1)=6ti +2cosy , at l=% is, V(%)=6(%}5+2cos[%}}:37ﬁ+0}

At this instant, the part is moving purely eastward with no north—south velocity.
(b) Acceleration: The acceleration vector is the derivative of the velocity vector.

a(1)=v'(r)= 6/ —2sing , at t=% is, a[%jz 6?—2sin[§jj’= 61 —2j

The part is accelerating eastward at 6 m/sec” and southward at 2 m/sec’. Even though
its north-south velocity is momentarily zero, it is starting to move southward.
(¢) Speed: The speed is the magnitude of the velocity vector.

|V(t)‘ =/36¢* +4cos’t , at t=% ,

(3 |

(-

The part is moving along its path at about 9.42 meters per second.
(d) Direction of Motion: The direction is given by the unit tangent vector,

ff(t)zﬂ,attzzis, | Z =M=5+0j'
| )

v(?) 2 3z

The direction of motion is due east (positive x-direction). The part has momentarily
stopped its north-south oscillation and is moving purely horizontally along the belt.
Example 7 Drone inspecting a cylindrical water tower

A drone is programmed to fly in a helical (spiral) path around a large cylindrical
water tower to inspect its outer surface for cracks or rust. The drone maintains a
constant horizontal distance of 2 meters from the tower's center while climbing
upward at a steady rate. The drone's position in 3D space at time t seconds is given

by: r(t)=2costi + 2sing + 3tk

Here:

[ @93 )
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e x(t)=2cost: east-west position (amplitude 2 m)

e y(1)=2cost: north-south position (amplitude 2 m)

 z(t)=3t: Vertical height (climbs 3 m/s)
At a specific moment 7 = 77 seconds, the drone operator needs to analyze its motion to
ensure smooth inspection. Find the following quantities at /=7 (a) velocity, (b)
acceleration, (c) speed, and (d) direction of motion at 1 =7 .

Solution:
(a) Velocity: Compute the first derivatives of each component.

v(t)=r'(t)=-2sin# +2costj + 3k
att=mz , v(r) =—2sin(ﬂ)f+2cos(7r)j+3/€= 0i —27+3k
At this instant, the drone has no east-west motion, is moving southward at 2 m/s,

and is climbing at 3 m/s.
(b) Acceleration: Compute the second derivative.

a(t)=v'(t)=—2costi —2singj + Ok
at =7z a(r) =—2cos(7r)f—2sin(7r)j'+012= 2i+0j+0k
The drone is accelerating eastward at 2 m/s?. This centripetal acceleration points
toward the center of the circular path (the tower's axis), keeping the drone in its
circular horizontal trajectory.

(¢) Speed: Calculate the magnitude of the velocity.

|v(t)‘=\/4coszt+4sin2t+9 = J3
v(7)| =13 = 3.6056 m/sec

The drone's speed is constant at about 3.61 m/s throughout its helical climb, ideal
for capturing stable inspection footage.
(d) Direction of Motion: The unit tangent vector is,

atr=rm ,

W(1)= V(l‘) :—ZSintf+2cost}'+312

‘v(t)| 18

. 0/ —2j+3k » 2 ~ 3 A
at i = v(ﬂ)sz z—ﬁj-kﬁk

The drone is moving in the south-up vertical plane. The direction has no east-west

component.

[ 2 )
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¥ EXERCISE 11.3 4

In the following exercises (Questions 1-5), each problem involves a vector-valued
function representing the particle's position in the xy-plane or in 3D space. Find the
velocity, acceleration, speed, and direction of motion at a specified value of ¢
Interpret the results by describing the particle's motion at that instant, including how

fast and in what direction it is moving, whether it is speeding up or slowing down,
and how its path is curving.

1. r(t)=2sinti +34 at t= 2. r(t)=ei+e’jatt=0

i
2
3. r(tf)=costi+sing+2tk att=n 4. r(t)=ri+g+r'k at1=2
5. r(t)=e smt1+(t —2t)]+arctan(21)k at =0

6. A cannonball is fired from the ground at an angle 30" with an initial velocity
of 100 m/s. Assuming gravity acts downward ( g =9.8 m/s?) and neglecting air
resistance.

(a) Formulate the position vector r (t) of the cannonball as a function of time.

(b) Find the velocity vector at ¢ = J sec.
(c) Determine the time of the flight (when the cannonball hits the ground).

7. A comet orbits the Sun in an elliptical path such that its position (in AU) at
time t (in years) is described by, x =2cost, y =sint.

(a) Write the position vector r(z)

(b) Find the velocity and speed at ¢ :%

(¢) Show that the acceleration vector always points toward the origin.
8. A robotic arm moves such that: Its x-position increases linearly at 2 m/s, Its y-

position follows y(7) =17, Its z-position is given by z(r)=1-¢"
(a) Construct the position vector r ()

(b) Find the velocity vector at =1 sec
(¢) Compute the acceleration at 7=/ sec
9. A particle moves along a circular path, described by the position vector

r(t)=Rcosawii + Rsinmyj . Prove that its velocity is perpendicular to its

position vector.

[ @3 )
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10. A Ferris wheel of radius 20 m rotates with an angular speed of 0.2 rad/sec.

11.

(a) Construct its position vector r ()
(b) Find the passenger's velocity at /=10sec

(c) Show that the acceleration is centripetal (toward the center)
A quarterback throws a football with a position vector

r(r)=206 +(200-4.9¢)
(a) Find the time of flight before it hits the ground.

(b) What is the maximum height reached?
(c) At which time did football reach its maximum height?
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ANnswers

Answers to Exercise 1.1

y=3x+1)x-1) (ii) y=-2(x-1)(x-2) (iii) y=2x-1)(2x+1)
I\}' I\r A"
H—us.05)
.—0 -

=4 v
v
v
y=2"+x-3 ™ f)=x"+2x+1 (vi) y=3x-1)
I\)' I\}' }'
3
>

& -3 2 -1 0 1
-2
(-0.25, -3.125)| =3 2. (l) y=7(x7 1)(x+ 2) (il) Y= ()C—Z)2
-4 3. y:(x+ 1)(x+2) 4. y=2x+1)y?
v 5. y=27-2

ANSWERS TO EXERCISE 1.2

Algebraic Functions: g(x) = . Lh(X) = X +2x, Hx) = (x— 1)

x+1

e +e’

Transcendental Functions: g(x) = cot x, A(x) = €™ + \x* +2x, k(x) =

Fundamental Transcendental Functions: g(x) = sin x, h(x) = €%, r(x) = 15¥

Non-Fundamental Transcendental Function: k(x) = cos x?

Dom f= ] —0, o[, Range =10, oo[. Graph is | 6. Dom f = | —w0, =], Range = ]0, oo.
given in the following figure. Graph is given in the following figure.
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Exercise 1.3
() f(x)=4+2 (iv)

(iii) b, =R _ =R.<[.R, =D, =]-o0,

(iii) Graphs of f(x) = log,(x — 2) and
/7' (x)=4* + 2 are drawn in the figure.

7=

al

5|

Ny (1 =
f(x)-(;)

Note that:

(a) any horizontal line crosses the curve of
f only once. Which indicates that 1 is
one to one

(b) both functions are symmetric about the

line y = x.
() D,=R_=[-L1.R =D | =[£, 1}
i ! 5 5
(iii) ~ Graphs of /(x) = sin™" (x) and /~'(x) = sin (x) are drawn

in the figure, which clearly indicates that:

(a) any horizontal line crosses the curve of fonly once.
Which indicates that f'is one to one.

(b) both functions are symmetric about the line y = x.

The graph of /' is given in the figure.

® y=2+x () y= Vx—3 ;
(iii) y = 2 Vx—3
_ 2x+5
2x+2
y=Inyx—-1+3
l 6.\-+3_1
2\3x+5

\Y

v

A Ao
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10.

Comparison: From the figure, it is clear
that the graph of g(x) is obtained from f(x)

9. Transformed function: g(x) = 4In(3x — 6) +1
Graphs of f(x) and g(x) are given in the

by shifting it 2 units to the right and 1 unit figure.
upward. Therefore, both graphs are identical Ty
in shape but differ in their position on the =
coordinate plane. 10
1Y 5 S =In(x)
4 X
3 . of 5 10 15 20 25 30
| lg(x) =4 InGx-6) + 1
gx)=3""+1 . -10
DTy X| ¥
-4 -3 -2 -4 0o 1 2 7|
V 7 Ay 1
1 S o e(=2|2x-7|-3
Graph of g(x) = §|2x—7|—3 is given in the R
figure. 1
2
& N '\\'
oy 2 N2 4 8§ 10 12°
=2
—4
v

Answers to Exercise 1.4

() S-=-22.4+242} (i) S= {“;E}

v)S={1} ) S= {%mg,[”‘/g}

2

(i) S= {1, 3}

N EaNE

2

@@ §S=[0,1] (i) §=[2,00] (i) S=[3, 5]
(iv) SJL,1|:U:|3,3+\/§[ v) s{s*f,o{ (vi) S=0
2
Answers to Exercise 1.5
34.7 hours 2. k=0.0511 3. 27.73 hours 4. k=-0.0507
60 dB 6. 7=10*W/m> 7. (i) k=-0.13863 (i) N=125
;—' =100 9. A=Rs.4764.06 10. =3 years 11.4 = Rs. 3664.2 12, r=8.42 years
EXERCISE 3.1
(i) y=20x"+c¢ (i) y=2t+61-2 +¢ 2. () t+ +c (i) o’ +2u° +c
(iii) m—0x° +c (@iv) 2 3, +c 3. 3) §x4 +5x" +20x+c
9 x 2x 4
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4 2 2
(i) =+ +c i) L +ay-Lic  Gv) 22 +adx4c
4 2 3 ¥ 3
4. () L(7x2+8)'°+c (ii) —L(x3+2)4+c (i) —1[1+1J}+c
' 140 12 30«
o1 6 2 3/2 . 1 5\
(iv) g(1+\/)7) te V) i(7M8) +e (vi) —2—5(7—)() +c
(vii) —é(r‘—3r2+5)*3+c 5. (i) g\/x+2(x—l)+c (i) Vax® +2bx+c+C
2 2 2 s . 4 9 12 1 12 2 4 3
(m)g(x+1) =55 re ) 6(1+\/§) —7(1+J¥) +?(1+\/§) —5(1+\/§) +e
) ——f’+2bx —tc (i) i(x-‘ 1) —g(x* +1) te
20 (a+bx) 15 9
Exercise 3.2
. 23 & ; o T | 100 y 7, i
1. (@) ry (ii)) 89 2. (i) 13 (i) 42 (i) 3 3. 5 4. (i) 0 (u)J-nf(x)dx
1 128 16 8 a
5. — 6. (i) — i) — iii) 0 7. = 8. 25 9.38 13. —
132 @ 15 i 15 a 3 3
1 sin/ b a
14. 18 16. (i) 1 ii) —In2 17. (i ii —
M1 G S O 0 s
Exercise 3.3
1. ]n|cscx—c0tx|+c (i) —cotx—x+c (iii) 2v1+sin’ x +¢
(iv) x+sm-x+c (V) sinx+cosx+c (vi) —2cosx+e
(vii) tan>+c poiy TOBOE_BOBSE . oo daneso
2 12 16 '
2 tan® x 3 3 X
X 2—\/5 xi) — xii) tanx+—+c¢ xiii) —+—+—+c¢
(x) ( )3 (xii) 3 (xiii) 2 T3 a
(xiv) 4i/§—41n(1+i/§)+c (xv) 2\/‘2+x—2ln(l+«/2+x)+c
_In7+1
(xvi) +c 2. (i) ln|]ntanx|+c (ii) —h1|sinx+cosx|+c
In7+1
. - . . (lncos.sc)2
(iii) Zln(l+sm x)+c (iv) 1n|cosx+xsmx|+c ) f+c
i) (lnsin,\')2 . (vii) 1 (i) r @) r
vi) ———+¢ vii) ———+¢ viii — ix) —
2 2(2+¢*) 4 2
Exercise 3.4
. 1. |3+e" . 1 [sinx—=2 ) 3
1. (@) gln - +c (i) Zln r—— +c (iii) arctan(e )+c

D




1.

Inx 1
iv arcsin| — |+ v) —In
(iv) 1 ( 3 J ¢ ) 30

3x+5 23

(vii) x—aarctan(fJH (viii)  arctan(Inx)+c (ix) 2—%
a

3Ix-5 | x*—4
+c (vi) —=arctan 2 +c

(x) \/A_ +c (xi) %arctan [ x‘3— 0 J +c (xii) arcsinx—+/1—-x* +¢
14 x*

(xiiii) %mz (xiv) ——”‘;+4+c N ] .t IR JENE
X
Exercise 3.5
8 8 3
Flnx 2 2x .
(i) xhnx—x+c (i) = : *—éw (i) o= S5 4 (iv) —xcotx+Insin x|+ ¢
2x 2x 2 _ax ax ax 2
(%) E__f_4s (vi) adhs _er; +2€3 +c  (vii) xtanx—ln|secx|—i+c
4 a a a 2

(viii) sinx-In(sinx)—sinx+c  (ix) (" +1)In(I+e")—e +c

%) (In x)z tan™ (Inx) _Inx | tan™ (In x) .
2 2 2

3x 3x
’ e . . 2 42
= (3sinx—cosx)— z (cos3x+sin3x)+c xiv) x’e" +c¢

( ¢ (xi) %(x5+1)+c (xii) 2Vxe" +¢

e
(xiii)

(xv) e* tan ™ (e“')—%ln(l+e2"')+c (xvi) xtan%—Zln sec% +c
(xvii) xtanx+xsecx—In|secx|—In|secx + tanx|+c
(xvii) T+ ¢ (xix) 24/xtan” Y —In(1+x)+¢
x
(xx) —2xcos\/;+4\/;sin\/;+4<:0$«/;+c (xxi) 16- —+c
+Xx°
W (2x% 4+ 2x+3
oy Z-Lime iy - (2 = )+c (xxiv) xsin” x+1—x* +¢
4 2 5(1+x7)
1 1
(xxv) —Ecscxcotx+5ln|cscx—cotx|+c
Exercise 3.6
() 2In|x+1|+3In|x+2|+c @ii) In|x+1|+2In|x+3|+c
(i) =+ 20+ ~In| X1 1 ¢ @iv) x—7In|x=7|+In[x+1|+c
2 2 |x+1
) §In|4—3x|+ln|2x+1|+c vi) =3In x|+ In|x—1|+ In|x—2| +In|x—3| +¢
.. 4 1 I e
(vii) In|x+2|[+ ————S+¢c  (viii) " +2In +c
x+2 2(x+2) e +1

Gop )




x—2

ix 41n
() x+3

—i-i-c (x) In|x+1|+c (xi) In|x—1|+2arctanx+c
x+3

(xii) lIn(x2 +1)+lln(x2 +4)+larctanx—larctan(£j+c
6 3 3 6 2

3 1 5 ¥
(xiii) =In|x—1|-=In(x*+1)+————+¢
R (*+1) 2(x* +1)
(xiv) lln|s.inx—]|—lln(sinzx+sinx+1)—£m~ctan 2sinx+1 o
3 6 3 i
Exercise 3.7
1. é square units 2. (i) Signed area= %, Total area= 4

(ii) Signed area = —6, Total area = ﬁ 3. @) — (@) g (iii) § @iv) L
3 3 3 5 3

4. 1 square unit 5. g square units 6. 36 squareunits 7. 1:1 8 () 9
(b) 9 (c) The function is nonnegative on [0,3] , so signed area equals total area.

3
9. é square units 10. 18 square units 11. Consumer's Surplus = 27

Producer's Surplus=36 12, D(x)=24—-2x;S5(x)=12+x 13. (@) p,=2In2

() p=6—-3—In2)x 14. CS=Rs. 324 15: i) &ZTJT cubic units
i BT i S ; _
(ii) ? cubic units (iii) 47 cubic units (iv) 15 cubic units

Exercise 3.8

1.  7=2048 units units, /= éMh“’ 2. (a) V(I) =61" =361 +30 m/s ® S50 m

2 9 3, 9 2
78 N=3t+ ——+ — cm/ s(t)==t"+—f———+3
(¢) 78 m ) v(1) 27 2 c/s  (e) s(7) 2 oL cm
3. (@) N(f)=2003" (b) 16200 bacteria 4. (a) P(r) = 25000 + 8007 + 302 (b) 36000 people
(©) 5650 people  (d) b=3 j“ F@)dx =15 (© L“ F(¥)dx=1

In4
® f Jx)de=4 4. (@) T= % ~4.62 hours  (b) AUC =30 mg-h/L
(¢) One dose insufficient; 6 doses needed in 24 hours
4. (a) Totalats=10: 12¢72+ 12¢74 (b) Student forgot the contribution of the second dose
(© () 1272+ 12" (i) 12¢32+ 126+ 12
(@) C, ()= 12602 + 126029 4+ 4 [2602-19
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12.

15.

18.

21.

24.

27.

11.

(i) order 3, degree 1 (ii) order 2, degree 3 (iii) order 2, degree undefined
(iv) order 3, degree 2 (vi) order 2, degree undefined 2. % —1rA=0
d—T +kT =0, £>0.4. ﬂ:— —ﬁv, k=0, g is gravitational acceleration; ﬂ +g=0
dt dt m dt

N 1 R
d—szr, k50 6 o kﬂE, ks 7. ML g & _ Ly

dt dt zr’ di  RC dt 2
Separable: (i), (i), (v), (Vi) Homogeneous: (i), (iv), (vii)
sin x+sin x+C=0 4. & =e+C 5. 2tanJy=x+C

2
e +2e" +C=0 7. y=sin(x3+C) 8. y=In SHllba ‘
l—x
y:x-i-llnﬂ-{—(f 10. y=C(x+2)2y-1) 11. tanxtany=C
2 |x+1
2y= ln‘C(el“' +e‘2")| 13. ylny=y+xcosx—sinx+C 14. tan[l] = ln|Cx|
x
cos[l]:ln|Cx| 16. x’y=C(y+3x) 17, 2 +3' =05
X
(W X 1
tan (—]=In|Cx| 19. 19. =—In|Cx| 20. e* =In|Cx|
X X+y

1
2y’ =397 +6x’y =6x’ In|C(y+x) 22. y=3+Cx* 23. xp=C

-

y(y+1) :%,\'3+C 25. tan’ly:%+% 26. s =4
e’ (sinx+cosx)=1 28. y+\/m:x2 29. y=x+xln|x]
EXERCISE 4.3
v=t*=Tt+10; & =%t3 —%fz +10¢ 2. 863 (approximately) 3. 619 (approximately)
(a) k=0.05776 (b) 20 grams  (¢) 48 hours 5. Rs. 1491.8 6. Rs. 15021
7.32% 8. 1680°C 9. 7.12hours 10. [(r):%(l—e"‘"’)

1 1

I(f)=2¢ ** amps  12. 1(:):—ée’*0f"amps 13. () x(r):[3—8L]
T

D




15.

i

10.
11.
12.

15.

—_— 00 =

3
4.
6
8

(ii) V(f)=4;z[3—8LJ (iif) 75.4 minutes  14. (i) velocity: v(£) =1470—980¢
T

(ii) height: h(r) =1470¢—490¢  (iii) Maximum height: 1093 cms
(i) velocity: v(f) = 4.9(1—3’2') (ii) height: h(r) =502.45—4.9¢—2.45¢"

Answers 5.1

4x—y—1=0 3. 5x+3y—18=0 4. 6x+5y—16=0,6x+y—24=0,p+2=0
x=2y-4=0,x-4=0,x+2y—4=0
Medians: 14x —y—23 =0, [1x+ 14y —23=0,25x+ 13y —46=0

Altitudes: 3x—4y+14=0,4x— 13y +64=0,5x+y-22=0

Perpendicular Bisectors: 6x — 8y —25=10, 8x —26y-71=0,5x+y-2=0
(1+30)x + 2= Ay + (4L -3)=0 (i) 2lx—14p+41=0 (i) 28x—-21y+59=0
Q+Mx+(3+40)yy+(5-T0)=0 (i) 22x—11y+17=0 (i) 1lx—11y+20=0
Not concurrent  14. mica— maci+ mac3 — msca+ mzci—mic3 =10

k=4 16. a=—l
3

Exercise 5.2
(i) 168.7° acute angle: 11.3° (i) 7.1°2. (i) 90° (ii) 45° (iii) 120°
(i) 18.4°(ii) 101.3° 4. 2+3,2-3 5. (i) 66.4°,66.4°, 53.1°
(i) 36.9°, 19.4°, 123.7° (iv) 53.1°,63.4°,63.4° 6. 126.9°,74° 106°, 53.1°
112.6°,67.4°,112.6°,67.4° 8. 165 9. Collinear 10. L=7
Exercise 5.3
Bx—=4y)2x+y)=0,79.7° 2. (2x-y)x—3y)=0,45° 3. (5x+y)(x+y)=0,33.69°
y=x(tana tseca), 90° 5. (Ix=y)(x—-y)=0,36.87° 6. k=2
232+ 5xy -3y =0 9. x—y+100=0,slope=1 10. 1, 45°

. 2x—y=0,x+3y=0,81.87° 12. 0° 13. 3x+y=0,x—3y=0,90°

EXERCISE 6.1
(@) x*+y*—10x—14y+70=0 (b) x*+7y* —2axcos@—2aysin@=0

(© x+y'=5x+3y-22=0 2. (i) (x—1)"+(y-3)’ =%;Center: (1,3), Radius: ¥

2 2

(ii) (x—a)z+(y+b) =(a+b) ; Center: (a,—b), Radius: |a+b|
x*+y*—4x—6y—12=0; Center: (2,3), Radius: 5
¥ +y*—2x-3y=0 5. 5x*+5y"—19x—11y+2=0; Yes, (4, 1) lies on the circle.

. 37 4+3y" +72x-38y-11=0 7. x*+y*+2ax—2ay+a’ =0
. X+ =10x-4y+25=0 9. x*+)"—10x+17=0

10.
11.
12.

2 +y2—40x+20y+100=0; X2+ y*=10x—20y+100=0
x4y —4x-1=0, ¥’ +)y'—14x+29=0
X+ —10x-10y+25=0, x*+y* +6x+2y—15=0

[
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10.

EXERCISE 6.2
(a) At(2,2): Tangent: x+y=4 Normal: x—y=0 At (2«./5(:059, 2\/§sin0) . Tangent:

xcost9+ysin¢9=2\/5 Normal: xsin@—ycos@ =0
(b) Tangent: x+4y—24=0, Normal: 4x—y—11=0

Condition of tangency: ¢” = a’ (1 + mz) Point of contact:

am a am a : ;
( W,WJ or [W’W] depending on the sign of c.
(4.3) 4. (@) x—y+2J2=0 (b) 3x+4y+10=0 (c)4x+3y+10=0
3x—4y+13=0 and 3x—4y—-17=0
(a) Tangent: x+y—4=0, (Point ofcontact:(Z, 2))

(b) Tangent:4lx+y-+116=0, [Point of contact:[—%,_ij]

(c) Tangent: y+4=0, (Point 0fc0ntact:(2,—4))

4x+3y—36=0, (Point of contact:(6,4))
@ (x—3)" +(y+1)' =25  (b) Centre: (3,~1),Radius: 5 (¢) P:(3,4)
@ y=4 @ x=3 @ x=-2

EXERCISE 6.3

(i) Vertex: (0,0) Focus: (3,0) Directrix: x=-3  (ii) Vertex: (0,1) Focus: (0,3)
Directrix: y =-—1 (iii) Vertex: (3,0) Focus: (1,0) Directrix: x=35
(iv) Vertex: (2,0) Focus: (2,2) Directrix: y=-2 2. (i) (y—Z)2 = —l6(x—1)
(i) (x—3)" =12(y-2) (i) (y-3) =8(x—6) (iv) 4y* =5x+6
() x*=-2dy+d’ (ii) y’ =-2dx+d* where d is the directed distance from origin to directrix

y:—% 7. a=2,b=—12,c=16 8. Tangent: {}i:x+a12,Norma]: y:—fx+2at+ar3

Tangent: 2x—y—7=0, Normal: x+2y—11=0

Tangent: 3x—y+1=0, Point of tangency: (%, ZJ

EXERCISE 6.4
n S o I I i) O
(] l6+4l =] (ii) 5 - T =] (iii) 36+20—1
(iv) (x+3)' +(y_])b =] 2. (i) Centre: (0,0),Foci: (i\/g,O), Eccentricity:e=£,
25 9 3
Vertices: (i3, 0), Directrices: x=i¥

30 )




(ii) Centre: (-3,2), Foci: (f3t\/§,2), Eccentricity: e—£ Vertices: (0,2) and (—6,2)
Directrices: x=2=+ +i 3. £+£ =1 4. y
Js 25 16 36 20
-5y (y=3) 2 (y=3)
P ) 0 € PRPRRN: S ) M € )
25 9 5 20 16
8. 4 units 9. 8byo6 10. 3— d — 11. Minimum distance = 2

12. 11+2J10  13. 15. The line is a secant.

@ 14. k:i\/ﬁ

16. —+—=1
16 9
EXERCISE 6.5
1 Yz X"’ 7 _

2.(1) Centre: (0,0); Vertices: (£6,0); Foci: (£10,0); Eccentricity: e :g ; Directrices: x = i? (i1)

Centre: (=3,2), Vertices: (—3i\/§,2); Foci: (0,2) and (—6,2) ; Eccentricity: e = 3 Directrices:

5

x:—3i£

3
(iii) Centre: (0,0); Vertices: (0,£5); Foci: (O,i\/ﬂ ); Eccentricity: e = @;

2 2 x=] 2 - 2
Directrices: y = 25 3. 2% 1.4 (\ ) _(y ) =1
J_ 49 25 16 4
+1) (=2 o ) (-4

16 36 D) 24

—4Y _2y 2 2
7, o4 (2) g, L2

16 3 16 4
9. Tangent: M—ytanezl,Normal: axtan @+ bysecl = (a* + b*)secOtand

a
0.2 11 esz 12 o=t 3 2 Xy ez\ﬁ
2 4 4 12 2
15. 5y=10x—14and 5y=10x+14 16. e:§ 17. 6
19. y=2x-5 and y=—3x+10 20. a’l-b'm’ =1
EXERCISE 6.6

L 4h ,

1. 75millionkm 2. y=r¥ 3. 1275m 4. (@ 205m  (b) 40¥5m

[ 09




5. (a) 8m (b) 18 m
(b) 531x10% s
8. 126.65miles
11, @meters
8
1. (i) 036 (i) 1.86 (i)
2. (i) 1.068 (ii) 0.605
(iv) 0.36 4. (i) 1.73
1. 0.8903 2, 1.7212
6. 14704 7. 2.9411
1. 0.12 moles per liter. 2.
5. 0.524 radian 6.

6. () -—+2 =1 ®2/5m 7. (a) 636x10"°m
144 64
(©) 7, =1384x10""mandr,,  =2.756x10""m
9. (a) 36000km (b) 6000km (c) ! 10. 31.75meters

Answers 8.1
1.32 (i) 0.85 (iii) 7.39
Answers 8.2

(iii) 1.929  (iv) 2.613 3. (i) 2.6l (i) —1.93  (iii) 0.85

(i) 2.153  (iii) 2.0946 (iv) 0.361 (v) 44934
Answers 8.3

3. 7.5522 4. 4.0625 5. 5.1463

8. 0.6179 9. ExactArea=14.137 10.2.3203x10°
Answers 8.4

488 mL/s 3. 0.539 coulombs 4. 65.311 unit/seconds

20.488 volts

Answers 9.1

Inverse Trigonometric function Exercise 1 Answers

T 3r — Vs -
1. @ - i) — iii) — iv) — ) —
) () 4 (iii) 3 (1v) p p
-7 V4 V4
(vi — vii) — (viii) — ix) — x) 0
) 1 ( 3 ) (ix) >
T ’ 2 4
(xi) = 2. O |=,= (i) [3,4] (i) 2 <x<\2
3 55
X 1 ’ iz 1
(iv) [—, 6} ™ [2,2] (vi) (oo, 3]V [-]1,0) (vii) (—00, —5} U [1, )
e
(viii) {l,e} 4. (i) i (ii) @ (iii) l (vi) L
e J13 7 7 NE)
(v) ,% (vi) \/E
Answers 10
Solution of Trigonometric Equation Exercise 2 Answers
1. x=-297,041 and 2.33 radians 2. x=1.16radians 3. x=0.65radians
4. x=—1.66 radians 5. x=-2.04, 0.82 radians 6. x=-0.89,0, 0.89 radians
7. x=0.40, 1.57, 2.74 radians 8. x=1.89 radians 9. 0=53.1%
10. (a) ~#=8.96m (b) O=1.15 11. 7=11.55m, @~=49.1"
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